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EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR 3D VISCOUS
CAMASSA-HOLM EQUATIONS WITH THE DAMPING TERM
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Abstract. We consider the 3D viscous Camassa-Holm equations with damping
term in the whole space. We first prove the existence, uniqueness of global weak
solutions to the equations. Then, the Sobolev regularity of the solutions is studied.
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1. Introduction
The viscous Camassa-Holm equations with the damping term are written by

ov—vAv+u-Vo+uv-Vu' +~yu+ Vr =g,
u— o?Au =, (1.1)
V-u=0,

where u is the velocity vector, 7 is the pressure function and g is the external force that
will be assumed to belong to suitable spaces. Here, we have used the notation v - Vu =
Z (% VU]'.

The viscous Camassa-Holm equations (VCHE for short) or the Navier-Stokes-a
equations arose from the work on shallow water introduced in [1]. The existence and
properties of solutions to the VCHE have attracted the attention of many mathematicians
in the last few years. In bounded domains with Dirichlet boundary conditions or in a box
with periodic boundary conditions, there are many results on the existence, regularity of
solutions and the existence of global attractors for Navier-Stokes-a equations, see e.g.
[2-4] and references therein. In the whole space, the existence and time decay rates of
global solutions were investigated by many authors in [5-9]
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In this paper, we study the existence and uniqueness of weak solutions to the 3D
VCHE with the damping term in the whole space R3. In the previous work [7], the authors
studied the existence, uniqueness and regularity of solutions to VCHE (1.1) in the case
g = 0 and v = 0. It is noticed that the definition of weak solutions in [7] is stronger than
that in our paper, so our result on the existence and uniqueness of global weak solutions
cannot be deduced from the corresponding results in [7] although these proofs are quite
similar. In particular, in our paper the initial datum wuq only belongs to H!(R?) compared
with ug € HZ(R3?) in that paper. In addition, we also prove that the weak solutions will
belong to C([0, T]; H*(R3)) N L*(0, T; H*™2(IR?)) for any 7' > 0 whenever the initial
datum ug and the external force g belong to smoother spaces, namely H"!(R3) and
H(?*l (R3), respectively. Thus, in some sense, this result is an extension and continuation
of the previous corresponding result in [7].

The rest of this paper is organized as follows. In Section 2, we introduce some
notations, results and inequalities related to function spaces, which are necessary in our
paper. In the last section, we prove the existence, uniqueness and regularity of global
weak solutions to equations (1.1) in the whole space R?.

2. Preliminaries

Let 2 be a smooth bounded domain in R? or be the whole space. We denote V =
{p e (C5°()* | V- =0}, and let LZ(Q) = H2(Q2) and H?({2) be the closure of V in
(L?(Q))? and in (H"(2))? respectively. We also use notation H,"((2) as the dual space
of H(9).

For simplicity, we denote by (u, v) the scalar product in H2(£2) and also the dual
pairing of H”(€2) — H;"(€2). In addition, we use notation ||u|| = ( [, |u|*dz)"/? to denote

e}

the norm in the space H2(12).
We summarize some properties of the nonlinear terms.
Lemma 2.1 ([7]). Let u,v,w € V, it holds that
(i) (v-Vul w) = (w-Vu,v),
(ii) (u-Vuv,v) =0,
(iii) (u- Vv, w) = —(u- Vw,v).
We recall some inequalities needed to deal with the nonlinear terms.

Lemma 2.2 ([10]). Let Q2 be a smooth bounded domain or R3. Then we have the following
inequalities:

(i) (Gagliardo-Nirenberg inequality)
lull @) < Cllull?[[Vull'?, Vu e H}(Q).
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(ii) (Sobolev inequality)
[ull o) < Cllullmyo) Yu € Hy(2).

(iii) (Agmon’s inequality)

1/2 1/2
lull ey < Cllullyr o lull s Yu € HA(Q).

We have the following definition of weak solutions to (1.1).
Definition 2.1 (Weak solution). Ler uy € H:(R3) and g € L*(0,T; H;*(R?)). A weak
solution to the system (1.1) on the interval (0,T) is a function u such that

d
u € C([0,T); Hy(R) N L*(0, T; H7(R?)) with d—? € L*(0,T; H)(R%)),

as well as u(0) = ug and for any p € H2(R?), the following equality holds

dv
<E’ ©) + v(V, V) + v(u, @) + (u- Vo, )

+ (v V', 0) = ((0),9) +(9,), forae t€[0,T],
and for almost everywhere t € [0,T],

(u, ) +a® (Vu, Vo) = (v, ¢) .
3. Existence, uniqueness and regularity of weak solutions

To prove the global well-posedness of problem (1.1) in the whole space R3, we
follow general lines of the approach in [7]. More precisely, the proof is divided into three
steps. First, we prove the existence of global weak solutions in smooth bounded domains.
Then we extend the obtained weak solutions to the whole space and pass to the limits to
get the solution to the given problem. Finally, we prove the uniqueness of the solution.

Theorem 3.1. Let g € L?(0,T; H;*(R3)) and ug € HX(R?). Then for any T > 0, we
have a unique weak solution u to equations (1.1) on [0, T).

Proof. Step 1: Existence in smooth bounded domains: We consider 2 C R? be any
bounded open set with smooth boundary.

Let P, be the orthogonal projection onto the first m eigenfunctions of the Stokes
operator on (H?(Q))? N H!(). The Galerkin approximation of (1.1) is given by

3.1
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Taking the inner product of the both sides of the first (3.1) with u,,, and using the fact that
(U, * VU, Up) + (U - Vi upy,) = 0, we obtain

1d

5 77 ([ml® + a2V |*) + v ([ Ve [* + o[ Awn|P) + vl
= (9:tm) < 19l rry2 ey 1 || 2 )

1 2 min{y, v,va’} 2
< st vy s e T e

1

1
< st vy e + 5 (Yl 0 Aunl) ).

Here we have used the fact that
V(IVuml? 4+ 02| Aum|I?) + At [|* = min{y, v, va} || tm[[72 gs).

Then integrating both sides from 0 to 7, we have for all ¢ € [0, 7]

|]um(t)|\2+a2\|Vum(t)\|2+/0 (Ylum () + v ([ Ve ($) 1 + o[ Aun(s)[*)) ds
1
~ min{y, v, va

Therefore, we can conclude that {u,, } is bounded in L>(0, T'; HX(Q))NL*(0, T; H2()).
Therefore, by the Banach-Alaoglu theorem, we can ensure that there is a subsequence,
which we still denote by u,,,, satisfying

+ [luoll* + o[ Vuo .

2} ||g||i];2(]R3)

U — win L(0,T; HX(Q)),
U, — win L*(0,T; H2(Q)).

Since the boundedness of {u,,} in L*(0,T; H2(£2)) implies the boundedness of {v,,} in

L2(0,T; H2(£2)), then it can be seen that {22} is bounded in L?(0,T’; H,2(f2)) so that

{44} belong to L*(0, T'; HY(€2)). Hence, there is a subsequence (which we still denote as
dumy guch that 24m — 94 iy 72(0, T'; HY(Q2)). Moreover, there is a subsequence v,,, — v
in L2(0,T; H2(Q2)) and by Aubin-Lions lemma, we can extract a subsequence u,, — u

in L?(0, T; H}(2)) strongly.

From this convergence and the above boundedness of u,,, one can prove that

U, - VU, — u-Vvin L*(0,T; H;2(9)),
and
Uy - Vul, — v - VuTin L*(0,T; H;*(Q)).

As we have proved above that u € L*(0,7;HZ2(Q)) and % € L*(0,T; H2(2)).
Therefore, u € C([0,T]; H:(Q2)). The fact that u(0) = wug is proved by a standard

argument.
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Step 2: Existence in the whole space. We have proved the existence of the weak
solution of (1.1) for any bounded open set with a smooth boundary. To prove the existence
of weak solution on the whole space R3, let ?,,, be a sequence tending to infinity w.r.t m
and x r,, a smooth cutoff function which is equal to 1 inside the ball of radius R,,, — € for
€ > ( and zero on the boundary of the ball of radius R,,. Each R,,, there is a weak solution
uf on the ball B,, with initial conditions ugX r,, (Which has |ugxr,,| < |uo|), we denote
the extended function u® which is equal to 7™ (the weak solution corresponding to
UoXR,,) inside the open ball B,, and equal to 0 outside the open ball B,,. Moreover, all
the boundedness above is independent of the size ). Using the Banach-Alaoglu theorem,
there exists a function

u € L0, T; HX(R?)) N L*(0, T; H2(R?))
such that
ufm S in L°°(0, T; H(R?)),
uf'™ —u in L*(0,T; HZ(R?)).
Now we denote B,, a ball radius R,,, centered at zero and for each m we have the bound
[ du™ [dt]| 207,198,y < C

Remark that we have H)(B,,) C H)(Byy) forevery m > M with [|-|| o5,y < ||| mo(B.0)
then
HduRm/dtHLQ(O,T;Hg(BM)) S C

So by the Aubin-Lions lemma, we get a subsequence u®" — w in L*(0,T; H:(By))
strongly for M = 1,2, 3, ... To prove that u is a weak solution in the whole space, given
any test function ¢ € V, let M be large enough so that the compact supports of ¢ is
contained in By, then for all m > M and ¢ > 0, we have
t
(0T (1), @) + V/ (Voltm, V)ds + v/
0 0

t

t
(um | p)ds +/ (uftm - ol p)ds
0

t
+/ (W - V(W) o) ds = (VoX R, ©) + (9. ¢)
0

since u’" is a weak solution in B,, and p € C>°(B,,) for m > M. We pass to the limit

m — oo by using weak convergence on the whole space and the strong convergence of
uf in L2(0,T; H:(Byy)) so it has proved that u is a weak solution for 2 = R? with the
initial datum .

Step 3: Uniqueness of solutions. Let u; and u, be two solutions to (1.1)
corresponding to the initial data ug; and ug. Put u = uy — ug and uy = wugp — U2
and v = u — a®’Au = v; — v, we have

dv

a%—ul-Vvquvl-Vu{—UQ-va—vg-Vug—VAU+7U=0,

U(O) = Ug1 — Up2-

(3.2)

28



Existence and uniqueness of solutions for 3D viscous Camassa-Holm equations with...

Taking the inner product both sides of the first (3.2) with u, using Lemma 2.1 then we
deduce

d
—(llull® + [ Vul?) + v ([ Vul® + o[ Aul®) + ]

DO | —

—(uy - Vuy,u) — (u- Vug,v) + (ug - Vg, u) + (u - Vug, vg)
< Hug - Vo,u)| + | (u - Vug, v) |
< o?{uy - VAu, u)| + [{u - Vg, u)| + o?|(u - Vug, Au)]. (3.3)

Using the Holder inequality, Gagliardo-Nirenberg inequality, Sobolev inequality and the
Young inequality, we first have

o[ {uy - VAu, u)| < a2/ (|Vus||Aul|u| + |usg||Au||Vu|) dz
R3

< 02 Vtglloges | Al ullsges) + 02| s qusy | Al |Vt e
< Ca?ju gz e | vt a2 V]2

+ €0 ua | gy oy | A2 V|2

14
< UVl + 2| Aulf?)

+C (v ualaany + v ualirs ey ) (Ul + o2 Vul®).

Using the Holder inequality, Gagliardo-Nirenberg inequality, Sobolev inequality and the
Cauchy inequality, then

[{u - Vug, )| < [Jull @) [ Visz|| Lo es) [|ul
< Cllual el V]2
< Ca 'y HluallZ sy (lull® + o[ Vull?) + v ([[ul® + o[ Vul]?),

and

02[{u - Vs, Au)| < 02[u] (e Vel oy | A
< Cllul 2| ull a3 | A

1% _
< SVl + a2 Aul®) + Cav ™ uallee (1l + o2 Vull?).
Substituting three above estimates into (3.3) to deduce that
Ll + 02Vl
dt
< C ((av™ + a7y sl + v e ) (lul + a2 Vul®). G4)

Using the Gronwall inequality to (3.4) with notice that uy € L>(0,T; H}(R?)) N
L*(0,T; H(R?)), we obtain the uniqueness of weak solution. O
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We now study the Sobolev regularity of the weak solution u when the initial data
up and external force g are more regular.

Theorem 3.2. For any integer n > 0, assume that g € L*(0,T; H"*(R®)) and uy €
H?™(R3), then the solution constructed in Theorem 3 1 with initial data uy satisfying
u e C([0,T]; HAH(R?)) N L*(0, T HX(R?)) with 4 € L*(0, T; H2 (R?)).

Proof. For each n € N, we will prove that there exists a positive constant p,, depending
on g, ug such that for all ¢ € [0, 7]

) g gy + @) 21
T
[ sy v (105) sy + 02 ) ) 05 < o G5)

For n = 0, we easily see that (3.5) holds. Assuming that (3.5) is also true for n, we will
prove that it holds for n + 1. Let g € H?* '(R?) and ug € H?**(R?). By taking inner
product both sides of (1.1) with —V?""2y, and integrating by parts, we obtain

1 d n n n n n
57UV Tl + 2V Pu)?) + AV P v (V)P 4 o[V ul?)
< Ug, VP2u) | + |(u - Vo, V220 | + (V22 - Y, v)). (3.6)

Here, we have denoted V* = (—A)*2 and ||V*u|? =[5 |V*u|?dz for any s € N.
Firstly, using the Cauchy inequality we have

[{g. V") | = (V" g, V)|

2
<Vl < = HV" e AT N )

8

We now have
|(u - Vo, V") | < [{(u - Vu, V""P2u)| + o |[(u - V(VZu), V2 2u)).

Using the Gagliardo-Nirenberg inequality, the Sobolev inequality and the Cauchy
inequality then

(- Y, V22| = (V7 (u - V), V7|
n+1

< Z (” + 1) (VT V(Vi), V)

n+1

-2 (" 7)o v, T

<cC Z IV 20|V s s || V| o sy

=0
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+ IV 2ull [Vl o ey | o)

< O ST 2l Tl T 2 e
=0

+ N2 [ 2 922 e

C - n+l—1 n+2—1 v n
< Ol s gy STl 4 0292 02) 4 2 2

=0

< ey (s gy + 0 Nlpingen) + 2Vl G
= T HE (RS HP T (R3) H2T2(R3) R

Now, using the Gagliardo-Nirenberg inequality, the Sobolev inequality, the Argmon
inequality and the Cauchy inequality, we have

Oz2|<u . V(VQU% v2n+2u>| — a2|<vn+1 (U . V(V2u))7 Vn+1u>|

<o? Z (n + 1) (VP V(V20), VT )| + Ca?|(u - V(Y™ ), V)|

2
1=0

= o’ Z (n + 1) (VT - (VP ), VP2 |+ Ca|(u - V(V™ ), Vi) |

2
=0
n
< Ca? D IV oy | V2| o ey | V2|
=0
+ Ca?|Jul| oo oy | V2| | V0|

n
S CO./2 Z "Vn+1_iu||Hg(R3) HV”+2U||1/2”VTL+3UH1/2HVH_QUH

1=0
1/2 1/2 n n
+0a2||u||H/1(R3 e 3 oy 720 || 773
s—uuuw R3>Z (197 all? + V7 2uf?) + 2 2 IV 2u))? + o2V u)?)
1=0
<£ 2 2 Z V2|12 2| \yn+3
< ullpens) (Il gy + 0l o) ) + 5 (V" 2ul® + 09"+ 0]?)

(3.9)

Finally, for the last term, we have

(V2" 2y Vu,v)| = (V22 - Vu, V2u)|
— o2 Z (n + 1) (VL - (Vi) Wity

- 1
=1

+ Ca? (V" - Vu, V') + Ca® (V' - (VT ), V)|

< Ca® > IV | gy |V | o sy [| V2

i=1
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+ Ca2||V”+1u||L3(R3) ||VUHL6(R3) ”VTH_SUH
+ CA?|| V" | [V 2| g sy | V2| Lo s

< Ca? Y [0 Rl ]y [V
=1
+ Ca? [Vl V272 2 Ty e |7

+ 0a2||vn+1u||||V”+2u\|1/2||V"+3u||1/2||v2u||H;<Rs>

I/ n n
< —HuHW sy (1l oy + 02l gz oy ) + 5 (17420l + a2V ?).

(3.10)

From (3.6), (3.7), (3.8), (3.9), (3.10), we obtain

d
d—(HV”HUH2 +a? [V Pu?) + 29|V | + V(IIV””UHQ +a?[[ V"l ]?)

< gy (s gy + 0l oaeny )+ gl

Using the inductive assumption, then we can use the Gronwall inequality to conclude that
(3.5) holds for n+ 1. Hence, u is bounded in L>(0, T'; H*1(R3)) N L2(0, T'; H 2 (R?)).

We now prove the boundedness of 2% in L2(0,T; H!(R?)). Since u is bounded in
L>(0,T; HMY(R3)) N L*(0, T; H*2(R?)), we can conclude that the nonlinear terms are
bounded in L*(0, T’; HQ_Q(R3)) Hence, % in L2(0, T'; H*(R?)). O

> dt

Remark 3.1. One can see that if ¢ = 0 and v = 0, we recover the regularity result
in [7, Theorem A.7] for n > 1.
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