BAI BAO KHOA HOQC

UOC LUQONG THONG SO PHAN BO KRISTKY-MENKEL

Nghiém Tién Lam'

Tom t{lt Viéc iing dung phan bé Kristky- Menkel (KM) dé mé hinh héa cdac chudi so liéu thong ké thu"ong
chii yéu sur dung phwong phap tra bang voi hé s6 thién léch Csxdc dinh theo kinh nghiém. Viéc xdc dinh cdc
thong $6 thong ké ciia phan bé Kristky-Menkel theo phwong phép mé-men (MoM) hay phuong phap tuong tu
16i da (MoML) thuong rat khé khan. Bai bdo nay trinh bay phwong phép xdc dinh cdc thong s6 cua phdn bo
thong ké Kristky-Menkel theo phuwong phap log-lity tich (MoLC). Hai vi dy tinh toan cho thay, MoLC cho cac
gid tri thong ké nhuw gia tri trung binh, hé so phdn tan Cy, h¢ so thién léch Cs va duong tan sudt KM rdt phi
hop véi cdc chudi so liéu. MoLC givip xdc dinh cdc thong 50 cua phan bé KM mét cdach khdch quan hon so
voi phuong phdp kinh nghiém. MoLC ciing xdc dinh cdc thong s6 cia phan bé KM nhanh chong va don gian

hon rt nhiéu so véi MoM va MoML.

Tir khoa: Phan b Kristky-Menkel, phuong phép log-lily tich, lity tich loai 2.

1. MO PAU

Phan b Kristky-Menkel (KM) 1a mét phan b
xéc suit thuong duge dung trong thiy vin. Phin bd
KM c6 wu diém hon so voi phan bd Pearson loai 11
(P3) 1a khong c6 cac gia tri am (Ha Vin Khoi,
2008). Phan bé KM dugc xay dung tir phin bd P3
trong trudng hop Cs = 2C) (dé thong sd vi tri bang
0) va phép d6i bién x = az” v6i z 1a bién sb cua phan
bd P3, Cy 13 hé s phén tan va Cs 1a hé sb thién léch
ciia chudi sé théng ké. Him mat do x4c sudt cua
phan b KM c6 dang
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Trong d6, x 1a gia tri cia bién ngiu nhién, a 1a
thong s6 ty 1¢, b 1a thong sb mii, ¢ 1a thong s6 hinh
dang va I'(-) 1a ham gamma.

Phian bd KM con duoc goi 1a phin bé gamma
tong quat vi nd c6 thé tro thanh mot sé phan bd xéac
suit quan trong khac, bao gdm phan bd Pearson loai
III (hay phan bé gamma ba thong s6) khi b = 1; phan
bb Weibull khi ¢ = 1; phian b ham mii khi b = ¢ = 1;
phan bb chuin khi b = 0,5 va ¢ = oo; phan bd log
chuan khi b = oo; phan b6 Rayleigh khi b = 0,5 va ¢
= 1; phan bd Nakagami khi b = 0,5.

Mo-men bic  ctia phan bé KM c6 dang
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Viée xac dinh cac théng s6 cua phan bd KM theo
phuong phap mé-men (Method of Moments - MoM)
can phai giai h¢ hai phuong trinh (4) va (5) dé xac
dinh cic thong sd b va c. Tuy nhién, hién nay chua
¢6 phuong phap nao hiéu qua dé co thé giai duoc hé
phuong trinh nay. Do vay, viéc ing dung phan b
KM tir truée dén nay van chii yéu duwa trén phuong
phap thii cong sir dung mét s6 bang tra di tinh sin
cho cac gia tri Cy va ty s6 m = Cg/Cy va phu thudc
vao kinh nghiém cta nguoi str dung. Dicu nay lam
han ché viéc img dung phan bd KM trong cac phan
mém tinh toan tan suét va phan tich thong ke.

Ciing da c6 nhiéu nd lyc trong viéc xac dinh cac
thong s6 ctia phan b KM bang phuong phap tuong
tu toi da (Method of Maximum Likelihood - MoML).
Tuy nhién, Lawless (2003) cho thay ring, su hoi tu
nghiém theo MoML khong phai khi nao cling dat
dugc, ké ca voi chudi théng ké co 200 diém dir liéu
hodc nhiéu hon. Hon nira, cc phin bd c6 cac thong
s6 khac nhau kha nhiéu nhung MoML lai cho két
qua gan gidng nhau nén dé giy ra nham lan.

Nicolas (2002) gidi thi¢u phuong phap log-liy tich
(Method of Log-Cumulants - MoLC) dé udc luong
thong s théng ké cho cac dai luong c6 gia tri duong
nhu 1a cac anh radar khau d6 tong hop (SAR). Thay vi
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str dung cac gia tri mo-men dua trén bién ddi Fourier
hay bién doi Laplace, MoLC st dung bién d6i Mellin
dé xac dinh cac thong ké loai 2 1a cic log md-men
(log-moments) va log liiy tich (log-cumulants). Bai viét
ndy sé trinh bay viéc img dung MoLC dé xac dinh cac
thong s6 cho phan b KM.

2. PHUONG PHAP TIEP CAN

2.1 Phuwong phap MoLC

Cho bién ngau nhién c6 gia tri dvong X v6i ham
mat 46 xac suit fi(x), ham ddc tinh logi 2 thir nhat
dugc dinh nghia 1a bién d6i Mellin cia fi(x)
(Nicolas, 2002):

=ML £, ()])()= [ ¥ () @

Trong d6, M 1i toan tir bién d6i Mellin. Ham dac
tinh logi 2 thir hai dugc tinh theo logarith tu nhién
cta gx(s) 1a

s)=Mn[g,(s)] (7)
Mo6-men déc tinh loai 2 (log-moment) bac r st dung
cac dac diém cua bien doi Mellin 1a (Nicolas, 2002):

dr +00 ,
@:—%?9 = [(nx) fe(x)ax  ®

s=1 0
Dao ham béc » cua ¢px(s) tai s = 1 1a [y tich loai 2
(second kind cumulants, hay log-cumulants) bac r:

- d'o,(s
h=—£4l
ds" |
Méi quan h¢ gitra bién ddi Mellin va cac mo-men
ctia bién ngau nhién nhu sau

b (s)=E(x"") (10)

V& mit giai tich, cac lity tich loai 2 (second-kind
cumulants) dugc thiét 1dp theo cach tuwong ty nhu
cac lily tich truyén thong. Do vay, moi quan h¢ giita

)

log lu¥ tich va log mo-men cling tuong tu nhu quan
h¢ gilta cac liy tich va cdic mbé-men thong thuong
nhu sau

ko =m

s 2
kz—mz m

(11)

k, = rin, — 3#i i, + 217,
Duya trén (8), nhan duoc cic quan hé gidng nhu dbi
voi cac lly tich thong thuong (cho InX) nhu sau

k =E{lnX}

k,:E{[lnX—/a]}, r=23.... (12)

Str dung cic udc lugng mau clia mo-men trung
tadm dan dén cac biéu thuc kinh nghiém

(13)

Trong d6, n 1a sb gié tri quan sat hay do dai mau,
x; 1a gia tri quan sat thr j ciia mau. H¢ phuong trinh
nay dinh nghia phuong phap MoLC va dan dén mot
phuong phap udc lugng cac thong s6 thong ké ciia
phan b xac suat dya trén cac gia tri quan sat bang
cach biéu dién ham dic tinh loai 2 dudi dang ham s6
clia cac thong sb rdi giai bai toan ngugc.

2.2 Ung dung MoLC xic dinh théng sé phan
b6 KM

Vi ham mat do xac sudt (1), ham ¢x(s) c6 thé nhan
dugc dya trén cac phuong trinh (8) va (2) nhu sau:
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Do vdy, ba gié tri lily tich loai 2 dau tién 1a
k = (lna—blnc)+bdilnl“(c) =Ina—blnc+by(c)
d’
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Trong d6, w(*), wi(*) va () 1an lugt 1a cac ham psi
(ham polygamma) bac 0, 1 va 2. Véi phan bo KM,
thong s ¢ thuong 16n hon 1 cho nén c6 thé x4p xi cac
ham nay nhu sau (Abramowitz va Stegun, 1964):

I 1

1 1
vi(e)x—+5. (e )~——2—’—3 (16)
Do vay, nhan dugc cac udc lugng xap xi
1 1
k, xb*| —+—
? [c 202}
(17)

bat
B (2c+1)
ko2 (c+1)
dan dén phuong trinh bac 3 cta ¢
8¢’ +4(3-24)c” +2(3-81)c+(1-81)=0 (19)

Giai phuong trinh (19) theo phuong phap
Cardano (Kreith, 2012) va chi gilr lai gia tri nghiém
thuc duong, nhan dugc wdc lugng cua thong s6 hinh
dang ¢ nhu sau:

(18)
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Sau khi da tim dugc uoc lugng cua c, thong s6 mii b duoc xac dinh theo

ky

Vi (E)

Cudi cung, tinh toan théng s ty 1¢ a theo

a= exp[k1 +51n5—5w(5)]

3. UNG DUNG TiNH TOAN

DPé minh hoa cho viéc xac dinh cac théng sb cua
phan bé KM theo MoLC, hai chudi sé liéu dugc st
dung 1a 1) chudi sb liéu dong chay [l cua tram Kratie
trén séng Mekong tir nim 1924 — 1970 va 2) chudi s6
liéu dong chay nam cua tram Hoa Binh trén song Pa tir
nim 1956 — 1995. Thoi gian cta cac chudi s6 liéu nay
duoc lya chon déu 1a cac thoi ky chua xdy dung cac
dap thuy dién trén séng dé dam bdo tinh dong nhat cua
cac chudi dit liéu. Thong s6 théng ké cua cac chudi sb
liéu dugce sir dung nhur trong Bang 1.

Vé6i cac chudi sd liu da co, dé xac dinh cac
thong s6 cta phan bd KM, viéc dau tién 1a tinh toan
cac luy tich loai 2 (ki, kz va k3) theo (13). Tiép d6 1a
xéac dinh gia tri A theo (18) rdi tinh toan thong sb
hinh dang ¢ theo (20) (la nghiém ctua phuong trinh
(19)). Cuél cung la tinh toan thong sb6 mii b theo (22)
va thong sd ty 18 a theo (23). Cac thong sb thong ke
0, Cyva Cs dugce tinh toan dwa trén cac thong so cla
phan bd KM theo cac cong thire (3), (4) va (5). Cac
két qua tinh toan duoc tong hop trong Bang 2.

Ttr cac thong s6 ctia Bang 2, duong tan suat KM
ctia cac chudi sb lidu duge v& nhu trén Hinh 1 va
Hinh 2. So sanh cac két qua tinh toan & Bang 1 va
Bang 2 thdy rang, cac thong sb théng ké nhu O va

r (20)
27
1)
(22)
(23)

Cy tinh toan tir cac lity tich loai 2 rat gin véi cac gia
tri thong ké cua chudi so. Riéng hé so6 thién 1éch Cg
co su sai khac lon gitra Bang 1 va Bang 2.

Bang 1. Cac chudi s6 liéu dwoc sir dung

Chudi s6 licu Dong chay li | Dong chay nim
i tram Kratie | tram Hoa Binh

Tén tram Kratie Hoa Binh
Song Mekong ba
Thoi ky s6 lidu 1924 — 1970 1956 — 1995
Do dai chudi, n 47 39
Gia tri trung binh,| 54119,802 637,187
0 (m’/s)
Heé s6 phan tan, Cp 0,115 0,224
He sb thién léch, Cs -0,065 0,120

Bang 2. Xic dinh céc thong so thong ké
ciia phian b6 Kristky-Menkel

Dong chay li
tram Kratie

Dong chay nam

Chudi s6 li¢u Yo
: tram Hoa Binh

Liiy tich k& 10,892 6,432
Liiy tich &, 0,013 0,052
Liiy tich 4 -0,0005 -0,0046
Gid tri A 9,774 6,915
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X, £ en Dong chay li | Dong chdy nam
Chuoi 50 ligu tram Kratie | tram Hoa Binh
Thong s6 ty 18| 54738,067 647,700
a (m’/s)
Thong s6 mi, b 0,362 0,600
Théng sb hinh dang, ¢ 10,208 7,327
Gid tri trung binh,| 54120,021 637,231
0 (m’/s)
Heé s6 phan tan, Cp 0,114 0,223
He¢ s6 thién léch, Cy 0,032 0,302

Gia tri Cs tinh theo cong thuc mo-men trong
Bang 1 da dugc biét dén rong rai la thuong co sai s
16n (Pham Van Thoan, 2021), bi thién nho va khong

DUONG TAN SUAT DONG CHAY LU TRAM KRATIE

Diém sb ligu

—— Phan b Kristky-Menkel
Phan b Pearson Il
Phén bb Log-normal
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Hinh 1. Puong tan sudt dong chay li tram Kratie
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Phan b KM ciing dugc so sanh véi cac phan
bd théng ké hay diung cho cac chudi dong chay
1a phan b Pearson III (P3) va phan bd log
chuédn (LN — Log-normal) (Alam et al., 2018).
Phén bo P3(a,b,c) c6 cac thong s lan lugt 1a
théng s6 vi tri a, thong s6 ty 1& b va thong so
hinh dang ¢. Phan bo LN(a,u,0) c6 cac thong sb
lan luot 1a thong s vi tri a, tri binh quin u va
do léch chuan o.

Céac kiém dinh théng ké Kolmogorov—Smirnov
(K-S) va Anderson-Darling (A-D) s& dugc st dung
de so sanh muc d6 pht hop cua cac phan bd so véi
s6 liéu (Alam et al., 2018)

Chi tiéu kiém dinh K-S 1a:

D = max F(x)—F(xl)‘ F(x)—E‘ (24)

Trong d6, F(x;) 14 tan suat liy tich ctua diém s6
liéu x;, F(x;) 1a tan suat lily tich ciia phan bo xac suat
ly thuyét, n 1a d¢ dai chudi so liéu. Gia tri cyc han

max

1<1<n

phin anh ding sy ‘tzét (jéi Xxung cua chyéi sO t,héng
ké do1 voi cac chuoi s6 ¢6 do dai chuoi n ngan va
thuong bi 4nh hudng ning né cua cac gia tri lich su.
Do vay, trong tinh toan nguoi ta thuong udc lugng
theo pk}u’orng phép “thich hop” 1a Cs = m-Cy, véi m
la h¢ so0 kinh nghié¢m.

Gia tri Cs tinh theo MoLC & Bang 2 cho két qua
cac duong tan suat 1y luan ctia phan bd KM kha phu
hop véi cac diém kinh nghiém nhu thé hién trong
Hinh 1 va Hinh 2. Do vay, Gia tri Cs tinh theo
MoLC cho két qua khach quan hon vi n6 khong phy
thudc vao kinh nghiém ctia nguoi tinh toan.

DUONG TAN SUAT DONG CHAY NAM TRAM HOA BiNH
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Hinh 2. Puong tan sudt dong chay nam tram Hoa Binh

ctia kiém dinh K-S v&i mirc tin cay 95% (hay mirc
nghia a = 5%) la

1,36
D 2

0,95 — W

Phan bd xac suit dugc coi 1a phi hop véi cac
diém so liéu néu D < Dy 5. Phan bo xac suat cho sai
sO D nhé hon sé& duoc coi l1a tot hon.

Chi tiéu kiém dinh A-D Ia:

1L . .
2 _ ey . _
A= n—3 (2 D{in[ £ (x) ]+ [1-F (x,...) ]}

i=1

(25)

(26)

Gia tri hi¢u chinh cho » nhé ctia 4% va gia tri cyc
han cua kiém dinh A-D phu thude vao loai phan bd
xac suat. Tuy chua cé nghién ctru nao sir dung kiém
dinh A-D cho phan bé KM nhung ¢ day s€ sir dung
gia tri 4 dé so sanh gilta cac phan bd xéc suat voi
nhau. Phin bd xic suat cho gia tri 4% nho hon s&
duoc coi 1 tot hon.

Bing 3. So sanh phan bo Kristky-Menkel véi phan b Pearson III va Log-normal

Chuoi s0 lidu 1) Dong chay 1d tram Kratie 2) Dong chady ndm tram Hoa Binh
Phan bo KM(a,b,c) P3(a,b,c) LN(a,u,0) KM(a,b,c) P3(a,b,c) LN(a,u,0)
Thong s0 1 54738 -137100 340995 647,7 -1743.9 -2936,4
Thong s0 2 0,362 203,664 12,567 0,600 8,527 8,181
Thong s0 3 10,208 938,901 0,022 7,327 279,251 0,040
Giatri D 0,080 0,079 0,082 0,076 0,071 0,081
Gia tri 42 0,267 0,263 0,345 0,262 0,231 0,450
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Céc thong s thdng ké va cac chi tiéu kiém dinh
cho hai chudi s6 liéu nghién ctru duoc trinh bay
trong Bang 3. Puong tan suit liy tich ciia cic phan
bd duoc trinh bay trong Hinh 1 va 2. Gia tri cyc han
Dy05 clia hai chudi s6 liéu 1) va 2) lan luogt 1a 0,198
va 0,218. Két hop voi Bang 3 cho thiy ring, ca ba
phan bd KM, P3 va LN déu phu hop voi cac chudi
s6 liéu theo kiém dinh K-S. V6i hai chudi sb liéu
dugc su dung, ca hai chi ti€u D va 4> déu cho théy,
phan b6 P3 1a phi hop nhit véi cac chudi sb liéu con
phan bd KM cho cic gia tri gan tuong duong véi
phan bd P3 va tét hon phan b6 LN.

4. KET LUAN

Bai bao da trinh bay phuong phap xac dinh cac
thong s cua phan bd thong ké Kristky-Menkel theo
phuong phap log-lily tich (MoLC). Phuong phap nay
bao gdm viéc tinh toan cac lily tich loai 2 theo (13)
dé tir d6 xac dinh théng s6 hinh dang, théng sé mii

TAI LIEU THAM KHAO

va théng s6 ty 1¢ cua phan bd Kristky-Menkel theo
cac cong thuc (20), (22) va (23). Phuong phap
MoLC dugc minh hoa véi hai vi du ctia chudi so ligu
dong chay li tai tram Kratie trén song Mekong va
chubi s6 lidu dong chay nam cua tram Hoa Binh trén
song Pa. Cac két qua tinh toan cho thiy, MoLC cho
phan bd Kristky-Menkel phu hop voi cac diém s6
liéu va cac két qua tinh toan khach quan hon so véi
phuong phap kinh nghiém. So véi phuong phap
tuong tu tdi da (MoML), MoLC c¢6 uwu diém 1a cho
két qua tinh toan nhanh va ludn c6 nghiém vi MoML
can phai tinh lp va nhiéu khi khong hoi tu nghiém.
Piém han ché cia MoLC 1a chi 4p dung cho cac
chudi s6 liéu c6 gia tri duong (do phép tinh log khi
tinh cac cac lily tich loai 2). Tuy nhién, diém han ché
nay c6 thé vuot qua bang cach doi bién sir dung mot
thong s6 vi tri ¢ gia tri am dé nhan duoc chudi s6
chi co gia tri duong.
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Abstract:
PARAMETER ESTIMATION FOR KRISTKY-MENKEL DISTRIBUTION

The application of the Kristky-Menkel (KM) distribution to model statistical series often relies primarily on
tabular methods with empirically determined coefficients of skewness (Cs). Parameter estimation for KM
distribution using the Method of Moments (MoM) or the Method of Maximum Likelihood (MoML) is often very
difficult. This paper presents the Method of Log-Cumulants (MoLC) for estimating the parameters of the KM
distribution. Two calculation examples show that MoLC provides statistical values such as the mean, coefficient
of variation Cy, coefficient of skewness Cs, and the frequency curve fit well with the data series. MoLC helps
determine the parameters of the KM distribution more objectively than empirical methods. MoLC also determines
the parameters of the KM distribution much faster and simpler than MoM and MoML.

Keywords: Kristky-Menkel distribution, Method of Log-Cumulants, second-kind cumulants.
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