TAP CHI KHOA HQC TRUONG PAI HQC HONG DUC - SO 45.2019

SU ON PINH CUA CAC CHUYEN PONG
Nguyén Vin Can'
TOM TAT

Trong bai viét nay ching t6i gidi thiéu mét trong cdc phwong phéap dé xét sw én dinh
clia cdc chuyén déng, dwoc dinh danh bang cdch chuyén cdc hé phwong trinh vi phdn phi
tuyén vé hé phwong trinh vi phdn tuyén tinh dan dén sw nghién citu dwoc don gian hon
nhiéu nho vao phuong phdp cia Aizerman.

T khoa:Sy 6n dinh, hé phwong trinh vi phdn phi tuyén tinh, hé phwong trinh vi
phan tuyén tinh.

1. PATVAN DPE

Chung ta di biét moi chuyén dong déu duge mé ta dudi mot hé phuong trinh vi phan
(phan 16n 13 hé phi tuyén), tuy nhién viéc xét sy 6n dinh cua chuyén dong 1a khé va phirc
tap. Trong bai viét ndy,chiing toi trinh bay mot phuong phap quan trong dua cac chuyén
dong phuc tap vé chuyén dong don gian on dinh. K§ thuat duoc ding 14 dua hé phuong
trinh vi phan phi tuyén vé hé phuong trinh tuyén tinh dya vao khai trién Taylor, nhd d6
viée xét sy 6n dinh caa chuyén dong dugc don gian va t6i wu hon nhiéu.

2. NOI DUNG
2.1.Kién thirc lién quan

2.1.1. Mot 56 khdi niém va két qua vé sw on dinh nghiém cua hé phwong trinh vi phan
A . .. dx
Xét h¢ phuong trinh vi phan; = f(t,x) (2.1)
t
Trong do6 x = colon(x ,xz,...,xn); ft,x)= colon(f1 (t, xl,xz,...,xn)),x eR”

/RxR" - R" 1a ham véc to trong mién Q:{I+ «D/I" = (a,+%0); D = R™}

Gia thiét rang hé c6 tinh chét

a. Ton tai duy nhat nghiém cua bai toan Cauchy.

b. Nghiém théc trién dugc ra vo tan bén phai.

¢. Nghiém c6 tinh chét lién tuc tich phan.

Pinh nghia 1.[7] Nghiém 77(¢),t € I” ctia hé (1) duwoc goi 1a 6n dinh (theo nghia
Liapunov) khi # = +o0, néu véiVe>0; Vt,el",30=0(¢,t,)>0 sao cho moi nghi¢m

x(t) cia hé ké ca 7(f) thoa man | x(t,)-17(t,)| > &, thi

"' Khoa Khoa hoc Ty nhién, T ruwong Pai hoc Héng Puic
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1. X4c dinh trén [f,,+00).

ii. Théa man bt dang thirc ||x(1)-n(1)| <& v6iVt €[t,,+o0).

Pinh nghia 2. Nghiém &= 0cua hé dugc goi 1a 6n dinh (theo nghia Liapunov) khi
t— o0, néu véive>0;vt, eI',35=05(¢,t,) >0 sao cho moi nghiém x(2) cia hé thoa
man ||x(t,)|>5, thi

1. Xac dinh trén [f,,+c0).

ii. Thoa man bt dang thic [|x(1)| <& vdi Ve e[z, +00).

DPinh nghia 3. Nghiém n(t),t €I" cia hé (2.1) dugc goi 1a khong on dinh, néu
Je,>0; 3t, eI", V3>0; t6n tai nghiém x,(t),3t, >¢,, thoa min ||X5(t0)-n(t0)||<5 va
||X5 (t1)'n(t1)” 2 50 .

Dinh nghia 4. Nghiém n(t),t €I ctia hé (2.1) duoc goi la on dinh tiém can khi
t — +o0 néu

i. n(t) on dinh khi t —> oo,

ii. Véi vt,el', JA=A(t,)>0 sao cho moi nghiém x(t) ctia hé théa man
|x(t)n(ty)| < A, thi: lim [x(®)-n()]|=0.

Dinh nghia 5. Nghiém £ =0 cila hé (2.1) dugc goi 13 6n dinh tiém cin khi t — +oo néu

i. Néu n6 6n dinh khi t — +oo,

ii. V6ivt, eI", JA=A(t,) > 0 sao cho moi nghiém x(t) ctia h¢ thoa man||x(t,)| < A,
thi lim [[x()] =0.

Pinh nghia 6. Nghiém n(t), t €I” ctia hé (2.1) dugc goi 1a 6n dinh tiém cén toan cuc

khi t —+oo néu
i. N(t) 6n dinh khi t —> oo,

ii. Voivt, eI, sao cho moi nghiém x(t) ciia hé¢ thoa mﬁn”x(to)-n(to)“ <+o0, thi:
lim [x())n(H)]=0.
2.1.2. Su én dinh ciia hé vi phdn tuyén tinh

Xét hé vi phan % =A(D)x+(t); At): () e C(I7). (2.2)

\ . d
va h¢ thuan nhat tuong irng d_)t( =A(t)x. (2.3)
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Pinh nghia 7. Hé (2.2) dugc goi la 6n dinh (khong 6n dinh) khi t —> +o0, néu moi
nghiém cta hé 1a 6n dinh (hoic khong 6n dinh) khi t — +oo.

Chu y: a. Néu hé (2.3) 6n dinh tiém can thi cling 6n dinh toan cuc.

b. Hé (2.3) on dinh khi {t nhat mét nghiém ciia né 6n dinh va khong 6n dinh khi cé
mot nghiém khong on dinh.

Pinh Iy 1. Diéu kién cin va dii dé hé (2.2) 6n dinh tiém cén la nghiém x = 0 cila hé
6n dinh tiém can.

2.1.3. Su 6n dinh cua hé vi phdan voi hé s6 hang so

mxn?>

Xét hé vi phan: % = A@)x+ f(0); A(ay),.p0; €R (2.4)

Dinh Iy 2. Diéu kién can va du dé h¢ (2.4) 6n dinh 1a Re A, () <0, j=Lm (m<n),
trong d6 nghiém A, ¢6 Re A, (4) =0 chi c6 nghiém so cap don.
Pinh 1y 3. Ditu kién can va du dé hé¢ (2.4) on dinh tiém can 1a Re 4, (4) <0

2.1.4. Sw on dinh theo xdp xi thir nhat (Liapunov) [2]
ia . A dX o LA ‘A 2. 2 4. ,
Xét hé vi phan E = f(t,x); gia str x,(t)=0 la mot nghi¢m. D¢ xét sy on dinh cua

nghiém tAm thudng nay ta tach phan tuyén tinh cia cic ham L (f =[5 )55 [,)) trong

lan cén cta diém (x, =x, =...= x, =0)nho cong thuc Taylor.
Pinh ly 4. ( Pinh ly Liapunov)
dx.

n
1 _
Xéthe: 4 g i bk Nk O (BX X Xn)

i=1,n

x| < H) va M—tm, khi x —0;

]

o day ||X||:\/|Xl|2 +|X2|2 +...+|Xn|2 . Khi d6, néu tat ca céac nghiém dac trung clia ma tran

trong d6 a, €RR; @.(t,x) e C(0<¢t < +oo,

A=(,) ;i,k=ﬁ c¢6 phan thyc 4m, thi nghiém khong ctia hé 13 6n dinh tiém can.
2.1.5. Toan tu tu lién hop [1]
Pinh nghia 8. Néu X, Y la cic khong gian Hilbert va A: X — Y 1 toan tir tuyén tinh

lién tuc thi todn tur lién hop A'cua A; AYSX1a mot anh xa myén tinh lién tuc xac dinh
boi: (A'y,x)=(y.Ax);xeX,yeY

24



TAP CHi KHOA HQC TRUONG PAI HQC HONG PUTC - SO 45.2019

Dinh nghia 9. Toan tir A: X — X trong khong gian Hilbert X 1a ty lién hop néu A=A";
nghia la: (Ax,y) = (x,Ay), voi moi X, y thudc X.

2.1.6. Cdc ky hiéu duoc dung
a.R(a,r)= {x eR",
b.S(a,r) ={x eR","x—a” =r}.

x-a"Sr}.

c.ReA:%(/HA*).

d. 6(A) 13 phé cuia toan tir A, trong d6 :

A 1d ma trén hing thi: o(A)={A,(A)} véi A, la cdc gid tri riéng cta A.
. |rha-1

Im—

hlio

c. A(A) =

, 1a chuan logarit ctia todn tir A.

f. Sj (A) = (A*A) , 14 céc s- s6 cua todn tir A.
dx
g. p =X.
2.2. Tinh 6n dinh ciia hé phwong trinh vi phin phi tuyén

Xét su 6n dinh cia céc chuyén dong; trong bai bao nay chi dat tiéu chi ma cac chuyén
dong duoc mo ta bai cac hé vi phan phi tuyén dang x =Ax+F(x) (3.1)
Trong d6: A= (al.k);i,k =1,n; ay € R; va Fx)= (£ (XXX ) B (X)X seeX )iy (XX 5 500X ))
la 6n dinh toan cuc.

Xét hé vi phan tuyén tinh: x=Ax+Bx (3.2), trong d6 B= (bik);i,kZl,_n duoc
chon sao cho o(Re(A+B)) <-0; o 1a hing s6 duong, nghia 1a (3.2) on dinh tiém can.

Ky hiéu G={B/o(Re(A+B))<-a}. Ta c6 dinh phin tit z=(z,,7,.,...,7,) € R"va dit

f(z,.z,,...,7

‘ ) i ( 1°72 n) ;Zk = O

twong ung véi ma train C(z)=(c, ); 1,k=1,n. O day c, = mz, ;
d, z, =0

m 13 s6 phan tir khac 0 cia véc to z.

d_=lim f(z, ,z,,....,2,)

, neu gioi han ton tai va d, =0 khi giéi han khong ton tai.
z, —0 7
k

D(x)=(,.d,,...d,);d;=f,(x, X,,...x )-,(2,,2,,....7, )-Z:cik (X2, )-
k=1

Khi d6 hé (3.1) dugc chuyén thanh hé x =Ax+Bx +D(x). (3.3)
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binh Iy 5. [4] Gia st z=(z,,2, ...z, ) € R*;ma tran C(z) € G; cac ham f,(z) lién tuc
va £,(0,0....,0)=0; i=1,n . Khi d6 nghiém ctia hé (3.3) on dinh toan cyc.
) . ) X =-2X-X"
Vidy 1. Nghién ctru sy 6n dinh toan cyc cua h¢ vi phan { (1)
y= -y
, 2 0 3 N \ N N
Taco A= 0 .1 ; f(xy)=-x";f,(x,y)=0 la cc ham lién tuc va f,(0,0)=0.

Ta x4c dinh ma trdn C=(c, );1,k=1,2.
a. Truong hop 1

: PR ;4
72=(21.25) € R”: (2).,25) # (0.0); °11:'71? °1z:'j;021:‘:22:0;c: 2 22, |
2 0 0
2 3
Z V4
;Y S U .
Trong truong hop nay A+C= 2 2z, de thay céc tri riéng cia A+C la
0 -1

2
Z N .
A= -2-71; A, =-1déuam. Vay C(z) €G .

b. Truong hop 2

2
22 Zl
z(2,,0).2, #0; Ta c6 0112'71;0122021202220; Viy 4+C= '2'?

0 -1

0

2

Trong trrong hop nay A, = —2—%1; A, =—1déuamnénC(z) €G.

c. Truong hop 3

3 3
z z
_ . . I T I W | _ _
z=(0,z,);z, #0. Taco ¢, —115%( —)=0;¢c,=— ¢, =c¢, =0.
1

Z Z
3
1
Viy 4+C=| _g . D& nhin thdy ma trdn A+C c6 2 gia tri riéng la:
0 -1

A ==2; 4, =—l1déu am. Vay C(z) €G.
d. Truong hop 4

3 20
z=(0,0), ta c6 ¢, =lim(—§)=0;cu=c21 =c,, =0 va A+C:{O J co cac
1

70

gidtririeng 4, =-2; 4, =—1 nén C(z) eG.
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Nhén xét: Qua vi dy trén ta khiang dinh dugc voi Vz=(z,,z,) € R*thi h¢ (3.3) 6n
dinh toéq cuc.
Diéu nguogc lai cia Dinh ly 5 1a khong dung.
_ . X =2x+y+x’
Vidy 2: Nghién ctru sy On dinh cua h¢ < (2)
y=x-2y+x’y.

201 , .
Ta co Az[ : 2} va cac ham  fi(x,y) = x%; fi(x,y) = x°y 1a cic vo cling bé cap cao

50 V6i 4/x*+y” . Hon nita x = 0, y = 0 1a nghiém ctia hé (2); cAc nghiém dic trung ctia ma
tran A 1a A, =-1;A,=-3, nén theo dinh ly Liapunov (xem [9]) thi hé (3.3) 1a 6n dinh toan cuc.
Mit khac theo Dinh ly 5, ta c6 véi z = (2,00eR® thi ¢,=4;c,=0 do

. X X’y 4 0| 2.1
lim— =o; ¢, =0;c,,=lim—= =4nén C= va A+C = c6 cac tri riéng
x—0 y y—0 y 0 4 1 2
la: A, =3; ), = 1déu duong nghia lIa ma train C¢ G, diéu nay cho cau khang dinh cta
nhan xét trén.

2.3. Phuwong phap Aizerman [4]

X, :Z a;x ;+bx,
Cho h¢ phuong trinh: ¢ m ; a,;,b € Ry a<b<p. 4.1)
Z:akJ i ,k=2.n

Biét rang nghiém 0 cta hé 1a 6 on dmh tiém can, xét sy 6n dinh toan cyc cia hé phi tuyén

a,x J—l—f(X
Z S(x)

(4.2) vavdi dieu kién a,;.beR;a<
X
1

Zakj i k= ﬂ

<B.

Zallxl + bx,

Jj=1

Pinh 1y 6. Gid sir hé vi phan tuyén tinh i ; (4.1)
X, = Zaijj Jhk=2,n
j=2
1a 6n dinh tiém cén; Vbe R, A=(ay) 1j= In ,n 1a ty lién hop va < —1 S&) <p;-wo<a, f<+0
X
zal_] ]+f(X 1)
f(0) = 0 khi d6 h¢ phi tuyén: (4.2) la 6n dinh toan cuc.

xk ZZaijj Jk=2n

2
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Nhdn xét. Piéu ngugc lai ciia Pinh 1y 6 1a khong dung.
, e A | XTYESINX
Vi dy 3: Xét sy On dinh cua h¢: § . 3
y=-3x-2y
Giai
RO rang x = 0, y = 0 1a nghiém ciia hé. Dung khai trién Taylor tai x = 0 thi sinx = x + 0(x?),
R L xExyO(x)
khi d6 h¢ (3) tr¢ thanh 4)
y=-3x-2y.

0
cO0 ma tran AZ{

1 3 1 3.

1 .
A=-—F+—1,A,=-—-—1 ¢6 ReA,=Rel,=-—<0. Theo dinh ly Lyapunov hé 6n
TS, 27T, 1 27 y Lyap

} khong la ma tran ty lién hop va cac tri riéng la

dinh tiém can.
Pinh 1j 7. Gia sit voi mdi zeR" ma trin C(z) € G ={C:A(A+C) < <0} i=l,n

cac ham fi(z;, z5,...,z,) lién tuc va £(0.0,...,0) = 0, izl,_n. Khi d6 nghi¢ém cua hé (4.2) la on
dinh toan cuc.
Nhén xét: Diéu nguoc lai 1a khong dung.
) 2 L. X =—x+y+x2
Vi du 4: Nghién clru sy 6n dinh ctia h¢ < (5)
y=x-3y+x’y.

Taco A= [_1 3} va cac ham  fi(x,y) = x%; H(x,y) = x’y 1a cdc vo cung bé cap cao
sO Vdi «/ x’+y” , hon nita x = 0, y = 0 1a nghiém ctia hé (5); ¢6 cac nghiém dic trung cua ma

tran A 1a A, =-2+\/5 A, 2-2-\/5 , nén theo dinh 1y Liapunov (xem [2]) thi hé (5) 1a on dinh

tiém can. Mit khac taco voiz= (2,0) ¢G” diéu nay cho céu khing dinh cta nhin xét trén.
Dinh Iy 8. Gia sit VzeR" ma ranC(z) e G~ ={c :max S, (A+C)<a < 0}; cée ham
J
f(z1. 2,...,2,) lién tuc va £(0,0.,...,0)=0, i=1,n, khi d6 nghiém cua hé (3.2) 1a én dinh toan cuc.
H¢ qua. Gia su nghiém cua hé: x= A_ZA_bX; (4.1) 6n dinh tiém can VbeB,
X, :Zaljx S
i=1

f(x ,
o< ( 1) <B; Khi d6 hé: o (4.2) 6n dinh toan cuc.
* X, =.a,X; .k=2n
=2
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Chirng minh

Theo Pinh ly 8 hé 6n dinh tiém cén, A, tu lién hgp nén co cac gia tri riéng la sb

thuc [1].

Suy ra Re, (A_:A_b)Z A, (A_ZA_b)<0 v6i Vi = 1,m; m< rtheo dinh nghia s - s6

cua toan tar A_bta co: S, (A_b)z A (A_bA_b) <0<0.

Vabinh ly 8 cho ta két luan hé (4.2) 1a n dinh toan cuc.
. . ) X =-2X-X"
Vidy 5: Nghién ctru sy 6n dinh toan cuc cta h¢ viphan < (6)
y= -y
Trong vi du 1 dd khang dinh hé 14 6n dinh toan cuc.
Tuy nhién véi

, -1 0f | -3
z=(0,1)taco C= va A+C =
0 0 0

OJ, (A+C)* (A+C) = [(9) (1)} cO cac tri

riéng [a A, =9, A,=1déuduongnghiala C¢G" . D6 14 didu khing dinh cho nhan xét trén.

3. KET LUAN

Trong bai viét ching td1 da dua ra cac h¢ qua, nhan xét va cac vi du chung to

rang cac chuyén dong dugc mo ta bdi cac hé vi phan phi tuyén dugc néu ra chi la dicu

kién at c6 chua di dé chuyén dong twong ung la on dinh; trinh bay phuong phap

Aizerman dé dua céc chuyén dong phtc tap v€ cdc chuyén dong don gian on dinh,

bang viéc sir dung khai trién Taylor dé dua hé phuong trinh vi phan phi tuyén vé hé

phuong trinh vi phan tuyén tinh. Nho d6 viée xét tinh 6n dinh caa chuyén dong duge
don gian va t6i uu hon nhiéu.
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STABILITY OF MOVEMENTS
Nguyen Van Can
ABSTRACT

In this article we introduce one of the methods to test the stability of movements,
through converting nonlinear differential systems to linear systems, which simplifies the
research process by using Aizerman’s conjecture.

Keywords:Stability, nonlinear differential systems, linear systems.
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