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STUDYING AN EFFICIENT SECOND ORDER ACCURATE SCHEME FOR
SOLVING TWO-DIMENSIONAL SHALLOW FLOW MODEL

Le Thi Thu Hien', Vu Minh Cuong®

Abstract: The aim of this paper is to present an efficient high order accuracy numerical scheme for
conservation law on structure grids. The Monotone Upstream Centered Scheme for Conservation
Laws (MUSCL) procedure renders the model to preserve the well-balanced property and achieve
high accuracy and efficiency for solving nonlinear two dimensional shallow water equations (2D-
SWE). The effectiveness and robustness of the above scheme is shown by comparison the solution
obtained by aforementioned scheme with those obtained by first order one or 1D result through
three tests: 2D Riemann problem; circular dam break and run-up wave over conical island. Then, it
is applied to simulate dam break flow over adverse slope which has experiment data. The Nash

values are approximated 90%.
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1. INTRODUCTION

Two dimensional (2D) shallow water model
based on hydrostatic pressure assumption has
been used to simulate a wide range of surface
environmental flow including dam break flow;
urban flooding; tidal, tsunami hazards, etc.

These applications may involve numerical
calculation of very complex flow
hydrodynamics such as shock-type flow

discontinuities, wetting and drying over uneven
bed. A robust numerical scheme is required in
order to produce accurate and stable numerical
solutions for these applications. Finite Volume
Method (FVM), Godunov type, nowadays, is
considered the most applied numerical strategy
to solve 2D SWE.
application, first order finite volume schemes
may give rise to unacceptable numerical
diffusion and hence poor numerical solution,
especially for flows containing discontinuities,
e.g. tsunami and dam break waves. It is
therefore necessary to develop high order
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scheme to predict more accurately the shallow
flows. The technique MUSCL for conservation
law has been widely accepted and applied in
solving the SWEs within the framework of
finite volume Godunov-type schemes. It is able
to reduce numerical diffusion without causing
unphysical result. Hence, in this paper, FVM are
used to solve 2D SWE on structured mesh;
Harten-Lax-van Leer-Contact (HLLC)
approximate Riemann solver is invoked to
evaluate inter-cell and MUSCL
procedure is employed to obtain high resolution.

Two well-known tests, namely, 2D Riemann
problem and circular dam break are reproduced
with both first order and second order accuracy
schemes to indicate the effectiveness of the
presented numerical scheme. And then, the
sudden dam collapse flow over adverse slope
example is taken to show the efficiency of the
proposed scheme in handling wetting and

fluxes

drying problem.
2. NUMERICAL MODEL
The conservation form of 2D SWE based on
pre-balance method can be written as:
oU JF(U) 0G(U)
—+ + =S(U 1
ot ox dy 2 2
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U is the vector of conserved variables; F and G
are flux vectors and S is source term accounting
for bed slope term and friction term; M, h and z,
are water elevation, water depth and bottom
elevation, respectively; u, v are velocity
components along x- and y- directions; Sg, Sg are
friction slopes along the same directions; n is
Manning roughness coefficient; g is gravity
acceleration.

Based on Godunov type scheme, the flow
variables are updated to a new time step by using
the following equation:

At

At
+H
UEj _I']iI?j _E(Fiﬂ/z,j _El/z,j]_Ay[Gi,jH/z _(‘;l,jf]/21|+Asl.j
(2)

where superscripts denote time levels;
subscripts i and j are space indices along x- and
y- directions; At, Ax, Ay are time step and space
sizes of the computational cell.

The above formulation of the SWEs balances
the flux and term gradients by
considering pressure force balancing (Liang,
2010), so it directly satisfy the C-property when
the domain is fully wetted.

Interface  fluxes F,,;and G, ),

1

source

are
approximated by HLLC scheme. For example:
F, if s, 20,
F, if s, <0<s,,
Fi+1/2 =" . l ’ 3)
Fp if s, <0<s,,

F; if s, <0,
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where, Up and Uy are the left and the right
states of Riemann problem, respectively;
F, =F(U,) and F, =F(U;); s1, s2 and s3 are
estimates of the speeds of the left, contact and
right waves, respectively. The middle region
fluxes F. and F.y are the numerical fluxes in
the left and the right sides of the middle region
of the Riemann solution which is divided by a
contact wave.

Flux vector F+ in the middle region that is
evaluated by the following equation:
_ 5:.F(U, ) =5, F(Ug)+5,5,(Ug U, )

83 =8

F. “4)

where sj, s, and s3 are estimates of the speeds
of the left, contact and right waves, respectively.

{min(uL—,/gh ;u*—\/gh_*) if h; >0,
S =

up —2gh, if h, =0,

{max(uR+ ghpsu, + gh*) if hp >0,
Sy =

u, +2,/gh; if hy =0,
SzzslhR(uR _S3)_S3hL(uL_Sl) (5)
hR(uR —s3)—hL(uL—sl)

u,,up,h; ,hyare the components of the left

and the right initial Riemann states for a local
Riemann problem, and h: and u: are the Roe
average quantities, Le (2014).

In order to achieve second order accuracy in
time and space, the MUSCL-Hancock
procedure is employed. Among several slop
limiters ensure the Total Variation Diminishing
(TVD) property to avoid nonphysical
oscillation, such as: VanLeer; VanAlbada;
Minmod; Superbee, Minmod limiter is selected
in this paper thanks to the effectiveness in
eliminating overshoot at cell interface. The
selected numerical model is written by
Fortran90 and validated with several test cases
(Le, 2014).

Every explicit FVM must satisfy a necessary
condition which guarantees the stability and the

convergence to the exact solution as the grid is
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refined. The stability condition is governed by
the Courant-Fredrichs-Lewy (CFL) criterion,
controlling the time step At at each time level.
For Cartesian grids, CFL stability condition is

el
Ax Ay

given by:
1

At = Cr| max

(6)

3. RESULTS AND DISCUSSION

3.1. Circular dam break.

A cylindrical tank of 20m in diameter is
located in the center of the 50mx50m domain
with four open boundaries. The tank and the
remaining domain are initially filled with 2m
and 0,5m of still water, respectively. The tank
wall is assumed to be removed instantaneously
to produce a 2D circular dam break wave. This
process is simulated herein to test the automatic
shock-capturing capability of the current model.
Fig.1 shows the 3D view of the computed water
level at t=1,0s and t=2,5s on the 62,500 cells of
computational domain.

Again simulations are carried out using the
current model with both second and first order
accuracy comparison with 1D scheme obtained
by Canestrelli et al, 2009 and Hou et al, 2015
solution. Fig. 2 plots the corresponding water
levels along the radial direction of y=0,0m at

t=1,0s and t=2,5s. It is apparent that the second

order scheme produces more accurately
numerical solution than the first order one. The
new 2D results agree satisfactorily with the 1D
reference solution, demonstrating the capability
of the model in resolving 2D shocks.

A quantitative comparison between the first
and the second order schemes is carried out by
calculating Nash value with reference of 1D
solution. The Nash-Sutcliffe model efficiency
coefficient (E) is used to quantitatively describe
the accuracy of model outputs for water level at
two times t=1,0s and t=2,5s by equation (7):

i (XID,i — X )2
i 7
LJXm@_Xm)

where Xp is water level value along radial

E=1-

section computed by Canestrelli et al, 2009 and
Xop is value calculated by the presented 2D
model. Subscript i indicates the location of cells
in a haft of radial section.

Numerical diffusion can still be observed for
the present schemes near the shocks as the
solution accuracy is locally switched to become
first order to preserve monotonicity. The shocks
can be captured more precisely by refining the
grid as shown in Fig. 2 where the grid size is
only 0,1m.

Pl

Fig. 1. 3D view of water level computed by second order scheme at t=1,0s and t=2,5s
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Fig. 2: Sectional view of water level at t=1s and t=2,5s

3.2. 2D Riemann problem.

This test is solved on frictionless, structured
mesh of [0,200lmx[0,200lm. The initial
condition including water depth and velocity
components is indicated in Table 1. The grid
size is 1,0m, generating to 40000 cells of

computational domain. Two  numerical
methods: first order accuracy and second order
accuracy applied to this problem is carried out
the effectiveness of high order accurate in
space and time.

S—

Fig. 3: Propagation of shock wave fronts at 1s and 3s obtained by 2" order scheme

Table 1. Initial condition of 2D Riemann problem

Region Coordinates (m) h(m) u(m/s) v(m/s)
1 x<100, y<100 1,0 10,0 10,0
2 x>100, y<100 1,0 10,0
3 x<100, y>100 1,0 0,0
4 x>100, y>100 10,0 0,0

110

T
110

T
70

Fig. 4: Propagation of shock wave fronts at 5s obtained by: 1" order and 2" order schemes

Equidistance of contour line is 0,25m.
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Fig. 5: Velocity maps of Fig.4

water depth profile
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Fig. 6: Water depth profile across diagonal
section at t=5s

Fig 3 illustrated the propagation of waves
computed by the MUSCL scheme. The shock
wave fronts are well captured by both numerical
schemes, as seen in Figure 4. The vector fields of
the flow velocities are compared respectively in the
Fig 5. Meanwhile, Fig. 6 plots the predicted water
depth profile across a diagonal section through two

points (0; 0); (200; 200).
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These figures show the computed results of the
MUSCL scheme are less diffusive and perform
slightly better in capturing steeper rarefaction waves
than those obtained from the first order accuracy
method. Rarefaction waves are likely to be dampened
by low-order schemes. This result is also consistent
with those reported in Hou et al, (2015) (see Fig. 6).

3.3. Run-up of a solitary wave on a conical island

This test illustrated the effectiveness of the
presented model when comparing the numerical
solution obtained first and high order schemes in
simulating the solitary wave over a conical
island. The domain and initial conditions are
indicated clearly in Hou et al (2013).

10 10

Fig. 7: Contour maps of solitary wave at t =
9s; 13s. Equidistance of contour line is 0,02m.
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Fig.8 : Water hydrographs at different gauges
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Fig. 8 shows water hydrograph at different
gauges. Obviously, the biggest displacement of
the peak run-up wave is seen, for instant at Gg,
Gy and Gi¢. Besides, the oscillation of first order
results are much stronger than the second one
according to the Fig. 7.

3.4. Flow over adverse slope.

This test was carried out by Aureli et al.
(2000). The channel is prismatic, rectangular
with 1,0m wide, 0,5m high and 7,0m long (see
Fig. 9).

¥ N
_V%
A - A L
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Fig. 9. Dam-break flow over adverse slope.

Manning coefficient was set to 0,01. The
instantaneous dam failure was simulated by
means of the sudden removal of a gate. Test
case taken from this paper is: Sg; = 0,0%; Sgz = -
10,0%. Initial water depth h; =0,25m; hg = 0.

Both 1D and 2D numerical solutions
obtained by high order accurate are compared
with empirical one. Water hydrograph at
x=4,5m is regularly interrupted several times
because of advancing and receding motion of
flooding front.
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Fig. 10: Water hydrographs at: x = 1,4m;
2,25m; 3,4m and x = 4,5m.

Excellent agreement between numerical and
experimental hydrographs for both schemes can
be observed in Fig. 10 with Nash value at four
gauges are 93,4%; 89,3%; 90,1% and 87,6%,
respectively.

5. CONCLUSIONS

In this paper presents an application of high
order numerical scheme FVM is used to solve 2D
SWE on structured mesh. HLLC approximate
Riemann solver is applied to solve flux terms.
Second order accuracy is obtained by MUSCL
procedure. The use of a finite volume
Godunov-type scheme provides the model
with automatic shock-capturing capability
based on three test cases: Riemann problem,
cylinder dam break, and solitary wave over
conical island. The higher accuracy for
general shallow flow solutions, and offers a
better well-balanced property indicated by
Nash values when compared with solution of
first order accuracy. Besides, with experiment
test of flood flow over adverse bed slope, very
close agreement between numerical prediction
and empirical data are observed in all 4
studied points and showing high values of
Nash-Suffice (around 90%).
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Tém tit:

NGHIEN CUU TiNH HIEU QUA CUA MQT MO HINH TOAN CO PQ CHINH XAC
BAC HAI GIAI HE NUOC NONG HAI CHIEU

Trong bai bdo nay, phirong phdp thé tich hitu han dwoc sir dung dé giai hé phwong trinh nude nong
hai chiéu dang bdo toan trén hé luoi co cdu triic. Qui trinh MUSCL dwoc dung dé dam bao tinh bdo
toan va cé dwoc két qud chinh xdc béc hai khi gidi hé phirong trinh nwede nong phi tuyén hai chiéu
(2D-SWE). Tinh hiéu qua ciia phwong phdp nay dwoc ddnh gid thong qua viéc so sdnh két qua tinh
theo d chinh xdc béc hai véi dé chinh xdc bdc nhdt hay két qua cia bai todn 1 chiéu thong qua 3
vi du: vo ddp hinh try tron, bai todn Reimann va song lan truyén qua hinh non cut. Sau do tinh hiéu
qua ciia phirong phdp ciing dwoc kiém tra thong qua vi du dong chay do vé dép trén kénh cé dé doc
nguoc. Chi s6 Nash khi so sdnh két qua ciia phirong phdp s6 véi sé liéu thiee do dat t6i hon 90%.

Tir khéa: Thé tich hitu han, 2D-SWE, do chinh x4c bac hai.
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