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PINH LY PIEM BAT PONG CHUNG KIEU PRESIC
VA UNG DUNG

Nguyén Vin Lwong', Trin Thi Heong’, Hoang Lé Minh®
TOM TAT

Trong bai bao nay chung toi dwa ra mot so ung dung cua dinh li diem bat dong
chung kiéu Presic vao giai cac bai toan vé sy hoi tu cua day soé va giai cdc hé phuong

trinh doi xirng phi tuyén.

Tw khéa: Piém bdt dong chung, dinh 1y diém bat dong kiéu Presic, day truy hoi, hé
phirong trinh doi xitng.

1. DAT VAN BPE

Nguyén ly anh xa co duoc phat biéu va ching minh trong luin 4n tién si cua
Banach nam 1922 va tré thanh mot cong cu quan trong c¢6 nhidu Gng dung trong giai
tich, toan hoc cling nhu cac linh vuc khoa hoc khac. Boi tam quan trong do, nhiéu nha
todn hoc da tim cach mé rong nguyén ly anh xa co va dua ra cac ing dung madi. Viéc mé
rong nguyén 1y 4nh xa co vé co ban theo hai hudéng: mé rong 16p anh xa va mé rong
khong gian. Nam 1965, Presic [7] chiing minh mot dinh 1i diém bat dong thoa man diéu
kién kiéu co cho “ 4nh xa nhiéu bién” trén khong gian tich. Két qua nay cé nhiéu tmg
dung, dic biét 1a trong ly thuyét phuong trinh sai phan, do dé nhiéu nha toan hoc mo
rong két qua cta Presic cho cac truong hop téng quat hon [3, 5, 6, 8, 9] va cac tai li¢u
dugc trich dan trong cac bai bao d6). Trong bai bao [4], cac tac gia dd ap dung dinh li
ctia Presic vao nghién ctru sy hoi tu ciia cac day sé cho ¢ dang truy hdi va vao giai cac hé
phuong trinh d6i xtmg phi tuyén. Trén co so y tudng cia bai bao [4], trong bai bdo ndy
chang t6i dwa ra mot sb ap dung tuwong tu cia dinh 1i diém bat dong chung kiéu Presic.
Dé lam duoc diéu do, trude tién ching t6i s& chimg minh mot dinh 1i vé& diém bat dong
chung cho hai anh xa trén tap sb thue. Luu y réng, su ton tai diém chung, diém bat dong
chung ciia cic anh xa thoa man diéu kién cta dinh 1i 1a da biét. Tuy nhién, ching t6i x4y
dung cac diy sb “chua tré” va ching minh céc diy s6 nay hoi tu vé gi tri chung cuia cac
anh xa. Két qua nay 1a méi va c6 vai trd quan trong trong viéc dua ra cac ap dung. Phan
con lai cia bai bao duoc bd cuc nhu sau. Trong muc 2, chiing t6i trinh bay mot s6 khai
niém va két qua vé day sb dugc st dung trong bai bao. Trong muc 3, ching tdi chimng
minh dinh li diém bt dong (chung) kiéu Presic cho cac anh xa trén tap so thuc. Ap dung
so c¢ip cua dinh Ii s& dugc trinh bay trong muc 4.

3 Khoa Khoa hoc Tu nhién, T ruong Dai hoc Héng Duic
? Trwong Trung hoc phé théng Sam Son, Thanh Héa
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2. NOI DUNG NGHIEN CUU

2.1. M6t so khai niém va két qua so b

Pinh nghia 2.1. Cho £ 1a mét tip con khac rong ctia R, & 1a mét s6 nguyén dwong
va f:Ek — E 1a mot ham sb. S6 thuc x e E duogc goi la diém bat dong cua f néu
f(x,x,...,x)=x.

Pinh nghia 2.2. Cho E 13 mot tip con khic rong ciia R, & 13 mot s6 nguyén duong
vi f:E* > E va g:E —> E lacic ham sb.

(1) Sbthuc x € E dugc goi la diém bat dong chung cta / va g néu f(x, x, ..., x) = g(x).
(2) Néu y= f(x,...,x)=g(x) thi y dugc goi la gia tri chung ctia f va g.

(3) Néu x= f(x,...,x) = g(x) thi xdugc goi 1a diém bat dong chung cta / vag.

(4) fva gduoc goi la giao hoan tai xnéu g(f(x,...,x)) = f(g(x),..., g(x)).

(5) 1 va g dugc goi la twong thich yéu néu cdc ham sé giao hoan tai cic diém chung.

B6 @@ 2.3. ([1]) Cho E 1a mot tap con khéc rdng cua R, k 1a mot s nguyén duwong
va fE* > E va g:E— E la cac ham s6 tuong thich yéu. Néu fva g c6 duy nhat
mot gia tri chung y thi y 1a diém bat dong chung cia fva g.

Két qua sau twrong tu nhu két qua cia Presic [7]. Tuy nhién, dé st dung cho viéc
ching minh két qua trong phan sau, chiing t61 da cho phép “tré” trong di€u kién chinh
(2.1). B6 d¢ duge chirng minh twong tu nhu két qua cia Presic.

B6 dé 2.4. Cho k 1a mot s6 nguyén duong, p la sé nguyén khéng am va
Q. a,,...,o 1a céc s6 thuc khong am thoa man iai —a<1. Néu {A,} 1a mot day sé

i=1

thuc khong am thoa man: A, ., <A, + A, +.+ A, 2.1

voimoi n>1,thiténtai L>0 va @< (0,1) saocho A, <L.O", Vn>1. (2.2)

n+l1

Chitng minh.
Gia su ton tai i sao cho o; #0. Khong mét tinh téng quat, gia st o, # 0. Xét ham
50 lién tuc f(x) =, + @, x +...+ ax" —x"*,
Vi f(D=o+a, +...+a,—1=a—1<0 va f(0)=c, >0, nén ton tai O (0,1)
sao cho f(0)=0,ticla 0" = +a,0+...+a, 0"
A A AL
Pit L =max{—1,—§,..., £ ]f}
0 0 o
Khi d6 bat dang thirc (2.2) dung véi n=12,..., p+k . Gia sir (2.2) ding véi k gia

tri lién tiép ctia n 1a m,m+1,..,m+k—1 ta s& ching minh (2.2) ciing diung v&i

n=m+ p+k . That vay,
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A, SaA, +a,A

m+p+

+..ta A

m+1 m+k—1

<o LO" +a,L0"" +..+ o, LO"
<LO" (o, +a,0+..+ a0y =LO™
Viy bat dang thirc di dugc chimg minh. Néu ¢, =0 v&i moi i, thi dé thiy bit dang
thire (2.2) dang v&i L nhu trén, trong d6 6  (0,1) bat ky.
B6 dé 2.5. Cho & >0 1a mdt s nguyén, 0 < g<lva {xn},{bn} 14 hai day s6 khong

am théa manx,,, <gx, , +b,, véimoi n>k.Néu limb, =0, thi limx, =0.

n—>0 Nn—»00

Chirng minh.
Vio<g<l, tdn tai @ >0 sao cho g+a<1.Gia su day s6 {xn}kh()ng hoi tu vé 0.

Khi d6 ton tai day con {x, } ctia {x,} khong hoi tu vé 0 va ax, b, véi moi i. Khi do,
vo1moi i taco x, ., <¢gx,_, +ax,
Ap dung B6 dé 2.4, ta suy ra x, =0 khi i — o0 Diéu nay mau thudn véi gia thiét.

Vay lim x, =0.

Truong hop k=1 ¢ thé xem trong [2]. Cha y ring, trong [2], ching minh cho
truong hop k =1 kha dai, st dung dinh ly Stolz - Cesaro.

2.2. Pinh ly diém bat dgng chung kiéu Presic

Trong phin nay, ching t6i s& chirng minh diém bat dong chung kiéu Presic cho hai
anh xa. Su ton tai gid tri chung va diém bat dong chung cho hai 4nh xa théa min cac diéu
kién & dinh 1y dudi day 1a mot két qua da biét cho khong gian metric tong quét (vi du & bai
bo [9]). Tuy nhién, & dinh li dudi day, ching t6i phat biéu két qua trong tap cac sb thuc.
Ngoai ra, khi xay dung céc ddy lap hoi tu vé gid tri chung cta cac ham s, chung toi xay
dung céc diy s ¢6 chira tré.

Pinh 1y 3.1. Cho E 1a mét tip con khéc rong cua R, & 13 mot s nguyén duong va
f:E* > E va g: E— E 1a cac 4nh xa thoa man f(E*)c g(E) va g(E) 1a tap con

k

dong cua R . Gia str ton tai cac so thyc khong am ¢, @,,...,a;, va Zai =a <1 sao cho

i=1
k
G L CE T | D N AR B {E3]
i=1
véi moi x,,Xx,,...,x, € E . Khidd
(i) f va g c6 mot gia tri chung duy nhét, ki higu 3 x".
(ii) Gia str / 1a mot s6 nguyén dwong cho trude. Véi x,,X,,..., X,_,, € E cho trude,

ta c6 thé xdy dung dugc diy sd {xn} thoa man
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gx)=/f(x,,.x _,,.rX, ), Vn=l
va day s6 {g(x,)} hoity t6i x".
(iii) Gia st p la mot s6 nguyén duong cho trude. Véi YorVisess Vispo € E cho
trude, ta c6 thé xdy dung dugc diy sd { yn} thoa man
W)= S Dy Yumptseos Vampio ) V2 ptk—1
va day s6 {g(y,)} hoity t6i x°.
(iv) Gid str g la mot sb nguyén duong cho trude. V6i z,z,,..., z,, g0 €E cho trudc,
ta co thé xdy dung dugc diy sd {Zn} thoa man
8(2,) = (2 yopit> Xumginrros Xuny)y V2 g +k—1
va day sb {g(z,)} hoitu i x".
(v) Néu f va g la hai 4anh xa twong thich yéu, thi f va g cod diém bat dong chung
duy nhat.
Chitng minh.
(i), (ii). V6i X, x,,.... x,_,, € E cho trude, vi f(E") < g(E) nén day sb {g(x,)}
hoan toan xac dinh. Véi n>1/, ta co
|g(xn) - g(‘xn+l)| = |f(‘xn—l I ST ) Bl I € ST ST xn—l+1)|
< |f(xn—]’xn—]""’xn—l) _f(xn—l7"'7xn—l’xn—l+1)|
+ |f(xn—l yeres X s X 1) = S (X pseees X s X, g0 xn—l+1)| T
+|f(xn—l’xn—l+1""’xn—l+1) _f(xn—/+l’""xn—l+1’xn—l+1)|
sa |g(xn—[) -g(x,_ )| ot |glx,)—g(x, ., )|
=alg(x,)~g(x, )|

bit L, =max {|g(xn_,) —g(xn_,+1)| :0<i<! +1}. Véimoi n=1/,tacod

i,

lg(x,)-g(x,)|<e

Véi m>n>[,taco
lg(x,)—g(x,)|=g(x,) = g(x,.) +&(x,.) —&(x,.,) +...+ g(x, ) —g(x,)
<|g(x,)—g(x,.)|+|g(x,0)— g(x, )|+ +]g(x,) - g(x,)|

< amL] i a[n_ﬂL] + .+ a[L’_I}L] < [am + am+l + ...}L] )
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Dodo lim |g(x,)—g(x,)|=0.

Tuc 13, ddy s6 {g(x,)} 1a ddy Cauchy. Vi g(E) la thp déng nén {g(x,)} hoi tu t6i

x €g(E). Vi x eg(E) néntdntai ucE saocho g(u)=x"
Vé6i m>n=>1,tacd

|g(xn)—f(u,u,...,u)| :|f(xn_],xn_l,...,xn_])—f(u,u,...,u)|

:|f('xn—l7xn—l"""xn—l)_f(xn—l7""xn—l’u)+"'+f(xn—[’u"“7u)_f(u7u?“"u)|
S|f(x”_,,x”_,,...,xn_,)—f(xn_,,...,xn_,,u)|+...+|f(xn_,,u,...,u)—f(u,u,...,u)|
<a,|g(x, )= g@)|+...+ e |g(x, )~ gw)| = alg(x, ) - gw).
Vi g(x,) = g(u) khi n—>o0, nén suy ra g(x,)— f(u,u,...,u) khi n—>c. Do
gi6i han 1a duy nhit nén ta c6 g(u) = f(u,u,....u) =x .
Do d6 u 1a mot diém chung ctia f va g, con x* 1a mét gid tri chung cia /' va g.
Gidsu f va g co gid tri chung y* vai y* #x . Khido tdn tai w € E sao cho

(W)= f(W,W,..,W)=V .
Ta co

|g(u)—g(w)| = |f(u,u,...,u) —f(w,w,...,w)|

=|f(u,u,...,u)—f(u,...,u,w)+...+f(u,w,...,w)—f(w,w,...,w)|
S|f(u,u,...,u)—f(u,...,u,w)|+...+|f(u,w,...,w)—f(W,W,...,W)|
<a |g@)~g(W)|+..+ & |g) — g(W)| = a|g(w) - g(w)|.

Vi a <1, nén ta c6 g(u)=g(w), hay x =y . Diéu nay vo6 ly, suy ra f va g co
mat gid tri chung duy nhét.

(iii) V&i YVos Nowers Vispa € E cho truée, vi f(E")  g(E) nén day sb {g(yn)} hoan
toan xac dinh. V§i n> p+k—1,tacod

lg(,)—g(,1)

- |f(yn—p’yn—p—1”"’ yn—p—k+l) _f(y'!—l)‘*'l’y”_p’...’y"_p_k+2)|
< al |g(y,,_p)_g(yn—p+l)
Pit A, =|g(y,)-g¥,..)

t+..+ ak |g(.yn—p—k+l)_g(.yn—p—k+2)|'
,n>p+k—1. Khido

A :ozlAn_p+1 +a2An_p +...+akAn_p_k+2, Vnzp+k-1,
k
v6i @), 0,.. 0 20 va ) o, = <1.Do d6 theo B6 d8 2.4 ton tai sd L >0 va 8&(0,1)

i=1

sao cho A <LO", Vnzp+k-1.

Hay |g(y,)—g(»,)

<LO', Vn=2p+k-1.
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Véi m>n=0,tacod
g —g)|=lg(r) -2 +8(r) =8+t g1, ) =g

<|lgr,)-g.)|+lg(,.) - g+ t|gw,.)—g(r,)
<LO™M + 10" 4. +LO"

<LO™ (1+9+ 6 +..+6""" +)

<Lo™ .i.
1-6
Vi lim@™ =0, do d6 lim |g(»,)—g(»,)|=0. Tic day {g(y,)} 1a day Cauchy.

Vi g(E) 1a tap déng nén {g(y,)} hoi tu. Ta ching minh {g(y,)} héi tu ti x". Véi
n>p+k—1,taco
180 =X | 2 Drps Voo Voot = F sttt
< |f D> Yaprooos Yacpoisn) = S Dz s Vs ptseos Vo poieas u)| +...
+|f(yn_p_k+2,u,...,u)—f(u,u,...,u)

< [0@ |g(y,1_,)) — 8y |+t |8V i) =X |]

+ [al 80y =80, )|t i |0y =X e ‘xﬂ T

+|:al|g(yn—p—k+2)_‘x +a2|x —X |+...+(1k |x —-X |:|
n—p+1 n—p—k+3 *
= |:061L9 teet ak—lLH + ak |g(yn—p—k+2) X |:|

+ [alw""’ +o.ta, |g(yn_p_k+2) —~ x*| +a, .O} +...

+ [al 8V prsa) —x*| + a2.0+...+ak.0]

=a,LO0" """ + (o, + 0, ) LO"" + ..+ (o, + +...+ak)|g(yn_p_k+2) —x*|.
Khido [g(,)=x|<ale(, ) =2+ L0 [+t (@ .+ )07 |

Vi 0e(0,1),taco lim L6" [ 60" +...+ (o +..+ e, ) 0" 7 |=0.

n—»0

Ap dung B6 @& 2.5, taduge  lim|g(y,.)—x"|=0,

hay llm g(yn) = x*'
(iv). Chlrng minh tuwong tw nhu (iii).
(v). Két luan suy ra tir B6 dé 2.3.

Vidy 3.2. Cho E =[0,32] vacic hamsé f: ExE — E,g: E — E xac dinh boi
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f(x,x,) =Jx] +34—.\/x2 +2, Vx,x, ek,
va g(x) =«@, VxelkL

Véimoi x,y,ze E taco
I £l
x+34 +\/y+34 \/y+2+x/z+2
J8x 4By

T 8(xt 3444y 1 34) SRS

Na

o4+ g5

|f(x,y)—f(y,Z)|S\/
S+

8(yy+2+z+2)

|g(») -g(2)|

= |g(x)~ g+ a.|g(») - g(2).
2
Viag +a,=—<1
2
Nén diéu kién cua Pinh 1i 3.1 théa man. Ngoai ra cé thé kiém tra cac dicu kién khac
ctia Pinh 1y 3.1 (trir tinh twong thich yéu cia f va g) ciing thoa méin va ta ¢c6 x =2 thoa
min g(x)= f(x,x)=4.
2.3. I'J’ng dung vao cac bai toin so cip

Trong phan nay, chiing t6i ap dung két qua trinh bay ¢ phan trudc vao giai mot sé
bai toan so cdp. Cu thé, chung t6i 4p dung Dinh 1i 3.1 chimg minh sy hoi tu cia diy sb cho
dudi dang truy hdi va giai hé phuong trinh ddi xtng.

2.3.1. Sw hoi tu cua day $0
Chung t6i s& 4p dung Dinh Ii 3.1 d€ chimg minh sy hoi tu va tim gi¢i han day sé {x, }

cho trude thoa mén mét trong cac diéu kién: g(x,) = f(x,_,,X,_, 1>

2 X,y i) VOI p,k 12
céc s6 nguyén duong va [ :E* - E,g:E — E 1a cdc ham so.

Néu ta chi ra ring cac ham sé f va g thoa mén cac diéu kién cua Dinh li 3.1, thi
day { g(x”)} héi tu. Hon niva, néu g_1 tdn tai, lién tuc thi {xﬂ} hdi tu téi x 1a nghiém cua
phuong trinh g(x) = f(x, x,..., X).

Vi du 4.1. (Dé thi Olympic 30/4 nam 2018 cho khdi 11). Cho day s6 {x,} théa man

x, =30, x, =4

—3 ’
xn+2 - \/3xn+1 + 2 + xn

v&1 moi n nguyén duong. Tim gidi han cua diy so {xn} :

diéu kién sau:
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Loi gidi.

Trudc tién, bang quy nap ta c6 thé chimg minh dugc rang x, >2 véi moi n . Diy
{x,} thoamén: x),, =3x,, +/2+x,,hay g(x,,,) = [ (%, %),

trong d6 g:[2,00) —[2,%0) x4c dinh béi g(x)=x" va f: [2,o<>)2 —[2,) x4c
dinh bdi £(x,y)=3y+2+x.Véimoi x,y,z€ [2,0), ta co

|G = f(,2)| =By +V2+x =32 =2+

_ [x—
S3|y Z|+\/2+x+1/2+y
<;| 3_ZS|Jr |x3_y3|
IR SRS (x2+xy+y2)(\/2+x+\/2+y)

1 1
<— —g(2)|+—]|g(x) - .
" g —g(2) 15 lg(x)—g(»)|
Do d6 diéu kién (3.1) trong Pinh 1y 3.1 thoa man. Ta dé dang kiém tra cac diéu kién
khéc cua Pinh ly 3.1 thoa man. Do d6 {g(x,)} hoi tu. Tir d6 suy ra {x,} hoi tu t6i nghiém
phuong trinh x° = 3x ++/2 + x trén [2,00) .Gidirataduoc x=2.Vaylimx, =2.
Xuét phat tir vi du trén, ta c6 thé chirng minh sy hoi tu va tim gidi han cua cac day s sau:
Vi du 4.2. Chirng minh cac ddy sb sau hoi tu va tim gi6i han:

(a) Cho x,x,,x;,>2 va x,,, =§/3xn+] +42+x,

(b) Cho X, X, X, > 2 Vi X, = 3%, +1/2+ %,

(c) Cho x,>2 va x,, =33x, +2+x,

2.3.2. Gidai hé phwong trinh phi tuyén doi ximg

Trong phan niy ching toi 4p dung Dinh 1y 3.1 vao giai hé phuong trinh phi tuyén
doi xtimg dang
—g(x1) = (X, X550, X5,)
g(xy) = f(x5, X450 Xp0)

g(x, )= J(x,, X505 ,)
[ g(x,)=f(x,%,.-,%,)

véi f:Ek — ,g:E— " lacicham 6, EC " va k,n la cic s6 nguyén duong
théaman 1<k <n.
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V8x =[y+34 -z +2
trong R3 \/@:\/z+34—\/x+2
8z =Jx+34—\[y+2

x—=y+32=20
z—x+3220
y—z+3220
x, 9,220

Loi giai. Diu kién dé hé co nghia:

Xétham sé f: B — E xac dinh boi
f(xl,xz):\/xl+34—\/x2+2, V(x,x,)€ B,

va g:E — E xac dinh boi: g(x) = J8x, VxeE,

o day £ =[0,00);B={(x,x,)€ £ :x,—x,+3220}.

Nhu trong Vi du 3.2, ta c6 thé kiém tra diéu kién cta Dinh 1y 3.1 théa man. Do do
ton tai duy nhit ue E sao cho ton tai x e E théa man u = f(x,x )=g(x"). Nhu trong
Vidu3.2,tacou=4 va x =2.

Gid su (x, y,z) la mot nghiém cua hé. Ta co:
lg() —gW)|=|f(r.2) = f(z.0)| < |2 (1)~ ()| + &, [g(2) - g (%)
g~ g =|f(z.0)~ f(x, )| < & |g(2) - g+, [g(x) - g ()
2(2)=g@)|=]f (. 0) = f(r.2)| S 0 |2 ()~ g ()| + & |g(v) - £(2)

Cong cac vé tuong Gmg cua cac bat dang thirc trén véi cht y o, +a, <1, taduge

|g(x)~g()|+|2(») - g(2)| +|g(2) — g(x)]| =0.

Hay g(x)=g(y)=g(z). T d6 suy ra x=y=z. Do d6 hé c6 nghiém duy nhét
(2,2,2).

Ban doc c6 thé tham khéo thém cac vi du khéc trong bai bao [4] trong trudng hop g

13 ham sb ddng nhét.
3. KET LUAN

Bai bao da dua ra va ching minh mot dinh 1y diém bat dong chung kiéu Presic cho
cac anh xa trén tap sb thuc. Céc két qua vé su ton tai diém bét ddng chung cia céac anh xa
dang nay la da biét. Tuy nhién, & ddy, chung toi xay dung cac ddy sb truy hdi co tré va
ching minh cac diy nay hoi tu vé gia tri chung (va diém bat déng chung) cua cdc anh xa.
Céc két qua nay duge ap dung vao giai mot s bai toan so cap: Chirng minh diy truy hoi
hoi tu, giai hé phuong trinh phi tuyén ddi xtng.
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Presic type to study the convergence of recurrent sequences and to solve cyclic nonlinear
systems of equations.

Keywords: Common fixed point, Presic type fixed point theorem, recurrent sequences,
cyclic systems of equations.

Ngay nop bai: 23/10/2018; Ngay gui phan bién: 19/11/2018; Ngay duyét dang: 6/8/2019.

112



