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MOPUN CHEO TAC PONG
Pham Thi Ciic!
TOM TAT

Trong bai bdo nay, trudc hét, ching téi chig minh chi tiét cdc két qud lién quan dén
Vi nhém cdc dan xudt cia mgt médun chéo. Sau dé, chimg minh cdac két qua vé nhom
Whitehead cdc ddn xudt chinh qui va cdc déc trimg cia dan xudt chinh qui. Tir dé, xdy dung
modun chéo tac dong cua mot médun chéo cho trudc.

Tir khéa: Médun chéo, nhém Whitehead, ddn xudt chinh qui, médun chéo tic déng.

1. PAT VAN BE

Mobdun chéo duogc J. H. C. Whitehead dua ra cach day hon 70 nam trong cong trinh
nghién ctru ctia 6ng vé 1y thuyét dong luan két hop [1]. Ké tir d6, khai niém modun chéo
dong mot vai tro quan trong trong nhiéu linh vuc ciia toan hoc, bao gdm 1y thuyét dong luan,
ddng diéu va ddi dong diéu nhom, K - Iy thuyét dai s6, ddng didu cyclic, hinh hoc vi phan,...
Boi nhing ing dung phong phii ctia nd, khai niém modun chéo da duge mé rong theo nhiéu
huéng khac nhau [2][3][4][5][6]. Nhimng cau tric cu thé nhu mddun chéo cam sinh [7],
modun chéo tac dong [8],... cling dong vai tro quan trong trong cac tng dung cua DPinh ly
Van-Kampen chiéu 2 va tinh toan cac 2 - dang dong ludn. Mt trong nhimg huéng phat trién
ctia khai niém médun chéo 13 ngudi ta tim kiém céac cdu tric twong tw nhu trong 1y thuyét
nhom: nhom cac tu dé'ing cAu, tac dong nhom, tich truc tiép,...

Néu (B, D,d,8) la mot mddun chéo thi tap Der(D, B) cac dan xuét tir D dén B c6 chu
trac vi nhom. Nhom D(D, B) cac phan tir kha nghich ciia Der(D, B) dugc goi la nhom
Whitehead cac dan xuat chinh qui. Pac trung cuia cac dan xut chinh qui da dwoc ing dung
vao nhiéu tinh hubng khac nhau lién quan t6i médun chéo. Ching han, nhom cac dan xudt
chinh qui xuét hién trong céu trac ty déng ciu cua moédun chéo dugce nghién ctru boi K.
Norrie [8]. Ciing trong bai bao [8], K. Norrie da str dung khai niém modun chéo tac dong dé
xdy dung tich nira truc tiép ctia cac modun chéo va toan hinh (holomorph) ctia cic modun
chéo. Tuy nhién, dic trung cta cac dan xuat chinh qui khong duoc chimg minh, cling nhu
dinh nghia modun chéo tac dong khong duoc xay dung tuwong minh, ma dugc cac tac gia
cong nhén sy ton tai cta no.

Trong bai bao ndy, sau muc gidi thiéu, myc 2 danh dé nhic lai mot s6 khai niém lién
quan dén mddun chéo nhu: mdédun chéo con, médun chéo con chuan tic, dong cdu modun
chéo, anh va hat nhan cua déng cAu modun chéo. Trong myc 3, chung to6i chi ra cAu tric vi
nhém trén tap Der(D, B) cac dan xuat tir D dén B , chitng minh chi tiét tinh chat dic trung cua

cac dan xuat chinh qui. Trén co s¢ do, chung t6i xay dung modun chéo tac dong trong muc 4.
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2. MOPUN CHEO
Pinh nghia 2.1. [10] Mot médun chéo 1a mot bo bén (B, D, d, &) trong d6 d:B— D,

6:D — AutB 13 cac dong cdu nhom thoa mén diéu kién

6d = i 1)
va thoa man hé thirc Peiffer:
d (6, (b)) = 1, (d(b)), xe D,b B, 2

trong d6 4, 1a ty dang cau trong sinh boi X.

pé chq tién, ta k}'/ hi¢u phé:p toan trong B 1a phé:p q@ng va phép toan trong D la phép nhan.

Mot so vi du dién hinh vé modun chéo co thé ke dén la:

i) (B,D,i,6°), trongdé i:B —> D laddng cAu bao ham ctia mot nhém con chuén tic,
6° duoc cho bai lién hop.

ii) (B,D,0,0), trong d6 0: B — D la dong cdu khong, B 1a D- modun va ¢ la tac
dong modun.

iii) (B, AutB, 14,id), véi z2: A—>AutB 1a anh xa tu dang ciu trong cta nhém B,
Mbdun chéo nay duoc goi 1a médun chéo cdc tw ding cau ciia nhom B.

iv) (B,D, p,6°), trong do p: B —> D1a toan cu nhém v6i hat nhan chira trong tam
cia B, 6° duoc cho bai lién hop.

Pinh nghia 2.2. [6] a) Ta néi rang (B, D',d’, &) 1a mot médun chéo con cua modun
chéo (B, D,d, 8) néu:

i) B' 1a mot nhém con ciia B va D' la mdt nhoém con cua D;

ii) d' 13 han ché cua d trén B';

iii) dong cdu @' dugc cam sinh boi dong cau , nghia la: ;(b) =6, (b) voi moi
xeD',beB.

b) Mot modun chéo con (B',D',d’, &) cua (B, D,d, ) dugc goi la chudn tic néu:

i) D' 1a nhom con chuén tic cta D;

i) 6.(0)eB’ v6imoi xeD,beB’;

i) € (b)—beB' véimoi xe D',beB.

Pinh nghia 2.3. [4] Cho (B,D,d,#),(B,D’,d’, &) 1a cic médun chéo. Mot miii tén
(hay dong cau) (f,, f,):(B,D,d,8) —>(B',D',d", &) giita 2 modun chéo bao gom céc
dong cau nhom f,:B—B’, f;:D— D’ sao cho

df = f.d 3)

va f, 1a mot dong cdu todn ut, nghia 1a: f,(O0) =6, , f,(b), (4)

voimoi X e D,b eB.
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Tanéi rang (f,, f,) 1a dang cdu néu ca f, f, 1a nhing dang cu. Tuong tw, (f, f,)
1a don cdu (toan cau)néu Ty, f, 1a nhimg don cAu (toan cau). Mot dang cau (f;, f,) trmodun
chéo (B, D, d,8) vao chinh né dugc goi la mét tur dang cdu. Ky hiéu Aut(B, D,d, 6) 1anhom
céc tu dang cau cta (B, D,d,8) véi phép hop thanh dugc cho boi:

(f11 fo)( fl" fO') =( f1' fl’ fO’ fo)-

Pinh nghia 2.4. [6] Cho dong cau mddun chéo (T, f,):(B,D,d,8) —(B',D’,d", ).
Nguoi ta goi:

a) bo bon Ker(f,, f,) = (Kerf,,Kerf,,d,6) 1a hat nhin ctia dong cau (f,, f,);

b) by bén Im(f,, f,) = (Imf,, Imf,,d",8") 1a anh ciia dong cau (f,, f,).

Tir dinh nghia trén, chiing t6i chimg minh dugc bo dé sau day.

B6 dé 2.5. a) Ker(f,, f,) la médun chéo con chudn tic ciia médun chéo (B,D,d,0).

by Im(f,, f,) la médun chéo con ciia médun chéo (B',D',d’", ).

Chitng minh. a) Hién nhién Kerf, 1a nhom con chuan tic ciia D nén diéu kién i) trong
dinh nghia modun chéo con chuén tic diing.

Mt khéc, véi moi X € D,b e Kerf,, ta co: f,(6,b) 2 &y 1(0) =6 ,,(0) =0.

Vay 6,b e Kerf,, nghia la diéu kién ii) trong dinh nghia médun chéo con chuén tic ding.

Cubi cung, voi moi X € Kerf,,b e B, ta co:

()
f,(0,b—b) = f,(6,b) - f,(b) =& ,, f.(0) - f,(b)
=g/f,(b)- f,(b)=id(fp)-fb=fb—-fb=0.
Do d6 6,b—b e Kerf,.

b) Diéu nay 1a hién nhién vi Imf,, Imf, 1an luot 1a cac nhém con ciia B' va D',

3. DAN XUAT CHINH QUI - NHOM WHITEHEAD
Pinh nghia 3.1. Cho médun chéo (B, D,d,#). Ta goi Der(D, B) la tap tat ca céc din
xut tir D téi B, nghia la tap tat ca cac anh xa y : D — B thoa man diéu kién

209)=x(X)+6,x(y), VX yeD. (5)

Nhan xét 3.2. Tu dinh nghia suy ra:
a) y la anh xa bién don vi cia D thanh don vi cua B. Théat vay,

xY) = 2@ +0x(y) = 2D+ 2(y) = »@)=0.
b) 8, x(X") =—x(X). That vay, didu nay duge suy tir: y(1) = y(X)+8 x(x™) =0.
B0 d@é 3.3. M6i din xudt y cam sinh cdc t dong cdu Y, (viét gonla y ) ciaD va 5)[

(viét gonla &) cuaB lan lwot duoc xdc dinh boi:

y(x) =d(x(x).x, (6)
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5(b) = x(d(b)) +b. (7)
Hon nita, cdc dong cdu y,S théa man cac diéu kién:

yd(b)=do(b), vbeB (8)

ox(¥) = xr(x), vxeDb. 9)

5(0,)=6,()5(b), ¥xeD,beB. (10)

Chitng minh. That viy, v6i moi x,y € D ta ¢6:
7 09) = d (Y XY = d (2 () +0,2(0) %y
—d2()-40,1(Y) 3y = d 29448 2(Y)%y
= d 200 7(Y) 0y =d 2 (XA 2(Y).Y = ().

Vavoimoi b,ceB:
@) ©)]
o(b+c)=y(d(b+c))+b+c= y(db.dc)+b+c = y(db)+6, y(dc)+b+c
@
= y(db) + 24 y(dc) +b+c = y(db)+b+ y(dc)—b+b+c

(O]
= y(db)+b+ y(dc)+c =d(b) +5(c).
Vay y va & lan luot 1a cac tu d@)ng cdu cua D va B.

Hon nra, WYX e D,b € B, ta co:
(6) (7
i) 7(db) =d(y(db)).db =d[x(db)+b]=do(b).
(6) ©)
i) x7(X) = 20d x(X).X] = xd x(X) + 6,y 2(X)
() ©)
=20 () + 14,02 (X) = 2(d (X)) + x(X) = 5x(X).
(7) (2
i) 5(0.b) = yd(00)+0b= y(udb)+8b= y(xdbx™*)+6b
(5) (5)
= () +6,2(dbx) +6b = x(x)+6,Lrdb+y, x(x )] +6,b
(6]
= 200+, 700+ 0,0, 7(X") +6)0= 7()+ 0,700+ O 11, 7(x )+ 6
= y(X)+0 ydb+8, [0+ y(x)-b]+8b
= () + 6 xdo+6,0+6, 1 (x™) = 7(X)+6,5b~ x(x)
@ (6)
= /u;((x)gxé‘(b) = ed;((x)exé‘(b) = Hd xé‘(b) = gy(x)é‘(b)'
Ta trang bi cho Der(D, B) mot phép nhan nhu sau: Néu y =y, 0 %, thi:

200 =00 2,1(%) = 17, (X) + 1,(%).
Nhin xét 3.4. Ta ciing c6: ¥(X) =[x ° 1,1(X) =01, (X) + 7, (X).

Z2(X)-

23



TAP CHi KHOA HQC TRUONG PAI HQOC HONG PUC - SO 61.2022

That vay,

2072 (X) + 2, (0 = ald 2, () X1+ 1,(X) = 1d 7, (X) + edZZ(x)Zl(X) +7,(X)
=0.2,(X)— (X + ;ulz(x)ll(x) +2,(X) =1,(X) + 1 (X).

Nhan xét 3.5. Tap Der(D, B) cung v6i1 phép nhan

2(0) =10 2100 = 117, (X) + 2,(X) = 0.1, (X) + 7,(X)

la mét vi nhom. (11)

Trude hét, ta ching minh bd dé sau.
B6 dé 3.6. Phép nhén (11) thoa méan cac tinh chit sau:

a) Neu y = xox, thi y(X)=y,(7,(X)), trong dé y,,7, la cic dong cau lan lwot

cam sinh tir )y, ¥, theo bé dé 3.3.

b) Néu y =y, 0, thi 6(0)=0,(6,(0)), trong dé y,,7, la cic dong cdu lan leot

cam sinh tir )y, ¥, theo bé dé 3.3.

Chitng minh.
2 Thitvdy, 70 =0z 0 2,001X = ALz, (9 + 2,(41 X

= 427,09 200X = 417,007,092 7,7, ().
b) Tuong tu, o(b) (2 2.0 7, (db) + b(i) oy, (db) + x,(db) +b

(O] O]
=62, (db) + b =4[ 1, (db) +b] = 6,5, (b).
By gio, ta quay lai chimg minh Ménh dé 3.5.
Chitng minh.
Phép nhan thoa man tinh két hop. That vay, voi moi g, ¥, ¥, € Der(D, B) va véi

moi xe D, ta co:

[0 220 2100 = (0 220750+ 2609 = 207075 (01 + 275 (0) + ()
(i)

(€5
= 207 102 0+ (22 0 26)(X) =L 2 (272 0 2)1(%).
Phan tir don vi ctia phép nhan chinh 14 din xuat bién moi phan tir ciia D thanh phan

tu khong ctia B. Do d6, Der(D, B) 1a mét vi nhom.

Pinh nghia 3.7. [6] Nhom céc phan tir kha nghich ctia Der(D, B) duoc goi 1a nhém

Whitehead, ky hiéu D(D, B). Cac phan tir ciia nhom D(D, B) dugc goi 1a cac ddn xudt
chinh qui.
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Dinh 1y dudi day cho chiing ta thiy dic trung ciia cic dan xuét chinh qui.
Pinh Iy 3.8. Cac khang dinh sau tuong duong:

a) y eD(D,B).

b) ¥ € AutD.
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C) & € AutB.
Chimg minh. 3) = b): Néu yeD(D,B) thi ton tai ' eD(D,B) sao cho
2o x' (X)= "o x(X)=0 véi moi x e D.

Theo (11) ta co: yo ¥/(X) = 1 (X) + 1 (X) =S¢’ (X) + x(X) =0, (12)
2 ox(X)=1r(X)+x(X) =% (X)+ 1 () =0. (13)
(6) (12)
Tir do: 7' (X) =7y (0] =d xr'(x)./'(X) = d[- ' (X)]./'(X)

=[d 2/ 01"/ () =x [ ()] (%) = x.
13)

6
P70 =7 T2 d 270709 = d-2(¥17()
=[d z (017 (X) = X[y ()T .7 (x) = x.
Vay y' la nghich dao cua y, hay y e AutD.
Q) = c): Gia st yeD(D,B) thi tn tai z' eD(D,B) sao cho
2o X (X)= 4o x(X)=0 véi moi x e D. Khi do:

55'(b) = 515 (B)] = 746’ (b) + 5'(b) = z7'd(b) + 5'(b)
(1=2)[—;('d (b)]+9o'(b) (;) b—o6'(b)+0'(b).
5'5(b) = STSb)] = £/dS(b) + 5(b) = 2'7d(b) + 5 = (b)

13) (7
=[-xd(b)]+0(b) =b—05(b) + 5(b).
Vay ¢’ 1a nghich dao cua &, hay 5 € AutB.
b) = a): Giastt y e AutD va y:D—B. Taxaydung »':D — B nhu sau:
X)) =277 (x). (14)
Khi do:
oy (14) B (©) B
2 (X) = 67 () + x(X) = S[=xr~ (¥)]+ 2 (X) == 207~ (X) + 2(x) = 0.
(11) (14)
27(X) = 27(X)+ x2(x) == 27" Ty(¥)]+ 2(x) =0.
Vay »' langhich dao cua y, hay y D(D,B).
C) = a):Giasu SeAutB va y:D—B.Taxaydung »': D — B nhu sau:
2 (X)==6"7(x). (15)
Khi do:

11) (15)
220/ (X) = 87 () + x(X) = 5[5 ()] + x(X) =—x(X) + x(x) =0.

(11) (15)
27() = 27(X)+ 2(X) ==Ly )]+ x(X) == 157 ()] + x(X) =0.
Vay »' langhich dao cua y, hay y € D(D,B).
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Tir Bo dé 3.6 suy ra.
Hé qua 3.9. Ton tai cdc dong cdau nhom

A, :D(D,B) —> AutD,

X—=>7

A,:D(D,B) — AutB
yd=2d
4. MOPUN CHEO TAC PONG

Vi nhitng chudn bi trén déy, ta phat biéu va chimg minh mot trong nhiing két qua
chinh cua bai béo.
Ménh dé 4.1. Cac tuwong Ung sau day: A:D(D, B) — Aut(B, D, d, 6)

x—=(3,7)
¢ :Aut(B,D,d,d) — AutD(D,B)

(f, fo) ‘9(*f1,f0)(Z) = frfy
la céc dong céu nhém lam cho (D(D, B), Aut(B, D,d,8),A,8") tré thanh mét médun

(16)

(17)

cheéo.

Chirng minh. V61 y € D(D, B), theo DPinh 1y 3.8 thi 5 < AutB va y e AutD. Hon
nita, theo cac diéu kién i) va ii) cua B6 dé 3.3 thi cap (O,y) lamot ty df)ng cAu ctia modun
chéo (B,D,d,6). Theo Hé qua 3.9 tacd A 1a mot dong cau nhom.

Tiép theo, véi moi (f,, f,), (f,, f,) € Aut(B,D,d,6), ta co:

17)
* : -1
Ottt 1y ) = Gt oty (1) = Tro T z(fo 0 o)
o L@ . L@ .
= f1°(f1;(fo )o f0 = floe(fllyf(;)(z)o fo = 9(f1,fo)9(fl'yf0')(7()’
nghia 1a " 1a mot dong céu nhom.

Cubi cung, ta chimg minh cic dong cdu nay thoa min cac diéu kién (1), (2) ciia mot
modun chéo. That vay,

N (16),(17) .

O Ao )X = (XY o)X

(11) (11)

=5y () + 2(X) =8¢ (X) + 2(X) = xo x'(X).

suy ra 0 A(x)(x)ex=xox hay O A(x)(x)=p,x hay 0 A=, nghia la (1)

duoc théa man. ‘
Bay gio ta chirng minh dicu kién (2):
A[‘9( f1.7) (1= M, fO)A(Z)

< A(fy fo_l) =(f, f,)°(0,)°(f, fo)_1 =(fo fl_l’ foy fo_l)
pat fyf =y . Taco:

IR ) ) PRC ) o
& (b) = frfy " (db) +b = f,(x fy"db+ £, (b)) = f,[xaff, " (b) + 1, (b)] = £, 51, (b)
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hay 0 = fo fl_l (do (fl_l, fo_l) 1 tw dong céu cia mdédun chéo (B, D, d, 8) nén theo

diéu kién (3) cta ddng cdu moédun chéo ta co: fo_ld = dfl_1 ).
Tuong tu,

7 (0= 120002 T2 6500x = [ 750 F57001= for 520

hay ]/* = f07 fo_l (do (f,, f,) 1a tu dong céu ctia moédun chéo (B,D,d, ) nén theo
diéu kién H, ctia ddng cau modun chéo ta co: f,d =df,).

Pinh nghia 4.2. [8] Mbdun chéo néi trong Ménh dé& 4.1 dwoc goi 1a médun chéo tic
dong cua mddun chéo (B, D, d, 0), ky hiéu A(B, D,d,6).

Vidu

a) Néu N la nhom con chuan tac cia nhdm G, i:N —G la dong cau bao ham thi médun
chéo tac dong A(N,G,i,8°) 1a modun chéo (D(N,G), X,A, ), trong d6 D(N,G) ding
cAu véi mot nhém con cia AutG nhu sau: D(N,G) ={a € AutG/ a(X)x* € N ¥x e G},
X ding céu v6i nhém con ciia nhém AutG bao gom céc ty dang cdu cia G han ché trén
N thanh cac tu déng cucua N. B@)ng cdu A duoc xac dinh bai A(y) =(y |N ,7), trong d6
7(X) = y(X).x, VxeG.

b) Cho M 1a mot G - mddun thi (B, D,0,6) 1a mdédun chéo, véi 0 1a dong ciu tim
thuong va @ 1a tac dong moédun. Khi d6, moédun chéo tdc dong ctia moédun chéo (B, D, 0, 6)
1a (Der(G,M), Aut(M,G,0,6),A,9Y), trong d6 Der(G, M) la tap tat ca cac din xuat
G —>M (vala mot Aut(M,G,0,8)-modun), A 1a dong ciu bién moi dan xuat y thanh
(idg,idy).

5. KET LUAN

Nhu vay, trong bai bao nay, chung t6i da xay dung tuong minh khai niém mddun chéo
tac dong. Cac phép chirng minh ciing dugc trinh bay chi tiét. Tuy nhién, do khudn khd cia
bai viét nén nhiing tinh chat dic trung ciia médun chéo tac dong s€¢ dugc thuc hién & mot
nghién ctru khac, ma chua dugc trinh bay ¢ day.
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ACTOR CROSSED MODULES
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ABSTRACT

In this paper, we first prove in details the results related to the semigroup of derivations

of a crossed module. Then, we prove the results on the Whitehead group of regular
derivations. Finally, we construct the actor crossed module of a given crossed module.
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