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Introduction

Many mesh-free methods have 
been proposed and remarkable progress 
�L�V�� �D�F�K�L�H�Y�H�G�� �L�Q�� �U�H�F�H�Q�W�� �\�H�D�U�V���� �V�X�F�K�� �D�V�� �W�K�H��
smooth particle hydrodynamic method 
�>������ ���@���� �J�H�Q�H�U�D�O�� �¿�Q�L�W�H�� �G�L�I�I�H�U�H�Q�F�H�� �P�H�W�K�R�G��
�>���@���� �W�K�H�� �G�L�I�I�X�V�H�� �H�O�H�P�H�Q�W�� �P�H�W�K�R�G�� �>���@���� �W�K�H��
element-free Galerkin method (EFG) 
�>���@���� �U�H�S�U�R�G�X�F�L�Q�J�� �N�H�U�Q�H�O�� �S�D�U�W�L�F�O�H�� �P�H�W�K�R�G�V��
�>���@���� �W�K�H�� �P�H�V�K�O�H�V�V�� �O�R�F�D�O�� �3�H�W�U�R�Y�±�*�D�O�H�U�N�L�Q��
�P�H�W�K�R�G���>���@�����W�K�H���S�R�L�Q�W���L�Q�W�H�U�S�R�O�D�W�L�R�Q���P�H�W�K�R�G��
���3�,�0�����>���±�����@�����H�W�F��

Among the above-mentioned mesh-
�I�U�H�H�� �P�H�W�K�R�G�V���� �3�,�0�� �L�V�� �D�� �P�H�W�K�R�G�� �E�D�V�H�G�� �R�Q��
Galerkin weak form in which the shape 
functions are constructed using simple 
interpolation through a set of nodes located 
in a local support domain. Based on two 
�G�L�I�I�H�U�H�Q�W���E�D�V�L�V���I�X�Q�F�W�L�R�Q�V�����W�Z�R���W�\�S�H�V���R�I���3�,�0��
have been developed including polynomial 
PIM using polynomial basis functions [8–
10] and radial PIM (RPIM) using radial 
�E�D�V�L�V���I�X�Q�F�W�L�R�Q�V���>�������������@�����%�R�W�K���P�H�W�K�R�G�V���F�D�Q��
�S�U�R�Y�L�G�H���O�L�Q�H�D�U���F�R�Q�V�L�V�W�H�Q�W���V�K�D�S�H���I�X�Q�F�W�L�R�Q�V����

A LINEARLY CONFORMING POINT INTERPOLATION 
METHOD (LC-PIM) FOR PERFECT VISCO-ELASTOPLASTIC 

ANALYSIS OF 2D SOLIDS

 Bui Xuan Thang
Department of Mechanics, Faculty of Mathematics & Computer Science,

University of Science, Vietnam National University – HCMC

Nguyen Thoi Trung
Division of Computational Mechanics, Ton Duc Thang University

Nguyen Xuan Hung 

Division of Computational Mechanics, Ton Duc Thang University

Phung Van Phuc
Division of Computational Mechanics, Ton Duc Thang University

(Received: 08/05/2013; Revised: 16/08/2013; Accepted: 30/08/2013)

ABSTRACT 

�$���O�L�Q�H�D�U�O�\���F�R�Q�I�R�U�P�L�Q�J���S�R�L�Q�W���L�Q�W�H�U�S�R�O�D�W�L�R�Q���P�H�W�K�R�G�����/�&���3�,�0�����Z�D�V���U�H�F�H�Q�W�O�\���S�U�R�S�R�V�H�G��
�I�R�U�� �W�K�H�� �V�R�O�L�G�� �P�H�F�K�D�Q�L�F�V�� �S�U�R�E�O�H�P�V���� �,�Q�� �W�K�L�V�� �S�D�S�H�U���� �W�K�H�� �/�&���3�,�0�� �L�V�� �I�X�U�W�K�H�U�� �H�[�W�H�Q�G�H�G�� �W�R��
�S�H�U�I�H�F�W�� �Y�L�V�F�R���H�O�D�V�W�R�S�O�D�V�W�L�F�� �D�Q�D�O�\�V�H�V�� �R�I�� ���'�� �V�R�O�L�G�V���� �$�� �G�X�D�O�� �I�R�U�P�X�O�D�W�L�R�Q�� �I�R�U�� �W�K�H�� �/�&���3�,�0��
with displacements and stresses as the main variables is performed. The von-Mises yield 
�I�X�Q�F�W�L�R�Q���D�Q�G���W�K�H���3�U�D�Q�G�W�O���5�H�X�V�V���À�R�Z���U�X�O�H���D�U�H���X�V�H�G�����,�Q���W�K�H���Q�X�P�H�U�L�F�D�O���S�U�R�F�H�G�X�U�H�����K�R�Z�H�Y�H�U����
the stress variables are eliminated and the problem becomes only displacement-
dependent. The numerical results show that �W�K�H���/�&���3�,�0���L�V���P�X�F�K���P�R�U�H���D�F�F�X�U�D�W�H���W�K�D�Q���W�K�H��
FEM and possesses the upper bound property which is very meaningful for the visco-
elastoplastic analyses which almost have not got the analytical solutions. This suggests 
�W�K�D�W���Z�H���F�D�Q���X�V�H���W�Z�R���P�R�G�H�O�V���� �/�&���3�,�0�� �D�Q�G���)�(�0���� �W�R���E�R�X�Q�G���W�K�H���V�R�O�X�W�L�R�Q���� �D�Q�G���F�D�Q���H�Y�H�Q��
estimate the global relative error of numerical solutions.

Keywords���� �1�X�P�H�U�L�F�D�O�� �P�H�W�K�R�G�V���� �P�H�V�K���I�U�H�H�� �P�H�W�K�R�G�V���� �O�L�Q�H�D�U�O�\�� �F�R�Q�I�R�U�P�L�Q�J�� �S�R�L�Q�W��
�L�Q�W�H�U�S�R�O�D�W�L�R�Q���P�H�W�K�R�G�����/�&���3�,�0�������X�S�S�H�U���E�R�X�Q�G�����Y�L�V�F�R���H�O�D�V�W�R�S�O�D�V�W�L�F���D�Q�D�O�\�V�H�V��
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however they cannot guarantee a linear 
�H�[�D�F�W�Q�H�V�V�� �R�I�� �W�K�H�� �V�R�O�X�W�L�R�Q�V�� �G�X�H�� �W�R�� �W�K�H��
�L�Q�F�R�P�S�D�W�L�E�L�O�L�W�\�����,�Q���W�Z�R���W�K�H�V�H���3�,�0�V�����*�D�X�V�V��
integration scheme is used to perform the 
numerical integration. 

�5�H�F�H�Q�W�O�\���� �D�� �V�F�K�H�P�H�� �R�I�� �V�W�D�E�L�O�L�]�H�G��
conforming nodal integration has been 
proposed by Chen et al. [13]. In their 
�Z�R�U�N�V���� �W�K�H�� �W�H�F�K�Q�L�T�X�H�� �R�I�� �V�W�U�D�L�Q�� �V�P�R�R�W�K�L�Q�J��
is introduced in order to eliminate the error 
in the procedure of direct nodal integration. 
By using the stabilized conforming 
�Q�R�G�D�O�� �L�Q�W�H�J�U�D�W�L�R�Q�� �V�F�K�H�P�H���� �W�K�H�� �L�Q�W�H�J�U�D�W�L�R�Q��
�F�R�Q�V�W�U�D�L�Q�W�V���F�D�Q���E�H���P�H�W���D�Q�G���O�L�Q�H�D�U���H�[�D�F�W�Q�H�V�V��
in the solution can be guaranteed based on 
the linear consistent shape functions [13]. 
Liu et al. have applied the scheme of nodal 
integration into the original PIMs to give 
the linearly conforming PIM (LC-PIM) 
for elastic problems [14-16]. The LC-PIM 
possesses the following novel features: 
(1) A simple scheme for local supporting 
node selection is suggested based on 
�W�U�L�D�Q�J�X�O�D�U���R�U���W�H�W�U�D�K�H�G�U�D�O���E�D�F�N�J�U�R�X�Q�G���F�H�O�O�V����
which overcomes the singular moment 
�P�D�W�U�L�[���L�V�V�X�H�����D�Q�G���H�Q�V�X�U�H�V���W�K�H���H�I�¿�F�L�H�Q�F�\���L�Q��
computing PIM shape functions; (2) Shape 
functions generated using polynomial basis 
functions and simple interpolation ensure 
that the PIM shape functions possesses at 
least linearly consistency and the Delta 
�I�X�Q�F�W�L�R�Q�� �S�U�R�S�H�U�W�\���� �Z�K�L�F�K�� �I�D�F�L�O�L�W�D�W�H�V�� �H�D�V�\��
implementation of essential boundary 
conditions; (3) The use of nodal integration 
scheme with strain smoothing operation 
converts the domain integration required 
in the weak form to boundary integrations 
�R�Q�� �W�K�H�� �E�R�X�Q�G�D�U�\�� �R�I�� �W�K�H�� �V�P�R�R�W�K�L�Q�J�� �F�H�O�O�V����
which ensures the conformability of the 
�G�L�V�S�O�D�F�H�P�H�Q�W�����'�X�H���W�R���W�K�H�V�H���Q�R�Y�H�O���I�H�D�W�X�U�H�V����
�W�K�H�� �/�&���3�,�0�� �L�V�� �H�D�V�\�� �W�R�� �L�P�S�O�H�P�H�Q�W����
�J�X�D�U�D�Q�W�H�H�V���P�R�Q�R�W�R�Q�L�F���F�R�Q�Y�H�U�J�H�Q�F�H�����D�Q�G���L�V��
�F�R�P�S�X�W�D�W�L�R�Q�D�O�O�\���H�I�¿�F�L�H�Q�W��

This paper attempts to further 

formulate the LC-PIM for perfect visco-
elastoplastic analyses of 2D solids. A 
dual formulation for the LC-PIM with 
displacements and stresses as the main 
variables is performed. The von-Mises 
�\�L�H�O�G���I�X�Q�F�W�L�R�Q���D�Q�G���W�K�H���3�U�D�Q�G�W�O���5�H�X�V�V���À�R�Z��
�U�X�O�H���D�U�H���X�V�H�G�����,�Q���W�K�H���Q�X�P�H�U�L�F�D�O���S�U�R�F�H�G�X�U�H����
�K�R�Z�H�Y�H�U���� �W�K�H�� �V�W�U�H�V�V�� �Y�D�U�L�D�E�O�H�V�� �D�U�H��
eliminated and the problem becomes only 
displacement-dependent. The numerical 
results show that the LC-PIM is much 
more accurate than the FEM and possesses 
the upper bound property which is very 
meaningful for the visco-elastoplastic 
analyses which almost have not got the 
analytical solutions. This suggests that we 
�F�D�Q���X�V�H���W�Z�R���P�R�G�H�O�V�����/�&���3�,�0���D�Q�G���)�(�0�����W�R��
�E�R�X�Q�G���W�K�H���V�R�O�X�W�L�R�Q�����D�Q�G���F�D�Q���H�Y�H�Q���H�V�W�L�P�D�W�H��
the global relative error of numerical 
solutions.

Strong formulation for visco-
elastoplasticity analyses of 2D solids 

�,�Q���W�K�H���F�R�Q�W�H�[�W���R�I���V�P�D�O�O���V�W�U�D�L�Q�����W�K�H���W�R�W�D�O��
strain �����Z�K�H�U�H���’ uS  
denotes the symmetric part of displacement 
�J�U�D�G�L�H�Q�W�����L�V���V�H�S�D�U�D�W�H�G���L�Q�W�R���W�Z�R���S�D�U�W�V

   (1)

where  is an internal 
�Y�D�U�L�D�E�O�H���� �L�Q�� �Z�K�L�F�K��0� m  for the case 
�R�I�� �S�H�U�I�H�F�W�� �Y�L�V�F�R���H�O�D�V�W�R�S�O�D�V�W�L�F�L�W�\����1� m  
for the case of the isotropic hardening 
and � ,m d 2 3� ( , )d ���� �I�R�U�� �W�K�H�� �F�D�V�H�� �R�I�� �W�K�H��
kinematic hardening;  
is an irreversible plastic strain tensor; 
and  is elastic strain 
tensor satisfying �����L�Q���Z�K�L�F�K��C  
is a fourth order tensor of linear isotropic 
elastic material constants. 

To describe properly the evolution 
�S�U�R�F�H�V�V���I�R�U���W�K�H���S�O�D�V�W�L�F���V�W�U�D�L�Q�����L�W���L�V���U�H�T�X�L�U�H�G��
�W�R�� �G�H�¿�Q�H�� �W�K�H�� �D�G�P�L�V�V�L�E�O�H�� �V�W�U�H�V�V�H�V���� �D�� �\�L�H�O�G��
�I�X�Q�F�W�L�R�Q���� �D�Q�G�� �D�Q�� �D�V�V�R�F�L�D�W�H�G�� �À�R�Z�� �U�X�O�H���� �,�Q��
�W�K�L�V�� �Z�R�U�N���� �Z�H�� �X�V�H�� �W�K�H�� �Y�R�Q���0�L�V�H�V�� �\�L�H�O�G��
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�I�X�Q�F�W�L�R�Q���D�Q�G���W�K�H���3�U�D�Q�G�W�O���5�H�X�V�V���À�R�Z���U�X�O�H����

Let p �D�Q�G�� ���� �E�H�� �W�K�H�� �N�L�Q�H�P�D�W�L�F��
�Y�D�U�L�D�E�O�H�V���R�I���W�K�H���J�H�Q�H�U�D�O�L�]�H�G���V�W�U�D�L�Q���3� ���S����������
and  be the corresponding 
�J�H�Q�H�U�D�O�L�]�H�G�� �V�W�U�H�V�V���� �Z�K�H�U�H  is the 
hardening parameter describing internal 
�V�W�U�H�V�V�H�V�����:�H���G�H�¿�Q�H���b to be the admissible 
�V�W�U�H�V�V�H�V���V�H�W�����Z�K�L�F�K���L�V���D���F�O�R�V�H�G�����F�R�Q�Y�H�[���V�H�W����
containing 0�����D�Q�G���G�H�¿�Q�H�G���E�\

�� ���^ �`0� b �  � 6 � ) � 6 � d:
  (2)

where �)  is the von-Mises yield function 
�Z�K�L�F�K���L�V���S�U�H�V�H�Q�W�H�G���V�S�H�F�L�¿�F�D�O�O�\���I�R�U���G�L�I�I�H�U�H�Q�W��
visco-elastoplastic cases. 

In the case of perfect visco-
�H�O�D�V�W�R�S�O�D�V�W�L�F�L�W�\���� �W�K�H�� �L�Q�W�H�U�Q�D�O�� �V�W�U�H�V�V�H�V �� 
and �.���D�U�H���R�P�L�W�W�H�G�����V�R���W�K�H���Y�R�Q���0�L�V�H�V���\�L�H�O�G��
function is 

                         (3)

where �VY  is the yield stress; x  is the 
norm of tensor x  and dev x( )  is the deviator 
tensor of tensor x .

�7�K�H�� �3�U�D�Q�G�W�O���5�H�X�V�V�� �À�R�Z�� �U�X�O�H�� �K�D�V�� �W�K�H��
form 

    

(4)

LC-PIM for visco-elastoplastic 
analyses of solids: a dual formulation

�,�Q�� �W�K�H�� �H�Q�J�L�Q�H�H�U�L�Q�J�� �O�L�W�H�U�D�W�X�U�H���� �W�K�H��
elastoplastic evolution problem is usually 
modeled based on the so-called primal or 
dual formulation. In the primal formulation 
�>�����@�����W�K�H���V�W�U�D�L�Q�V���D�U�H���W�U�H�D�W�H�G���D�V���W�K�H���S�U�L�P�D�U�\��
variables and a discretization is required 
�I�R�U�� �V�L�P�X�O�W�D�Q�H�R�X�V�� �D�S�S�U�R�[�L�P�D�W�L�R�Q�V�� �R�I�� �E�R�W�K��
�W�K�H���G�L�V�S�O�D�F�H�P�H�Q�W���D�Q�G���S�O�D�V�W�L�F���V�W�U�D�L�Q���¿�H�O�G�V�����,�Q��

�W�K�H���G�X�D�O���I�R�U�P�X�O�D�W�L�R�Q���>�����@�����W�K�H���G�L�V�S�O�D�F�H�P�H�Q�W��
�D�Q�G�� �V�W�U�H�V�V�� �D�S�S�U�R�[�L�P�D�W�L�R�Q�V�� �D�U�H�� �F�R�P�S�X�W�H�G��
simultaneously with yield functions and 
�À�R�Z�� �U�X�O�H�V written in terms of admissible 
stresses�����,�Q���W�K�L�V���S�D�S�H�U�����W�K�H���G�X�D�O���I�R�U�P�X�O�D�W�L�R�Q��
is used for the LC-PIM.

Galerkin weakform 

The visco-elastoplastic problem in 
Section 2 can now be stated generally in 
a Galerkin weakform as follows: Seek 

�� ��1� • � :u H R; d  such that 0� u w  on �*D  and 

�� �� �� ���^ �`1 1
0 D =  on � � � • � : �  � • � : � *v v v 0H R H R; ; :d d

����
�W�K�H���I�R�O�O�R�Z�L�Q�J���H�T�X�D�W�L�R�Q�V���D�U�H���V�D�W�L�V�¿�H�G

   
(5)

    
(6)

Time discretization scheme 

Equations (5) and (6) are formulated 
as a sort of time-dependent problem 
for the “time” 0�• [ , ]t T . A generalized 
�P�L�G�S�R�L�Q�W�� �U�X�O�H�� �>�������� �������� �����@ is used as the 
time-discretisation scheme. In each time 
�V�W�H�S�����D���V�S�D�W�L�D�O���S�U�R�E�O�H�P���Q�H�H�G�V���W�R���E�H���V�R�O�Y�H�G��
with given variables  

at time 0t  denoted as  and 

unknowns at time 1 0�  � � � 't t t  denoted as 

. Time derivatives are replaced 
by backward difference quotients; for 
instance u· is replaced by 0�-

�-
��
�'

u u
t

 where 

0 11�- � - � -�  � � � �u u u( )  with 1 2 1�-� d � d/ . The 
time discrete problem now becomes: Seek 

�� ��1
�- � • � :u H R; d �� �W�K�D�W�� �V�D�W�L�V�¿�H�G��0�- � u w  on 

�*D  and  

 
(7)

     
(8)
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where 0 11�- � - � -�  � � � �b b b( ) ����

0 11�- � - � -�  � � � �t t t( )  in which 0b �� 0t �� 1b  and 

1t  are body forces and surface forces at 

time 0 1,t t �����U�H�V�S�H�F�W�L�Y�H�O�\����

�,�Q�� �W�K�H�� �S�O�D�V�W�L�F�� �S�K�D�V�H���� �L�W�� �L�V�� �H�D�V�\�� �W�R��
�G�H�¿�Q�H�� from the Equation (8)(b) [21]. 
�7�K�H�U�H�I�R�U�H�����W�K�H���W�L�P�H���G�L�V�F�U�H�W�L�]�D�W�L�R�Q���S�U�R�E�O�H�P��
will reduce into solving Equation (7) and 
Equation (8)(a) which are in fact a dual 
formulation containing both stress and 
�G�L�V�S�O�D�F�H�P�H�Q�W�� �D�V�� �¿�H�O�G�� �Y�D�U�L�D�E�O�H�V�� �>�������� �����@����
To solve the system of Equations (7) and 
���������D�������L�Q���W�K�L�V���S�D�S�H�U�����Z�H���H�O�L�P�L�Q�D�W�H���R�Q�H���¿�H�O�G��
�Y�D�U�L�D�E�O�H���E�\���H�[�S�U�H�V�V�L�Q�J���H�[�S�O�L�F�L�W�O�\���W�K�H���V�W�U�H�V�V�� 

 in the form of displacement �-u  using 
�(�T�X�D�W�L�R�Q�� ���������D������ �D�Q�G�� �W�K�H�Q�� �V�X�E�V�W�L�W�X�W�L�Q�J�� �L�W��
into Equation (7). The problem will then 
�E�H�F�R�P�H�V�� �R�Q�O�\�� �G�L�V�S�O�D�F�H�P�H�Q�W���G�H�S�H�Q�G�H�Q�W����
and we need to solve the resultant form of 
Equation (7) [21]. 

Discretization in space by the LC-PIM

�,�Q���W�K�H���/�&���3�,�0�����W�K�H���S�U�R�E�O�H�P���G�R�P�D�L�Q��
�:  is discretized into a set of nN  nodes 
without having the connecting information 
�R�I�� �H�O�H�P�H�Q�W�V���� �+�R�Z�H�Y�H�U���� �E�D�F�N�J�U�R�X�Q�G�� �F�H�O�O�V��
around nodes are necessary and have to 
�E�H�� �G�H�¿�Q�H�G�� �I�R�U�� �S�H�U�I�R�U�P�L�Q�J�� �W�K�H�� �Q�X�P�H�U�L�F�D�O��
�L�Q�W�H�J�U�D�W�L�R�Q�����,�Q���W�K�H���/�&���3�,�0�����W�K�H���E�D�F�N�J�U�R�X�Q�G��
�F�H�O�O�V�� �D�U�H�� �G�H�¿�Q�H�G�� �E�D�V�H�G�� �R�Q�� �W�K�H�� �'�H�O�D�X�Q�D�\ 

triangular mesh (for 2D problems) which 
is generated naturally from the set of 

nN �� �¿�H�O�G�� �Q�R�G�H�V���� �7�K�H�� �I�R�O�O�R�Z�L�Q�J�� �V�H�F�W�L�R�Q�V��
will brief the point interpolation and 
nodal integration scheme with the strain-
smoothing operation in the LC-PIM.    

�3�R�L�Q�W���L�Q�W�H�U�S�R�O�D�W�L�R�Q���L�Q���W�K�H���/�&���3�,�0

�,�Q���W�K�H���/�&���3�,�0�����S�R�O�\�Q�R�P�L�D�O�V���D�U�H���X�V�H�G��
to serve as basic functions to create shape 
�I�X�Q�F�W�L�R�Q�V���� �D�Q�G�� �W�K�H�� �L�Q�W�H�U�S�R�O�D�W�L�R�Q�� �L�V�� �E�D�V�H�G��
on a small set of nodes in a local support 
domain that can overlap with other support 
domains. Consider a continuous function 

�� ��xu �����Z�K�L�F�K���L�V���D���G�L�V�S�O�D�F�H�P�H�Q�W���F�R�P�S�R�Q�H�Q�W��
for the visco-elastoplastic problems. It can 
�E�H�� �D�S�S�U�R�[�L�P�D�W�H�G�� �L�Q�� �W�K�H�� �Y�L�F�L�Q�L�W�\�� �R�I���[��as 
follows 

�� �� �� ��1

1

�M��

� 

� � � �)�¦x p P U x U
n

T T
n s i i s

i

u u
    

(9)

where n is the number of polynomial 
�W�H�U�P�V����x( )ip  is complete polynomial basis 
functions and is usually built by utilizing 
�W�K�H�� �3�D�V�F�D�O�¶�V�� �W�U�L�D�Q�J�O�H�V���� �D�Q�G���� ���) xT  is the 
�Y�H�F�W�R�U���R�I���3�,�0���V�K�D�S�H���I�X�Q�F�W�L�R�Q�V����

�� �� �� �� �� �� �� ���^ �`1
1 2� M � M � M��� ) �  �  x p P x x xLT T

n n (10)
   

 The complete polynomial basis 
of orders 1 and 2 can be written in the 
following forms

�^ �`
�^ �`2 2

1 Complete 1st order for 2D 

1 Complete 2nd order for 2D

� 

� 

p x

p x

( )

( )

T

T

x y

x y x xy y
   (11)

The kth derivative of the shape 
functions can be easily obtained. They are 
however not required in the LC-PIM due 
to the use of strain-smoothing operation 
�Z�K�L�F�K���Z�L�O�O���E�H���G�H�V�F�U�L�E�H�G���L�Q���Q�H�[�W���V�X�E���V�H�F�W�L�R�Q����

�,�Q�� �W�K�H�� �S�U�H�V�H�Q�W�� �P�H�W�K�R�G���� �O�L�Q�H�D�U��
monomials are used to serve as the 
basis functions. This also gives the 
easiest and also workable way of node 
�V�H�O�H�F�W�L�R�Q�� �L�Q�� �Z�K�L�F�K�� �W�K�U�H�H�� �Y�H�U�W�H�[�H�V�� �R�I�� �W�K�H��

background three-node triangular cell 
(for 2D problems) are taken to perform 
the interpolation of the interest points 
located inside the cell. This can be easily 
implemented and can always ensure the 
�L�Q�Y�H�U�W�L�E�L�O�L�W�\���R�I���W�K�H���P�R�P�H�Q�W���P�D�W�U�L�[�����D�V���O�R�Q�J��
�D�V�� �W�K�H�� �W�K�U�H�H�� �Y�H�U�W�H�[�H�V�� �R�I�� �W�K�H�� �W�U�L�D�Q�J�O�H�V�� �D�U�H��
not on a line (for 2D problems).

Nodal integration scheme with 
�V�W�U�D�L�Q���V�P�R�R�W�K�L�Q�J���R�S�H�U�D�W�L�R�Q���L�Q���W�K�H���/�&���3�,�0
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�,�Q���W�K�H���/�&���3�,�0�����W�K�H���E�D�F�N�J�U�R�X�Q�G���F�H�O�O�V��
�D�U�H�� �G�H�¿�Q�H�G�� �E�D�V�H�G�� �R�Q�� �W�K�H�� �'�H�O�D�X�Q�D�\�� �P�H�V�K��
which is generated naturally from the set 
of nN �� �¿�H�O�G�� �Q�R�G�H�V���� �,�Q�� �D�G�G�L�W�L�R�Q���� �W�K�H�� �Q�R�G�D�O��
integration scheme with strain-smoothing 
operation [13] is adopted to perform the 
integration. Basing on this Delaunay 
�P�H�V�K���� �W�K�H�� �S�U�R�E�O�H�P�� �G�R�P�D�L�Q���:  is divided 

into nN  background cells �: k  associated 

with node k such that 
1� 

� : �  � :U
nN

k
k

�����L�Q���Z�K�L�F�K��

nN  �L�V���W�K�H���W�R�W�D�O���Q�X�P�E�H�U���R�I���¿�H�O�G���Q�R�G�H�V�����)�R�U��
���'�� �S�U�R�E�O�H�P�V���� �W�K�H�� �E�D�F�N�J�U�R�X�Q�G�� �F�H�O�O���: k  
associated with node k is generated by 
sub-triangles of the triangles containing 
node k.  

The smoothing domain for each 
�¿�H�O�G�� �Q�R�G�H�� �L�V�� �F�H�Q�W�H�U�H�G�� �E�\�� �W�K�H�� �Q�R�G�H�� �D�Q�G��
constructed based on the background cells 
of three-node triangles. As illustrated in 
�)�L�J�X�U�H���������W�K�H���V�X�E���G�R�P�D�L�Q���R�I���W�K�H���V�P�R�R�W�K�L�Q�J��
domain for node k located in the particular 
cell j can be obtained by connecting the 
�P�L�G���H�G�J�H���S�R�L�Q�W�V���� �W�K�H�� �F�H�Q�W�U�R�L�G�V�� �R�I�� �W�K�H��
�V�X�U�I�D�F�H�� �W�U�L�D�Q�J�O�H�V���� �D�Q�G�� �W�K�H�� �F�H�Q�W�U�R�L�G�� �R�I�� �F�H�O�O��
j. Finding out other sub-domains located 
in cells which contain node k and the 

smoothing domain for node k can be 
constructed by uniting all the sub-domains.

�,�Q���W�K�H���/�&���3�,�0�����W�K�H��compatible total 
strains  in the smoothing domains 
�: s

k  associated with node k���L�V���P�R�G�L�¿�H�G���E�\��
Chen et al. [17] as follows

 

(12)

where     
 

�� �� 1

0

� � • � :�°
� ) �  �®

� • � :�°�¯

x
x

x

/ s s
k k

k s
k

A

      
(13)

is a smoothing function and skA  is the area 
of the smoothing domain. Substituting 
Equation (13) into Equation (12) and 
�D�S�S�O�\�L�Q�J���*�U�H�H�Q���I�R�U�P�X�O�D�W�L�R�Q�����Z�H���R�E�W�D�L�Q

                       
(14)

where �*s
k  is the boundary of the smoothing 

domain for node k  and nk is the outward 

�Q�R�U�P�D�O���Y�H�F�W�R�U���P�D�W�U�L�[���R�I���*s
k . 

In the discrete version of the 
�S�U�R�E�O�H�P�� ���������� �W�K�H�� �V�S�D�F�H�V���� ��1� �:V H R; d  
and �� ��1

0 0� �:V H R; d ���D�U�H���U�H�S�O�D�F�H�G���E�\�� �¿�Q�L�W�H��
dimensional subspaces �•V Vh  and 

0 0�•V Vh . The discrete problem (7) using 
the LC-PIM now becomes: Seek �- �•u V h  
such that 0�- � u w  on �*D  and

           
(15)

Let �� ��1� M � M,...,
nN  be the nodal basis of 

�W�K�H���¿�Q�L�W�H���G�L�P�H�Q�V�L�R�Q�D�O���V�S�D�F�H���9h�����Z�K�H�U�H��nN  
is the total number of nodes in the problem 
domain; and �Mi  is the independent scalar 
hat shape function on node satisfying 

condition Kronecker �� �� 1�M � i i  and 
�� �� 0�M � i j ���� �zi j �����W�K�H�Q���W�K�H���G�L�V�F�U�H�W�H���S�U�R�E�O�H�P��

now becomes: seeking �- �•u V h  such that  
0�- � u w  on �*D  and

                     
(16)

for 1� ,..., ni N ���� �Z�K�L�F�K�� �S�U�R�G�X�F�H�V�� �D��set of 

nN d  nonlinear equations. Fi  in Equation (16) 
can be written in the form of two parts [21]

� - � -� ��F u Q u P( ) ( )i i i                        (17)

where the part Qi  depends on �-u  and is 
given by

                                                    (18)
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and the part Pi  is independent of �-u �����D�Q�G��
is given by 

d d� - � -� M � M
� : � *

�  � ˜ � : � � � ˜ � *� ³ � ³P b t
N

i i i
       

(19)

Iterative solution

�,�Q�� �R�U�G�H�U�� �W�R�� �V�R�O�Y�H�� �(�T�X�D�W�L�R�Q�� ������������
�1�H�Z�W�R�Q�� �±�� �5�D�S�K�V�R�Q�� �P�H�W�K�R�G�� �L�V�� �X�V�H�G�� �>��������
�������� �����@���� �0�R�U�H�R�Y�H�U���� �W�R�� �S�U�R�S�H�U�O�\�� �D�S�S�O�\�� �W�K�H��
Dirichlet boundary conditions for the 
�Q�R�Q�O�L�Q�H�D�U�� �S�U�R�E�O�H�P���� �Z�H�� �X�V�H�� �W�K�H�� �D�S�S�U�R�D�F�K��
of Lagrange multipliers. Combining the 
Newton iteration and the set of boundary 

conditions imposed through Lagrange 
multipliers ë ���� �W�K�H�� �H�[�W�H�Q�G�H�G�� �V�\�V�W�H�P�� �R�I��
equations is obtained

     
(20)

with � - � - � -� ��f F u u F u( ) ( )p p pD  and G  is a 
�P�D�W�U�L�[�� �F�U�H�D�W�H�G�� �I�U�R�P�� �'�L�U�L�F�K�O�H�W�� �E�R�X�Q�G�D�U�\��
conditions such that 1

0�-
�� � Gu wp . FD  is in 

�I�D�F�W���W�K�H���V�\�V�W�H�P���V�W�L�I�I�Q�H�V�V���P�D�W�U�L�[���Z�K�R�V�H���W�K�H��
�O�R�F�D�O���H�Q�W�U�L�H�V���D�U�H���G�H�¿�Q�H�G���D�V

                                                   

(22)

where  is the numerical stress in an 
element by the numerical methods. For 
�W�K�H�� �)�(�0���� �W�K�H�� �H�O�H�P�H�Q�W�� �V�W�U�H�V�V�� �L�V�� �F�R�P�S�X�W�H�G��
�G�L�U�H�F�W�O�\���� �Z�K�L�O�H�� �I�R�U�� �W�K�H�� �/�&���3�,�0�� �P�R�G�H�O�V����
the element stress is computed by (area-
weighted) averaging of stresses of 
smoothing domains associated with that 

element �>�������������������@�����D�Q�G  is the recovery 
�V�W�U�H�V�V���L�Q���D�Q���H�O�H�P�H�Q�W���G�H�¿�Q�H�G���E�\

                  
(23)

where �� ��xjN  are the linear shape functions 
of triangles used in the standard �)�(�0�����D�Q�G��

 are stress values at node x j  of the 
element of any numerical methods. For the 
�/�&���3�,�0���� �W�K�H�� �V�W�U�H�V�V

  
at node x j  is 

�F�R�P�S�X�W�H�G���G�L�U�H�F�W�O�\�����Z�K�L�O�H���I�R�U���W�K�H���)�(�0���7������

�� ���� �� �� ��1 1� - � - � - � - � -�  � w � wF F, , , , ,,..., ,...,
n n

p p p p p
N d r N d w

rw
D u u u u u

                            (21)

where � • �<, dfr w  which is the set 
containing degrees of freedom of whole 
problem domain.

We also note that the trial function 
�� ���-u x  for elements in the LC-PIM is the 

same as in the standard FEM and therefore 
the force vector Pi  in the LC-PIM is 
computed in the same way as in the FEM. 

A-posteriori error estimator

�,�Q�� �Q�H�[�W�� �V�H�F�W�L�R�Q���� �W�K�H�� �Q�X�P�H�U�L�F�D�O��
performances by the LC-LIM using 
the complete 1st order polynomial are 

conducted. The results of LC-PIM will 
be compared with those of the standard 
FEM using triangular elements (FEM-T3) 
[21]. In order to estimate the accuracy 
of the solution of numerical methods 
�I�R�U�� �W�K�H�� �Y�L�V�F�R���H�O�D�V�W�R�S�O�D�V�W�L�F�� �S�U�R�E�O�H�P�V���� �D��
�T�X�D�Q�W�L�W�D�W�L�Y�H�����I�D�L�U�����D�Q�G���D�F�F�X�U�D�W�H���D�V�V�H�V�V�P�H�Q�W��
of the numerical solutions is needed. In 
this assessment for visco-elastoplastic 
�P�D�W�H�U�L�D�O���� �Z�H�� �X�V�H�� �W�K�H�� �I�R�O�O�R�Z�L�Q�J�� �H�I�¿�F�L�H�Q�W��
a-posteriori error estimation based on eN  
elements �: e

i  to measure the error in stress 
�V�R�O�X�W�L�R�Q���>�����������������������������@ 
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is computed by (area-weighted) 

averaging of stresses of elements or of 
smoothing domains surrounding node x j  
�>�������������������@����

The quantity �Kh  can monitor the local 
�V�S�D�W�L�D�O�� �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �H�U�U�R�U���� �D�Q�G�� �D�� �O�D�U�J�H�U��
value of �Kh  implies a larger spatial error. 
Also note that in the case the problem has 
�W�K�H���D�Q�D�O�\�W�L�F�D�O���V�R�O�X�W�L�R�Q�����W�K�H���U�H�F�R�Y�H�U�\���V�W�U�H�V�V�� 

�� �L�V�� �U�H�S�O�D�F�H�G�� �E�\�� �W�K�H�� �H�[�D�F�W�� �V�W�U�H�V�V�� �1���� �D�Q�G��
the estimated error �Kh  will become the 
�H�[�D�F�W���H�U�U�R�U���K. 

�$���Q�X�P�H�U�L�F�D�O���H�[�D�P�S�O�H

�,�Q���W�K�L�V���V�H�F�W�L�R�Q�����W�K�H���S�U�R�S�H�U�W�L�H�V���R�I���/�&��
PIM are observed through a numerical 
�H�[�D�P�S�O�H�� �F�R�P�S�X�W�H�G�� �I�R�U�� �S�H�U�I�H�F�W�� �Y�L�V�F�R��
�H�O�D�V�W�R�S�O�D�V�W�L�F�L�W�\���� �7�K�H�� �H�[�D�P�S�O�H�� �L�V�� �I�R�U�� �W�K�H��
2D problems and the numerical results of 
LC-PIM will be compared with those of 
FEM-T3 [21].

2D plate with a circular hole: perfect 
visco-elastoplasticity 

Figure 3 represents a 2D plate 
2 2 2 2� : �  � � � u � �[ , ] [ , ]  with a central circular 

�K�R�O�H���� �U�D�G�L�X�V��1� a m ���� �V�X�E�M�H�F�W�H�G�� �W�R�� �W�L�P�H��
dependent surface forces 500� ( )g t t  at the 
top and the bottom edges. The rest of the 
boundary is free. There is no volume force. 

�%�H�F�D�X�V�H�� �R�I�� �W�K�H�� �D�[�L�V���V�\�P�P�H�W�U�L�F��
�F�K�D�U�D�F�W�H�U�L�V�W�L�F�� �R�I�� �W�K�H�� �S�U�R�E�O�H�P���� �R�Q�O�\��
the upper right quadrant of the plate 
�L�V�� �P�R�G�H�O�H�G�� �D�V�� �V�K�R�Z�Q�� �L�Q�� �)�L�J�X�U�H�� ������ �D�Q�G��
symmetric conditions are imposed on 
�W�K�H�� �O�H�I�W�� �D�Q�G�� �E�R�W�W�R�P�� �H�G�J�H�V���� �D�Q�G�� �W�K�H�� �L�Q�Q�H�U��
boundary of the hole is traction free. 
Figure 4 gives a discretization of the 
domain using 81 nodes for a quarter of 
plate. Assuming that the material is perfect 
visco-elastoplasticity with Young’s modulus 

206 900� ,E ���� �3�R�L�V�V�R�Q�¶�V�� �U�D�W�L�R��0 29� .v ����
yield stress 450�V � Y ���� �D�Q�G�� �W�K�H�� �L�Q�L�W�L�D�O�� �G�D�W�D��
for the stress vector �10 is set zero.

The solution is computed in the time 
interval from 0 03� .t  to 0 3� .t  in 10 

uniform steps of time 0 03� ' �  .t . Using the 
�P�H�V�K�� �D�V�� �V�K�R�Z�Q�� �L�Q�� �)�L�J�X�U�H�� ������ �W�K�H�� �P�D�W�H�U�L�D�O��
�U�H�P�D�L�Q�V�� �H�O�D�V�W�L�F�� ���L�W�H�U�D�W�L�R�Q�� � �� ������ �L�Q�� �V�L�[�� �¿�U�V�W��
steps between 0 03� .t  and 0 18� .t  for all 
-two numerical methods as shown in Table 
1. The material becomes plastic at 0 21� .t  
(iteration > 1). The number of iterations in 
Newton’s method of LC-PIM and FEM-T3 
�D�O�V�R���V�K�R�Z�Q���L�Q���7�D�E�O�H�������L�V���D�O�P�R�V�W���W�K�H���V�D�P�H����
but the estimated errors �Kh  by Equation 
(22) of LC-PIM are about two times less 
than those of FEM-T3.

Figure 5 shows the evolution 
process of the elastic shear energy density 

 
 

at four different time 
instances by using the LC-PIM. It is seen 
�W�K�D�W�� �W�K�H�� �S�O�D�V�W�L�F�L�W�\�� �G�R�P�D�L�Q�� �¿�U�V�W�� �D�S�S�H�D�U�V�� �D�W��
the corner containing point A������������ �D�Q�G��
then at the corner containing point B��������������

The comparison between the 
displacements of points A������������ �D�Q�G�� �W�K�R�V�H��
of point B������������ �D�W�� �G�L�I�I�H�U�H�Q�W�� �W�L�P�H�� �V�W�H�S�V�� �L�V��
shown in Table 2. The results show that the 
displacements of LC-PIM are larger than 
those of FEM-T3. This implies that the 
LC-PIM is softer than the FEM-T3. This 
property can be illustrated even clearer in 
Figure 6 which shows the convergence of 
the elastic strain energy

 
 

versus the degrees of freedom at 0 2� .t . 
The results show clearly that the LC-PIM 
is soft and gives an upper bound of the 
�H�[�D�F�W�� �V�R�O�X�W�L�R�Q�� �Z�K�L�O�H�� �W�K�H�� �)�(�0���7���� �L�V�� �V�W�L�I�I��
and gives a lower bound.

This upper bound property of LC-
PIM is very meaningful in these visco-
elastoplasticity analyses which almost 
have not got the analytical solutions. This 
�V�X�J�J�H�V�W�V�� �W�K�D�W�� �Z�H�� �F�D�Q�� �X�V�H�� �W�Z�R�� �P�R�G�H�O�V����
�/�&���3�,�0�� �D�Q�G�� �)�(�0���7���� ���R�U�� �R�W�K�H�U�� �¿�Q�L�W�H��
element methods that give the lower 
�E�R�X�Q�G������ �X�V�L�Q�J�� �R�Q�O�\�� �W�K�H�� �G�L�V�S�O�D�F�H�P�H�Q�W�� �D�W��
�Q�R�G�H�V�� �D�V�� �W�K�H�� �¿�H�O�G�� �Y�D�U�L�D�E�O�H�V�� �W�R�� �E�R�X�Q�G�� �W�K�H��
�V�R�O�X�W�L�R�Q���� �)�R�U���H�[�D�P�S�O�H�����7�D�E�O�H������ �V�K�R�Z�V���W�K�H��
global relative error e (%) in the elastic 
strain energy

 
 between the 
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solution of LC-PIM and that of FEM-T3 
at 0 3� .t ���� �,�Q�� �W�K�L�V�� �F�D�V�H���� �Z�H�� �H�Y�H�Q�� �G�R�� �Q�R�W��
�Q�H�H�G�� �W�K�H�� �H�[�D�F�W�� �V�R�O�X�W�L�R�Q�� �W�R�� �H�Y�D�O�X�D�W�H�� �W�K�H��
error e. It is seen that the error e decreases 
from 5.18% to 0.32% when the degrees 
of freedom (DOFs) increase from 182 
to 3306. These results illustrate clearly a 
relative evaluation about the accuracy of 
numerical solutions.      

Conclusion

This paper attempts to further 
formulate the LC-PIM for more 
complicated visco-elastoplastic analyses 
of 2D using Delaunay triangular meshes. 
The material behavior includes perfect 
visco-elastoplasticity. A dual formulation 
for the LC-PIM with displacements and 
stresses as the main variables is performed. 
The von-Mises yield function and the 
�3�U�D�Q�G�W�O���5�H�X�V�V�� �À�R�Z�� �U�X�O�H�� �D�U�H�� �X�V�H�G���� �,�Q�� �W�K�H��
�Q�X�P�H�U�L�F�D�O�� �S�U�R�F�H�G�X�U�H���� �K�R�Z�H�Y�H�U���� �W�K�H�� �V�W�U�H�V�V��
variables are eliminated and the problem 
becomes only displacement-dependent. 
The numerical results of LC-PIM in 
comparison with those of FEM-T3 lead to 
the following remarks:

�‡��The LC-PIM is soft and gives 
an upper bound (in displacement 
and elastic strain energy) of the 
�H�[�D�F�W���V�R�O�X�W�L�R�Q���Z�K�L�O�H���W�K�H���)�(�0���7����
is stiff and gives lower bounds. 

This suggests that we can use two 
�P�R�G�H�O�V���� �/�&���3�,�0�� �D�Q�G�� �)�(�0���7����
using triangular elements to 
bound the solution: in both 
displacement and stress solutions. 
The reliability of numerical results 
�L�V�� �K�H�Q�F�H�� �L�Q�F�U�H�D�V�H�G�� �V�L�J�Q�L�¿�F�D�Q�W�O�\����
We can even estimate the global 
relative error of numerical 
solutions without knowing the 
�H�[�D�F�W���V�R�O�X�W�L�R�Q�����,�Q���S�D�U�W�L�F�X�O�D�U�����W�K�H�V�H��
models use only the displacement 
�D�W���Q�R�G�H�V���D�V���W�K�H���¿�H�O�G���Y�D�U�L�D�E�O�H�V���D�Q�G��
their numerical performance is 
quite straightforward. 

�‡��The a-posteriori estimated error 
�Kh  used in this work is shown 
to be reliable in estimating the 
error of the stress solution of all 
numerical methods used. For 
���'�� �S�U�R�E�O�H�P�V���� �W�K�H�� �D���S�R�V�W�H�U�L�R�U�L��
estimated error �Kh  of the LC-
PIM is about 2-3 times smaller 
than those of FEM-T3. 
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 TABLES

Table 1. Number of iterations and the estimated error h�K
 
using the FEM-T3 and

LC-PIM at various time steps for the 2D plate with hole

Step
FEM-T3 LC-PIM

Iterations �Kh Iterations h�K

t=0.03 1 0.0792 1 0.0357

t=0.06 1 0.0792 1 0.0357

t=0.09 1 0.0792 1 0.0357

t=0.12 1 0.0792 1 0.0357

t=0.15 1 0.0792 1 0.0357

t=0.18 1 0.0792 1 0.0357

t=0.21 3 0.0792 1 0.0357

t=0.24 4 0.0816 3 0.0357

t=0.27 4 0.0874 3 0.0329

t=0.30 4 0.0933 4 0.0327

Table 2. Horizontal displacement uA at point A(1,0) and vertical displacement Bv  at point 
B(0,1) using FEM-T3 and LC-PIM at various time steps for the 2D plate with hole

Step
FEM-T3  LC-PIM

Au Bv Au Bv

t=0.03 -0.312 0.4862 -0.321 0.4978

t=0.06 -0.624 0.9724 -0.642 0.9956

t=0.09 -0.936 1.4586 -0.963 1.4934

t=0.12 -1.248 1.9448 -1.284 1.9911

t=0.15 -1.56 2.4311 -1.6051 2.4889

t=0.18 -1.871 2.9173 -1.9261 2.9867

t=0.21 -2.184 3.4038 -2.2466 3.4852

t=0.24 -2.503 3.9016 -2.5688 4.0002

t=0.27 -2.823 4.4286 -2.8973 4.5524
t=0.30 -3.159 4.9956 -3.218 5.152
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Table 3. Global relative error e  (%) in the elastic strain energy
 

 at 
0 3� .t  between the solution of FEM-T3 and that of LC-PIM for

the 2D plate with hole

DOFs

Elastic strain energy 

1E

by FEM-T3

Elastic strain energy 

2E

by LC-PIM

Global relative error (%)

1 2

1 2

100
��

� �u
��

%
E E

e
E E

182 0.2803 0.3109 5.18

256 0.2871 0.3057 3.14

462 0.2907 0.3032 2.10

650 0.2929 0.3018 1.50

870 0.2942 0.3010 1.14

1122 0.2951 0.3004 0.89

1406 0.2958 0.3000 0.70

1722 0.2963 0.2997 0.57

2450 0.2969 0.2994 0.42

3306 0.2973 0.2992 0.32

FIGURES
�)�L�J�X�U�H���������(�[�D�P�S�O�H���R�I���W�U�L�D�Q�J�O�H���E�D�F�N�J�U�R�X�Q�G���F�H�O�O�V���D�Q�G���W�K�H���V�X�S�S�R�U�W�L�Q�J���Q�R�G�H���G�R�P�D�L�Q�V

Figure 2. Background cells are based on the Delaunay triangular mesh and the 
smoothing domains are associated with nodes in the LC-PIM
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Figure 3. Plate with a circular hole subjected to time dependent surface forces �J���W�� and 
its quarter model with symmetric conditions imposed on the left and bottom edges

  

����������

��y

x����������
a

g(t)

x

��

�$����������

g(t)

�%����������

Figure 4. A domain discretization using 81 nodes for a quarter of plate with a circular 
hole subjected to time dependent surface forces �J���W��
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Figure 5. Evolution of the elastic shear energy density  using
�W�K�H���/�&���3�,�0���D�W���V�R�P�H���G�L�I�I�H�U�H�Q�W���W�L�P�H���V�W�H�S�V���I�R�U���W�K�H���D�[�L�V���V�\�P�P�H�W�U�L�F���U�L�Q�J���S�U�R�E�O�H�P��

a) t = 0.1; b) t = 0.15; c) t = 0.2; d) t = 0.25

a) 0 1� .t b) 0 15� .t

c) 0 2� .t d) 0 25� .t
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Figure 6. Convergence of the elastic strain energy  versus the number of 
degrees of freedom using the FEM-T3 and LC-PIM at 0 2� .t  for the plate with hole (the 
�V�R�O�X�W�L�R�Q���R�I���W�K�H���(�6���)�(�0���7�����X�V�L�Q�J���D���Y�H�U�\���¿�Q�H���P�H�V�K���L�Q�F�O�X�G�L�Q�J�����������������G�H�J�U�H�H�V���R�I���I�U�H�H�G�R�P���L�V��

used as reference solution)
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