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TOM TAT

Chiing t6i trinh bay mot phuong phap tim nghiém liouville ctia phuong trinh vi phan dai sé cip mot
bing phép déi bién. Cu thé, mot phuong trinh vi phan dai s6 cAp mot véi hé s6 thuoc vao mot mé rong
liouville dugc bién déi thanh mot phuong trinh vi phan véi hé sé thudc vao truong vi phan hitu ty bing
phép ddi bién trén truong co sd. Thém nita, sit dung phép déi bién giita cdc ham s6, phuong trinh vi phan
dai s6 cAp mot véi hé s6 trén truong vi phan hitu ty c6 thé duge bién déi vé dang phuong trinh don gian
hon phit hop véi cac thuat toan da biét. Mot s6 vi du duge trinh bay dé minh hoa phuong phap da dua ra.
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ABSTRACT

We present an approach for finding liouvillian solutions of first-order algebraic ordinary differential
equations (AODEs) by means of change of variables. In particular, a first-order AODE with liouvillian
coefficients can be transformed into an AODE over rational fields by the change of indeterminate over the
ground fields In addition’ by the change of functions7 the last AODE can be converted into the one which

is suitable for known algorithms. Some examples are given to illustrate the method.

Keywords: Algebraic ordinary differential equation, liouvillian solution, change of variables.

1. INTRODUCTION

The ideas of using geometric properties which
satisfy the differential constraint into the prob-
lem of solving differential equations are well-
known. There are notable works for finding
rational general solutions which are based on
rational parametrizations of algebraic curves
of genus zero.'™3 Recently, by this technical
method, we have presented an algorithm for
determining liouvillian solutions of first-order
AODEs of genus zero.

In this paper, we give an approach for
solving first-order AODEs which is based on
the change of variables. This continues the
ideas considered in the previous works.*4~° In
more details, we aim to transform certain first-
order AODEs into sub-types with respect to
the two cases of change of variables, that are
the change of the functions and the change of
the indeterminate over the ground fields. From
these considerations, first-order AODEs with
liouvillian coefficients can be converted into
the AODEs over C(z) (Section 4). Moreover,
such an AODE over C(z) can be transformed
into an autonomous AODE or a rational one
(Section 3) where known algorithms can be
applied. 57
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2. PRELIMINARIES

We present some necessary definitions which
are well known in literature.®=10

Definition 2.1. Let k be an algebraic field
of characteristic zero. A derivation of the field
k, denote by ’, is an operation of k such that
Ya,b € k, the followings hold.

(a+b) =d +b, (ab) =d'b+ab.

A field k equipped with a derivation ’ is called
a differential field. An element a € k is called
a constant if a’ = 0. A field extension F of
k is called a differential field extension of k if
and only if the derivation of F restricted to k
coincides with the derivation of k.

Definition 2.2. Let E be a differential field
extension of k and let / denote the derivation
on E. t € I is called primitive over k if t' € k.
t € E\O0 is called hyperexponential over k if
t'Jt € k. t € E is called liouvillian over k if ¢
is either algebraic, or primitive or hyperexpo-
nential over k. E is a liouvillian extension of k
if £ = k(ti,ta,...,t,), and there is a tower of
differential fields k = kg C k1 C--- Ck,=F
such that for each i € {1,...,n}, ki = ki—1(t;)
and t; is liouvillian over k;_1.
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Definition 2.3. Let F(y,w) € k[y,w] be an
irreducible polynomial in two variables and K
be the algebraic closure of k. Then we define
an affine algebraic curve over k by the set

L := {(a,b) € A*(K) | F(a,b) =0} .

The polynomial F(y,w) is called the defining
polynomial of L. We may write F(y,w) = 0 to
indicate an algebraic curve L.

Definition 2.4. Let k be a differential field
with a derivation ’ and let F' € k[y, w]. A first-
order algebraic ordinary differential equation
(AODE) is a differential equation of the form

F(Y,Y') = 0. (1)

Then, the equation F'(y,w) = 0 is called the
corresponding algebraic curve of the first-order

AODE (1).

By abuse of notations, when we refer to

d

an AODE (1), we mean k = C(z) with ' = o
z

whose field of constants is C and 2/ = 1.

Definition 2.5. ¢ is called a solution of the
AODE (1) if F(§,¢') = 0. If such & belongs to
a liouvillian extension F of k then we call it
a liouvillian solution. A solution £ is called a

liouwvillian general solution if it does not vanish
oF

oy’

Remark 2.1. A general solution & defined by
the way in Definition 2.5 first introduced in
the work by Hubert,'! and it is tantamount to
the classical one defined in the book of Ritt.®
Moreover, £ is called a singular solution if it
fails to annul Sg. It is well known that an
AODE (1) has only finite singular solutions,
hence, the paper’s method is only applicable
for finding liouvillian general solutions since it
generates infinitely many solutions.

the separant Sp =

3. THE CHANGE OF VARIABLES
u= 1 (Y)

We show how a geometric transformation in-
duces a differential one. Let

G(u,u') =0 (2)
be a first-order AODE and G(u,v) = 0 be its

algebraic corresponding curve over C(z). As
above, let F(y,w) = 0 be the corresponding

algebraic curve of the AODE (1). Assume that
there is a transformation of the form

u = P(y, w),v =7y, w) (3)
such that

G(u,v) = G(Y(y, w),v(y,w)) = F(y,w) = 0.

Then the transformation (3) induces a differen-
tial transformation between such two AODEs

w= (V.Y = (YY) = (Y, Y). (4)

Lemma 3.1. The transformation (4) must be
of the form

u=y(Y),u =4(Y). (5)

Proof. In fact, if the first component of the
transformation (4) contains the term Y’ then
the second component must include Y which
is a contradiction if we compare with (3). [

Remark 3.1. The transformation (5) is based
on the change u = ¥(Y) and it can be started
with any rational function ¢(Y") € C(Y). How-
ever, just simple cases are considered in prac-
tical application. Recently, the change of vari-
ables u = Y™ has been studied in the work
by Dat and Chau. This consideration induces
the one called a power transformation. Such
a transformation may lead to a change of the
genus of algebraic curves, by that, it can be
applied for solving first-order AODEs whose
genera are positive.

In the rest of this section, we consider a
transformation induced by a rational function
u of the form
oY +f

Y 445
where a, 3,7,8 € C(z), a6 — By # 0. A Mébius
transformation is a transformation of the form

oY +5 o, aY + 38\ (6)
Tovyet TGy e )

u=DMY)

The inverse substitution of (6) is
!
Y:M,y’: <M> _ (7)
—Yu + « YU+«

In this part, we follow the work by Ngo and
Ha for the details of M6bius transformations.?
They have been studied for finding algebraic
and rational solutions.*'? Hence, there is no
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need to elaborate about them. Our contribu-
tion is to show that Mobius transformations
are also applicable for determining liouvillian
solutions. First, there is an expression for v’

OM(Y)  ad— By
oY (7Y +6)2’

IM(Y) _(/y =~ a)Y?++5'6 - '8
9z (7Y 4 0)?
(@6 —ad’+ By —A'B)Y (g
(7Y +4)? ’
,_du _d(M(Y))
v dz ~ dz
COM(Y),,  OM(Y)
Y Y+ 0z

Definition 3.1. Let
FY,Y') =) ayY'v9

be an irreducible polynomial over C(z). Then
we define the differential total degree of F' by

p(F) =max{i+2j | 0# a;; € C(2)}.

Putting (6) into an AODE (2) and using
(8), we obtain

n_ aY +8 [(aY +8Y\
G(u’u)_G<7Y—|—57<'yY—|—6>>

_ [ab— By wG) o
_<7Y+6) FY.Y') = 0.

(9)

In the reverse, from the formulas (7) and (9),
we have
/
(@ upp (L2220 (L))
—yu+ o \ —YUu + «
= G(u,u') = 0.

(10)
Moreover, in (9) and (10), u(G) = u(F).5

Definition 3.2. Let F(Y,Y’) = 0 (1) and
G(u,u’) = 0 (2) be two first-order AODEs. We
say F is equivalent to G if there is a Mdbius
transformation (6) such that the formula (10)
is satisfied.

Mobius transformations preserve the
genus among the corresponding algebraic
curves since they are birational. Moreover,
They give an equivalence relation among first-
order AODEs and preserve the property of

https://doi.org/10.52111/qnjs.2024.18309

having algebraic solutions of the equivalence
class.* Next, we will prove that Mobius trans-
formations also preserve the property of having
a liouvillian solution of the equivalence class.

Theorem 3.1. Assume that F is equivalent
to G. Then F has a liowvillian solution if and
only if so does G. In the affirmative case, the
correspondence of such solution is one to one.

Proof. The case of having an algebraic gen-
eral solution has been proved by Theorem 2.2.
From formula (10) and since

(=& + a0,

we find that an AODE G = 0 has a liouvillian
transcendental solution ¢ if and only if

_ 06—
Mg = S

-7+«
is a transcendental solution F' = 0. Finally, by
formula (6), the correspondence of liouvillian
solutions between F' and G is one to one. [

Mbobius transformation is used to check
whether a first-order AODE is equivalent to
an autonomous one.? If this is the case, then
there is an algorithm for finding an algebraic
general solution.” From that, an algebraic so-
lution of the original AODE can be returned.
Based on Theorem 3.1, we aim to apply Md&bius
transformations for determining liouvillian so-
lutions. The following example, see Section 3,
illustrates our idea.

Example 3.1. Consider first-order AODE
F(Y,Y') == 2373 + 22V — 22272 a1
+22YY' — 2V +Y? = 0.

u —

1
Putting ¥ = into the AODE (11)

and using formula (10), we obtain

Ap <u—1’(u—1)/) _

z z

(12)

Gu, ') =u? —u® +u® =0.

By Algorithm 4.1,% a liouvillian solution of the
AODE (12) is
(expi(z+c)+1)*u—2expi(z+c) =0, 2= —1.

Therefore, a liouvillian general solution of the
AODE (11) is

(expi(z+¢)+1)%(2Y +1) —2expi(z +¢) = 0.
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4.THE CHANGE OF VARIABLES
z= o)

This section studies some cases of differential
transformations induced by change of variables
over the ground fields. Let k& = C(z) with

d
I = o and let F be a liouvillian extension

T
of k. Consider the differential equation

F(y,y') =0, (13)
where y is a function of z and F € Ely,w),
i.e. a first-order AODE with the coefficients in
a liouvillian extension E of C(x). For briefly,
we call it an AODE with liouvillian coefficients
(see Definition 2.4).

The issue of considering a differential
equation with coefficients in an extension field
is quite naturally. A general investigation for
determining liouvillian solutions of a linear dif-
ferential equation with liouvillian coefficients
can be found in Singer.!® In this section, our
purpose is to consider some simple cases which
convert an AODE (13) into an AODE (1) by
means of change of variables z = p(z).

Definition 4.1. (Definition 2.7)'* Let E be a
liouvillian extension over C(z) and z € E'\ C,
then z is called a rational liouvillian element

dz
if — .
over C i I € C(2)

Example 4.1. The element z = \/x ++/z + 1
is a rational liouvillian element over C since z
is algebraic over C(z) and

dz 1 1
e 2\/5+2\/m€(C(\/5+\/m+1).
Since Algorithm 1 is independent of the
particular form of the indeterminate z, then
z can be seen as a rational liouvillian element
over C. Hence, this algorithm can be extended
to the case of solving first-order AODEs (13)
by a change of variable. Assume that there is
a change of variable

z = (), (14)
such that it turns an AODE (13) into (1), i.e.

F(y,y)=F(Y,Y'") =0.

If this occurs and Y (z) is a liouvillian solution
of the AODE (1), then

y(z) =Y o p(x)
is a liouvillian solution of the AODE (13).

Remark 4.1.dWe remind the t(xlzvo differential
fields <(C(z),dz> and <(C(:1:),dx> with their
derivatives 3’ and Y’ whose defined as follows

dy dY
=y 2
Y dx dz
By the chain rule, a relation between ' and Y’
is expressed as

4

dYop) _dYdp _dYde _,d

dr  de  dpdr dzdr = dr

The above expression may be applied to detect
a candidate change of variables (14).

4.1. The AODEs with transcendental
coefficients

In the case of transcendental coefficients, we
refer the readers to some standard works for
reference.®!3 Unfortunately, there is no a full
algorithm to find the change of variable for this
case, and we are going to deal with it in the
future. Here, we just present some examples to
illustrate the change of variables (14) in the
affirmative cases.

Example 4.2. (1463 )'® Consider first-order
AODE

yy? — exp (22) = 0. (15)

The coefficients of the AODE (15) are in
C(expz). By setting z = ¢(z) = expz, then
(15) is converted into an AODE (1)

2YY?-1)=0.

After dividing 2%, we obtain an autonomous
AODE (1-462)%

YY? -1=0, (16)

which has a liouvillian general solution

9
Y =4 1(2—1—0)2.

Therefore, a liouvillian general solution of the
AODE (15) is

9
y=Yop= 13/Z(expx+c)2.
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Example 4.3. (I.387)' Consider first-order
AODE

v+ (y —y)expz = 0. (17)

By setting z = ¢(x) = expx, the AODE (17)
is converted into an AODE

Y22 4Y'22 —Y2=0 (18)
which has a proper parametrization
P(t) = (t°z + tz,1).

By using Algorithm 1, the associated ODE
respect to P(t) is
2

e p———
z(2t +1)

which has only a general solution ensured by
Risch, 6

1
In(t?z) — ;=c

Due to the work by Rosenlicht,'” this solution
is not liouvillian. Therefore, the AODE (17)
has no liouvillian general solution.

4.2. The AODEs with radical coeffi-
cients

In the case of solving an AODE with radical
coefficients, Algorithm 3.5 by Caravantes et al.
can be relied.® Assume that there is a change
of variables

x=r(z) € C(2),

then it leads to the existence of the inverse
substitution (14)
z = @(x).

Since z is algebraic over C(z) and

dz dr . _

e (%) 'eC(z),

then z is a rational liouvillian element over C.
The following example illustrates the ideas.
Example 4.4. Consider the first-order AODE

F(y,y) = — xv/ay® + 42®y? — 2ay°

19
+dzyy — Vay+y* =0 1)

By Algorithm 3.5,° there is a change of
variables z = ¢(z) = y/z, which transforms
the AODE (19) into (11)

https://doi.org/10.52111/qnjs.2024.18309

F(Y,Y') == 28Y3 4 227" - 2:%Y?
+22YY' —2Y +Y? =0.

From Example 3.1, then (19) has a liouvillian
general solution

(expi(va +¢) + 1)*(Vay + 1)
—2expi(vx+c) =0.

Remark 4.2. There are more examples of
transforming first-order AODEs with radical
coefficients into the AODEs (1).° Since all of
the AODEs (1) obtained here are of genus zero,
then they are suitable for Algorithm 1.

5. CONCLUSION

In this paper, we have investigated some ways
to convert a first-order AODE into the one
where known-algorithms exist. In details, first-
order AODEs with liouvillian coefficients can
be transformed into first-order AODEs (1) in
Section 4. Moreover, an AODE (1) may be
converted into an autonomous one by Mobius
transformation in Section 3. In addition, if the
AODEs (1) are of positive genera, the power
transformations (respect to u = Y"™) may be
considered. A full algorithm for determining
liouvillian solutions of first-order AODEs will
challenge us in the future.
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