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Abstract. The problem of guaranteed cost control in this paper for a class
of two-dimensional (2D) systems is described by the Roesser model with
multiplicative stochastic noises. A convex optimization problem with linear matrix
inequality constraints is formulated to show the guaranteed cost controller which
minimizes the guaranteed cost of the closed-loop uncertain systems.
Keywords: stochastic 2D systems, Roesser model, uncertain systems, guaranteed
cost control.

1. Introduction
Various dynamical systems control engineering are determined by the information

propagation which occurs in each of the two independent directions. Such models are
typically described by (2D) systems. For instance, 2D systems have found various
applications in areas such as iterative learning control, gas absorption, thermal processes,
and digital filtering [1, 2, 3]. Thus, due to a wide range of applications, the theory of 2D
systems has received significant research attention in recent years.

In addition, exogenous disturbances are also unavoidably encountered in
engineering systems because of the inaccuracy of data processing, measurement errors,
or linear approximations [4, 5]. Various results concerning the analysis and control
of dynamical systems involving certain types of additive stochastic noises have been
reported recently [6]. However, the aforementioned works are not applicable to
multiplicative stochastic noisy systems (MSNSs) due to the nature of the model
themselves. Multiplicative noises exist in many practical models such as medical
ultrasound, synthetic aperture radar and tomography images [7]. Technically, in MSNSs,
stochastic signals get multiplied into relevant system states. This makes the analysis and
design of MSNSs more complicated and challenging.

Received May 4, 2023. Revised May 23, 2023. Accepted June 26, 2023.
Contact Nguyen Thi Lan Huong, e-mail address: ntlhuong@hnue.edu.vn

3



Nguyen Thi Lan Huong

Moreover, the guaranteed cost control technique for 2D uncertain systems aim to
design a controller such that the closed-loop system is asymptotically almost sure stable
and the closed-loop cost function value is not more than a specified upper bound for all
admissible uncertainties. Such research for 2D MSNSs have received very little research
attention and existing results concerning stability analysis and synthesis guaranteed cost
control of 2D systems are quite scarce. Recently, a few results have been obtained for
the guaranteed cost control of 2D discrete uncertain systems. The optimal guaranteed
cost control problem for 2-D discrete uncertain systems is an important problem [8].
However, to the best of the author’s knowledge, the optimal guaranteed cost control
problem for 2-D discrete uncertain systems is represented by the Roesser model with
multiplicative stochastic noises. This paper, therefore, addresses the optimal guaranteed
cost control problem for 2D discrete uncertain systems described by the Roesser model
with norm-bounded uncertainties.

2. Model description
We consider the uncertain 2D discrete-time linear systems described by the Roesser

model [
xh(i+ 1, j)
xv(i, j + 1)

]
= (A+∆Aij)x(i, j) + (B +∆Bij)u(i, j)

+
d∑

s=1

(
(Âs +∆Âs)x(i, j) + (B̂s +∆B̂s)u(i, j)

)
βs
ij, (2.1)

where x(i, j) =

[
xh(i, j)
xv(i, j)

]
∈ Rn, A, Âs ∈ Rn×n; B, B̂s ∈ Rn×m, s = 1, d are known

constant matrices. The matrices ∆Aij,∆Bij,∆Âs,∆B̂s, s = 1, d represent parameter
uncertainties satisfying the following conditions

[∆Aij ∆Bij] = LFij[M N ],

[∆Âs ∆B̂s] = LFij[M̂s N̂s], s = 1, d.

L ∈ Rn×p, M, M̂s ∈ Rq×n; N, N̂s ∈ Rq×m, s = 1, d are known matrices of uncertainty
and Fij ∈ Rp×q is an unknown matrix representing parameter uncertainty satisfying
F T
ijFij ⩽ I . Moreover, βij = col{β1

ij, . . . , β
d
ij}, βs

ij (s = 1, d) are scalar valued white
noises on a complete probability space (Ω,F ,P), which are independent variables with
zero-mean and satisfy

Eβk
ijβ

l
ij = δkl k, l = 1, 2 . . . , d. (2.2)

We define the following infinite-horizon quadratic cost function associated with system
(4.1) as a form:

J = E

(
∞∑
i=0

∞∑
j=0

xT (i, j)Qx(i, j) + uT (i, j)Ru(i, j)

)
, (2.3)
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where Q ∈ S+
n , R ∈ S+

m are given matrices representing weights of the cost function,
x(i, j) = [xhT (i, j) xvT (i, j)]T denotes the state vector.

In addition, without loss of generality, we can assume that initial conditions of
system (2.1) are arbitrary but belong to the set

{xh(0, i) = XhF1, x
v(i, 0) = XvF2, F

T
k Fk ⩽ 1, k = 1, 2}, (2.4)

where Xh, Xv are given matrices and F1, F2 are unknown vectors.

3. Problem formulation and Preliminaries
Definition 3.1. System (2.1) with initial condition (2.4) is said to be asymptotically almost
sure stable if

P{ lim
i+j→∞

||x(i, j)|| = 0} = 1.

Definition 3.2. System (2.1) with initial condition (2.4) is said to be guaranteed cost
stabilizable if there exists a control law u∗(i, j) and a positive scalar J∗ such that the
closed-loop system (2.1) is asymptotically almost sure stable and the cost function (2.3)
satisfies J ⩽ J∗, for all admissible uncertainties. J∗ is said to be a guaranteed cost value
and u∗(i, j) is a guaranteed cost control law for the system (2.1).

Lemma 3.1. (conditional expectation properties) [9] Let X and Y be integrable random
variables defined on a probability space (Ω,F ,P) and let A be a sub-σ-algebra of F .
Then
(i) E(aX + bY |A) = aE(X|A) + bE(Y |A), a, b ∈ R;
(ii) E(E(X|A)) = EX;
(iii) If X is independent of A, then E(X|A) = EX;
(iv) E(X|A) = X and E(XY |A) = XE(Y |A) if X is A−measurable;
(v) If X ⩽ Y then E(X|A) ⩽ E(Y |A).
(vi) If A1 ⊂ A2 ⊂ F then E(E(X|A1)|A2) = E(E(X|A2)|A1) = E(X|A1).

All the equalities and inequalities above shown hold almost surely.

Lemma 3.2. (Schur complement)[10] Given matrices A,B,C with appropriate
dimensions where A = AT , and C = CT > 0, then A + BC−1BT < 0 if and only

if
[
A B
BT −C

]
< 0 or

[
−C BT

B A

]
< 0.

Lemma 3.3. Let G ∈ Rm×n, L ∈ Rm×p, E ∈ Rq×n and Q = QT ∈ Rn×n. Assume that
there exits a positive definite matrix P and a scalar ε > 0 such that[

−P−1 + εLLT G
GT ε−1ETE +Q

]
< 0. (3.1)
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Then

(G+ LFE)TP (G+ LFE) +Q < 0, (3.2)

for all F satisfying F TF < I .

Proof. Since P > 0 and (3.1), we have
[

I
√
εLT

√
εL P−1

]
> 0, which implies

I − εLTPL > 0.

We denote

Γ = (ε−1I − LTPL)−
1
2LTPG− (ε−1I − LTPL)

1
2FE.

Applying the fact that ΓTΓ ⩾ 0, we get

GTPLFE + ETF TLTPG ⩽ GTPL(ε−1I − LTPL)−1LTPG

+ETF T (ε−1I − LTPL)FE. (3.3)

Note that for any matrices B, C and a scalar λ, we have

(λI +BC)−1B = B(λI + CB)−1. (3.4)

Utilizing (3.4) and condition F TF < I , it follows from (3.3) that

(G+ LFE)TP (G+ LFE) ⩽GT (PL(ε−1I − LTPL)−1LTP + P )G+ ε−1ETF TFE

⩽GT (PLLTP (ε−1I − LLTP )−1 + P )G+ ε−1ETE

=GT (εPLLT (P−1 − εLLT )−1 + P )G+ ε−1ETE. (3.5)

Since εPLLT (P−1 − εLLT )−1 + P = (P−1 − εLLT )−1, then we have

(G+ LFE)TP (G+ LFE) ⩽ GT (P−1 − εLLT )−1G+ ε−1ETE. (3.6)

It follows from Schur complement and (3.1) that

GT (P−1 − εLLT )−1G+ ε−1ETE +Q < 0. (3.7)

Combining with (3.6), we obtain (3.2).
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4. Main results
4.1. Stability analysis of 2D uncertain stochatic systems

We design a static-state feedback control law u(i, j) = Kx(i, j) such that the
closed-loop system of (2.1) is given as[

xh(i+ 1, j)
xv(i, j + 1)

]
= Ac

ijx(i, j) +
d∑

s=1

Âcs
ijx(i, j)β

s
ij, (4.1)

where Ac
ij = A +∆Aij + (B +∆Bij)K, Âcs

ij = Âs +∆Âs + (B̂s +∆B̂s)K, s = 1, d
is asymptotically almost sure stable and for all admissible uncertainties, the cost function
(2.3) satisfies J ⩽ J∗, where J∗ is some specified constant.

Theorem 4.1. Assume that there exists a matrix P = diag(Ph, Pv) ∈ S+
n satisfying the

following conditions

µij := (Ac
ij)

TPAc
ij +

d∑
s=1

(Âcs
ij )

TP (Âs
ij)− P +Q+KTRK < 0, (4.2)

then the closed-loop system (4.1) is asymptotically stable under controller u(i, j) =
Kx(i, j) and J ⩽ J∗, with J∗ = T1λmax(X

T
h PhXh) + T2λmax(X

T
v PvXv).

Proof. Consider the following 2D-Lyapunov functional

V (x(i, j)) = xhT (i, j)Phx
h(i, j) + xvT (i, j)Pvx

v(i, j). (4.3)

Denote
l(x(i, j), u(i, j)) = xT (i, j)Qx(i, j) + uT (i, j)Ru(i, j),

and

∆V (i, j) = E(V 1(xh(i+ 1, j)) + V 2(xv(i, j + 1))|Fi+j)− V (x(i, j))

= E
([xh(i+ 1, j)

xv(i, j + 1)

]T
diag(Ph, Pv)

[
xh(i+ 1, j)
xv(i, j + 1)

]
|Fi+j

)
− V (x(i, j))

= E
(
(Ac

ijx(i, j) +
d∑

s=1

Âcs
ijx(i, j)β

s
ij)

TP (Ac
ijx(i, j)

+
d∑

s=1

Âcs
ijx(i, j)β

s
ij)
∣∣Fi+j

)
− xT (i, j)Px(i, j), (4.4)

where Fi+j is the σ-algebra generated by {βkl : (k, l) ∈ Ωi+j−1} and, for each positive
integer κ, Ωκ = {(k, l) ∈ N2

0 : k + l ≤ κ}, that is,

Fi+j = σ{βkl : k + l ≤ i+ j − 1, (k, l) ∈ N2
0}, (i, j) ∈ N2

0,
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and F0 = {∅,Ω}, where ∅ denotes the empty set and Ω is the sample space. Obviously,
Fk−1 ⊂ Fk for any k ∈ N. Recall that βij is a double sequence of Rd-valued random
variables defined on a complete probability space (Ω,F ,P). Without loss of generality,
we assume F = σ{∪∞

k=0Fk}. It is easy to see that the state trajectory x(i, j) of system
(4.1) is Fi+j-adapted.

By the properties of Rd-valued random variable βij and applying Lemma 3.1 we
obtain from (4.4) that

∆V (i, j) = xT (i, j)
(
(Ac

ij)
TPAc

ij +
d∑

s=1

(Âcs
ij )

TPÂcs
ij − P

)
x(i, j). (4.5)

Therefore,

∆V (i, j) + l(x(i, j), u(i, j)) = ∆V (i, j) + xT (i, j)(Q+KTRK)x(i, j)

= xT (i, j)µijx(i, j).

Under condition (4.2), we have

∆V (i, j) + l(x(i, j), u(i, j)) < 0, (4.6)

which implies

∆V (i, j) ⩽ −λmin(Q+KTRK)||x(i, j)||2.

Utilizing Theorem 1 in [11] we obtain

lim
i+j→∞

W (i, j) = 0 a.s,

so

lim
i+j→∞

||x(i, j)|| = 0 a.s.

Hence, the closed-loop system (4.1) is asymptotically stable.
Moreover, by summing up both sides of (4.6) for any positive integers r1, r2, we get

r1∑
i=0

r2∑
j=0

{
E
(
V 1(xh(i, j)) + V 2(xv(i, j))

∣∣Fi+j

)
− V (x(i, j)) (4.7)

+ xT (i, j)(Q+KTRK)x(i, j)
}
< 0.

Taking expectation both sides of (4.7), we obtain

E
( r1∑

i=0

r2∑
j=0

xT (i, j)(Q+KTRK)x(i, j)
)
⩽

r1∑
i=0

E(V 2(xv(i, 0)))

+

r2∑
j=0

E(V 1(xh(0, j))). (4.8)
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Let r1 → ∞, r2 → ∞, it follows from (4.8) that

J ⩽ T1λmax(X
T
h PhXh) + T2λmax(X

T
v PvXv).

Remark 4.1. Note that LMI (4.2) can be rewritten as

(A+BK + LFij(M +NK))TP (A+BK + LFij(M +NK))

+
d∑

s=1

(Âs + B̂sK + LFij(M̂s + N̂sK))TP (Âs + B̂sK + LFij(M̂s + N̂sK))

− P +Q+KTRK < 0. (4.9)

We denote

A = col{A+BK, Â1 + B̂1K, . . . , Âd + B̂dK}, L = diag{L, . . . , L}︸ ︷︷ ︸
d+1 blocks

,

Fij = diag{Fij, . . . Fij}︸ ︷︷ ︸
d+1 blocks

, P = diag {P, . . . , P}︸ ︷︷ ︸
d+1 blocks

,

M = col{M +NK, M̂1 + N̂1K, . . . , M̂d + N̂dK}.

It follows from (4.2) that

(A+ LFijM)TP(A+ LFijM)− P +Q+KTRK < 0. (4.10)

Applying Lemma 3.3, condition (4.10) holds if the following one does[
−P−1 + εLLT A

AT ε−1MTM− P +Q+KTRK

]
< 0. (4.11)

Therefore, assume that condition (4.11), which does not depend on i, j, holds then system
(4.1) is guaranteed cost stabilizable.

4.2. Controller design

Let us denote the following block matrices

M =YMT + UTNT ; Bs = AsY +BsU ; N s = Y M̂T
s + UT N̂T

s , s = 1, d.

Λ =diag{−Y + ϵLLT , . . . ,−Y + ϵLLT}; T =

 A
...
Bd

 ;

Y1 =

[
Q

T
2 Y

R
T
2 U

]
; Y2 =


M

T

N
T

1
...

N
T

d

 ; H1 =
[
Y Q

1
2 UTR

1
2

]
;

H2 =
[
M N1 . . . Nd

]
; U =

[
A

T · · · B
T

d

]
; A = AY +BU.
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Theorem 4.2. Consider system (2.1) with initial conditions (2.4) and cost function (2.3),
system (2.1) is guaranteed cost stabilizable if there exist a positive scalar ε, a matrix
Y = diag{Yh, Yv} ∈ S+

n and a m× n matrix U such that the following LMI is feasible


Λ T 0 0
U −Y H1 H2

0 Y1 −I 0
0 Y2 0 −ϵI

 < 0, (4.12)

A control law is given by K = UY −1.
Moreover, a guaranteed cost value is given by

J∗ = T1λmax(X
T
h Y

−1
h Xh) + T2λmax(X

T
v Y

−1
v Xv). (4.13)

Proof. The condition (4.11) can be rewritten as


−P−1 + εLLT · · · 0 A+BK

... . . . ...
...

0 · · · −P−1 + εLLT Âd + B̂dK

(A+BK)T · · · (Âd + B̂dK)T −P

+

 0 0

0 ε−1MTM+Q+KTRK

 < 0,

(4.14)
By premultiplying and postmultiplying LMI (4.14) by the matrix

diag{In, . . . , In︸ ︷︷ ︸
d+1 times

, P−1}, we have


−Y + εLLT · · · 0 (A+BK)Y

... . . . ...
...

0 · · · −Y + εLLT (Âd + B̂dK)Y

Y (A+BK)T · · · Y (Âd + B̂dK)T −Y −1

+

 0 0

0 V

 < 0

where Y = P−1, V = ε−1Y (M + NK)T (M + NK)Y +
d∑

s=1

ε−1Y (M̂s +

N̂sK)T (M̂s+ N̂sK)Y +Y QY +Y KTRKY . Applying Schur complement and by (4.2.),
we get LMI (4.12). Moreover, from Theorem 4.1, it is trivial to show (4.13).

Proposition 4.1. Consider system (2.1) with initial conditions (2.4) and cost function
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(2.3), if the following optimization problem

minimize T1α + T2β (4.15)

subject to



(i). (4.12),

(ii).

[
−αIn1 XT

h

Xh −Yh

]
< 0,

(iii).

[
−βIn2 XT

v

Xv −Yv

]
< 0

(4.16)

has a feasible solution α > 0, β > 0, 0 < Y = diag{Yh, Yv} ∈ Rn×n, U ∈ Rm×n, then
the control law defined by u(i, j) = Kx(i, j) are the suboptimal guaranteed cost control
law, where K = UY −1.

Proof. By Theorem 4.2, the control law K = UY −1 which is constructed in terms of any
feasible solution ε, U and Y is a guaranteed cost controller of system (2.1). To obtain
the optimum value of upper bound of guaranteed cost, the term λmax(X

T
h Y

−1
h Xh) is

changed to λmax(X
T
h Y

−1
h Xh) < α ⇔ XT

h Y
−1
h Xh < αIn1 and the term λmax(X

T
v Y

−1
v Xv)

is changed to λmax(X
T
v Y

−1
v Xv) < β ⇔ XT

v Y
−1
v Xv < βIn2 . Applying the Schur

complement, we have conditions (ii) and (iii). Therefore, the minimization of T1α+T2β
implies the minimization of the upper bound of guaranteed cost J in (4.13).

5. Conclusions
A solution to the suboptimal guaranteed cost control the problem for the uncertain

2D discrete Roesser with multiplicative stochastic noises has been presented. The
sufficient condition for the existence of a guaranteed cost controller. A convex
optimization the problem has been formulated to select the optimal guaranteed cost
controller which minimizes the upper bound on the closed-loop cost function.
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