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1. INTRODUCTION

Let G, be asmooth hypersurface which is, say, the smooth connected boundary of a bounded

open subset U of R", n3 2. Astime progresses we allow the surface to evolve by moving each
point at avelocity equalsto (n- 1) times the mean curvature vector plus some function F at that
point. Assuming this evolution is smooth, we define thereby for each t >0 a new hypersurface
G . The primary problem is then to study geometric properties of {Gt}»o intermsof G . Wewill
proceed as follows: We select some continuous function U, : R" ® R sothat itslevel setis G,
that is

G ={x1 R"[uy(x) =0}.

Consider the following problem

e . N

u =%, - —2+7u,, - FNy in R" (0,¥), (1.2)
& [Nu"G™

with initial condition

u=u, onR{t=0} (1.2

Now the PDE (1.1) says that each level set of u evolves according to its mean curvature with
forcing term F, at least in regions where u is smooth and its spatial gradient Nu does not vanish.
Similarly, we then define

G:= {xT R" [u(x,t) = O} (1.3)
for eachtime t > 0.

We will show that there is aweak solution of equation (1.1) satisfying condition (1.2) in the
weak sense.

2.DEFINITION AND ELEMENTARY PROPERTIES OF WEAK SOLUTIONS
In this section we concern with the definition and some properties of weak solutions of mean
u=u(xt)

curvature evolution PDE (1.1). For this suppose temporarily that is a smooth function

Nu:=(uxl,...,uxﬂ) does not vanish in some open region Wof

whose spatial gradient
R"(0,¥) . Assume further that each level set
G={xT R"[u(xt)=0} (t30) (21)

of u smoothly evolves according to its mean curvature and function F, as described in Section

Let Y =u(xt) be a smooth unit normal vector field to{Gf}tso in W, and F=F(x) be a
continuoudly differentiable function on R" Then
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is the mean curvature vector field. Thus, if we fix 2 oxI GEW, the point x evolves
according to the differential equation

L &= [diviu)u](x(s),s) + F((s)u (x(s). 9)

PX(t)=x. (2.2)

These equations say that each level set G of u evolves along normal vector direction with
1 3
velocity equal to its mean curvature plus function F. ASX(S)I G(s t), we have

u(x(s),s) :O’ and so

0= %u(x(s), S)=- [(Nu b4 )div(u)](x(s), s) + F(x(s))Nu(x(s),s) u (x(s),8) + U, (X(8),5).

Setting S =1, we discover
u, (x,t) = (Nu(x,t) >u (x,t))divu)(x,t) - F(x)(Nu(x,t)u(x,t)).

u=Nu
Choosing |Nu| it follows that
U u, ¢ .
u, —|Nu|d|v§ H F|Nu|— d - ——7u,, - FNu|
| 8 |Nu| o} a (Xt (2.3)

2.1. Weak solutions
We consider now the level set evolution equation

e uu, 0 -
u, =%d, - “"u - F|Nul

2 27XX] ,
& N in R77(0.¥). (2.4)
with initial condition
u=u, R {t=0}.

(2.5)

Definition 2.1. A function Y I C(R" (0,¥)) isaweak subsolution of (2.4) provided that if

. 1 n- HE ¥ n+l
u-J has local maximumatpoint (%) R™(0.¥) for eachJ I C (R ),then

ae
é ,+ -F|Nj| a (x,,t,)

J— _\_ —

fNj (xo,t)1 O

and
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!j CE(dy-hhy)i A (xt)
iforsomehl R" with h|£1,if Nj (x,,t,) =0.

- 0.
Definition 2.2 A function Y I C(R™ (0,¥)) is aweak supersolution of (2.4) provided that

if
u-J has local minimum at point (Xo’to)l R (0¥) for eachj | C¥(Rn+l),then
ij 2 édi,- et FIN | et (Xo,8)
! Ni [ &
|

SER) (xo,t) * O,

and

!J 2(dy-hhy)i, A (xt)

iforsomehl R" with h|£1,if Nj (x,,t,) =0.

Definition 2.3: A function Y1 C(R"™ (0.%¥)) ig 4 \wenk solution of (2.4) provided u is both

aweak subsolution and a supersolution of (2.4).
For more details of this kind of solutions, we refer to [3,4,5]. As preliminary motivation for

these definitions, suppose u is a smooth function on R™ (0¥) satisfying

@ uu 0 -
u £, - — U, - FINul
& N5

wherever Nu' 0. our function uisthus aclassical subsolution of (2.4) on {Nu ' O}.

Suppose now Nu(X,,t,) =0. Assume additionally that there are points (X 1) ® (X,,t,)
for which Nu(x,t)® 0, (k=12..). Then
U (%o t) £(dy - hh ) u, (%) - Fx)Nu(xt)l,
for
©Nu(x ) _

k — k
Since |h |£1 (k=12...) we may if necessary pass to a subsequence so that h"®h ;,

R" with 'l =1
Passing to the limits above, we have
U (Xo,t) £ (d; - hihy)u,, (%.t)



Science & Technology Development, Vol 11, No.06 - 2008

¥ ~
If, on the other hand, there do not exist such poi nts{(xk'tk )}k=l, then NU=0 npegr (%.to) :
and so N*u=0 and u is a function of t only, near (Xo:to). Moving to the edge of the set

{Nu = O}, we see that u is anonincreasing function of t. Thus
U (%, to) £ (dij -hh i ) Uyx, (Xo:t0)

N n
for any hi' R .
Further motivation for our definition of weak solution, and, particular, an explanation as to
why we assume |h| £1inthedefinition will be found in Section I11.
2.2. Properties of weak solutions

Theorem 2.1. (i) Assume U is a weak subsolution of (2.4) for k=1,2,... and U ® u

uniformly on R (0,¥) . Then u is a weak subsolution of (2.4).

(ii) An analogous assertion holds for weak supersol utions and solutions.

Theorem 2.2. Assume u is a weak solution of (2.4) and Y :R® R s continuous. Then
V=Y (U) s also a weak solution of (2.4).

The proofs of these theorems can be done similarly in[3,4].

locally

3.EXISTENCE OF WEAK SOLUTIONS

3.1. Preliminaries

In this section we consider the existence of weak solution of the mean curvature flow
equation (2.4) with initial condition (2.5). A weak solution will be obtained by passing to limits
of classical solutions of an approximate problem. We will assume that for the moment at |east,

Yo is smooth.
Our intention is to approximate (2.4), (2.5) by the partial differential equation

(? uy u; 0 ) 172
Ui =gy - —5—— - F(X)gque "'ezg
Nué|” +e2= n-
é | 4] in R (O,¥), (3.1)
with initial condition
u =uy on R {t = 0}' (3.2
for O<e <1.

3.2. Solution of the approximate equations

We now investigate the approximations (3.1), (3.2) analyticaly. To do so, let
first0<s <1/2 consider the PDE
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S — &S es es _ es ZQ
o7 =l (o i e in R"7(0¥), 3.3)
with initial condition
S R=G (34
where
ed — pi pj 2 n .o
a;‘(p):=(+s)d;- —5——, pl R1£i,jEn
p"+e

The smooth bounded coefficients {a,-]-' } satisfy aso the uniformly parabolicity condition,
namely, we have

2 ~
SKTEaXX) o 4 xT R,

for each Pl R , therefore, by the classical PDE theory, there exists unique smooth solution

wes - R (0,¥) satisfying U™ =u, o R’ {t:O}.

n-
We now consider the approximate equation in the bounded sub-domain of R™ (0¥) e
we consider the problem

] & u®us 0

ues = (1 s)d; - —J_ us - F(X)

| L e

i

fues on B {t=0}, (35)
where B isaclosed ball of radius T > O centered at original, and T >0,

u®®, u’®, Nu® B [0T]

/2
2Q in B (0,T],
%]

Now we want to prove estimates for in the domain

Lemma 3.1 Let U beasolution of (3.5). Then we have the estimate
u®® (x,t)[ £ Ce'' + Mt, 7B
(xb)| cor gl (6OT B[0TI, 36)

C:=2sup|u,|, | ::Z—M, M :=2sup|F|.
where B 3r B

Proof. Letj R"® R be afunction defined by

i (0=m@2r- Txpd
e 2 @

1
m:=—zsup|u0|
where r- s , We see
j % :_mxi’q :'nm,j xij xjj X X; :_m3|X|2.
We define by

v(x,t):=j (X)€" + Mt,
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we have

v, =1j (x)e"+M,le =j €', Dv=D €'=-mne",
invxjvxi _e J xJ xJ XiX] =-m |X|2 3“
Therefore,

Vg, ('5
L° (v) =V, - 9(1+s )d. - FQNvF +e2)”2
e

ij | V| +e 2_><,><J

XVX Ve x. /2
=y, - (L+s )Dv+|—"+ FQNV|2 +e2)l

2
Nv™ +e
2 3|t
20It

=i L > IxPe
e ﬂ

m[xP e’

N +e?
3 gsil rZ+n-1- M | x|2me' 2 8% r2+n-1- Mrome' >0
e2 %) e2 o

+(1+s)mne'" -

+F (R +e2)”

On the other hand,

. 1 1 0. 1 1.6
v(x0) =} (9 =S suplu |Br?- 2 xP% Lapluy 1Br7- 2r28=Sqppu, P SUp Uy
r B e 2 g I B e 2 ] 2B T
herefore, L~ (V) >0=L1"° (%), 44 u®® (x,0) = uy(x) £ v(x,0)
maximum principle for the parabolic equation, we discover

u®® (x,t) £ v(x,t) £ Ce'" + Mt.

in B. By the classica

es
The proof of the estimate for - u™ (x,1) issimilar as above, therefore, we get
[Ue® (X,1) JE v(x,t) £ Ce'" + Mt.

Lemma3.2. Let U beasolution of (3.5). Then we have the estimate

e,s
E[rEOax]|u (xt)|EC

_ _ sup | U, |, sup | Nu, |, sup | N2u, |, sup | F .
where Cisaconstant depending only on B B B B
Proof. Differentiate the equation in (3.5) with respect to t, we have

g U:'S uij,s 9
es _ 1168
N R et
a
2 s
(fofs U™ +U” ug® )QN” +e?9- 200 uptugs ug’ Fus® ug?
) i i g i ] 1 ] ue’S _ X X

= .
@Qu"’S +e20 @Qu"’S ?
2

This equation is linear with respect tout, then we may apply the classical maximum
principle, we have
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sup U (o) [Esup|uc” (0) |,

B [0,T]
and
es ée uO)q quj 9 ~ 2 2 /2
u” (X,O): (1+S)dij - #2+u0xix- - F(X)QNUO| +e )l .
g INu,|” +e 5

Since O<e<1 and O<S <1/2’
sup |u*® (x,t) |E C.

B [0,T]

By the transformation € wesee

8’3 U, Uy O Q;uz
= d - — " -F +18
t g( S) ij |NU| +1 X Xj @IU |

Lemma 3.3. Let u beasolution of (3.7). Then we have the estimate
eV INu(x,t) [ECe™™ ¢ 4 (xDT B7[0,T],

M:= sup |u(xt)[; C,, C, sup|F(x)]
where B oT] are constants dependent only on B and

%MWUH

(3.7)

ue,s ’ ute,s , Nue,s

We derived estimates for in the bounded domain B [0,T] . We note that

5 0 es S~ on
1]

es es K]..6.S
provided |p|£L_ The estimates for Y % . Nu are uniform in 0<s <1/2
Consequently, uniqueness of the limit implies for each multi-index & :
D*u®® ® D%u°
locally uniformly as S ® O for asmooth function u’ solving approximate equation.

3.3. Passageto limits

. n
Theorem 3.4. Assume U:R'® R is a continuous function. Then there exists a weak

solution u of (2.4),(2.5).

Proof. Suppose first Yo is smooth. Employing estimates in Lemmas 3.1, 3.2, 3.3, we can

“® u B" [0,T]

e ¥ e
extract a subsequence e | {U ocear so that, as & ®0.u uniformly in

for some Lipschitz function u in B”[0.T] .Sincer and T are arbitrary, we can extendr and T to

n-
infinity so that U° ® U jocally uniformly in R I0¥) for a locally Lipschitz continuous

functionuin R [0,¥) .
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HE ¥ n+1
We assert now that u is a weak solution of (2.4), (2.5). For this, let i T C(R™) and

suppose U-]  has a grict local maximum a a point 0oL RTI0¥) pg u* @ u
uniformly near (), U™ - ] has alocal maximum at a point (Xk'tk),with
(X:t) ® (k) o k® ¥ (3.8)

Since u® and! are smooth, we have

~

e —KI; ek_ Zek 2
Nu* =Nj ,u* =j DU £DF _ (X.b). (3.9)

. e - -
Since U™ isa solution of

€ ek
X|

uszgzu —_uek -F@I
S

+ek ﬂ

. & J Xij Xj 9. ~e |2 212
J i £gdij - FJ xx; FQNJ | +€ )1
¢ Ni[+e’, & (%), 310

Suppose first NJ (%,to) * O. Then Nj (%.t)* 0 for k large enough. We consequently
may pass to limitsin (3.10), recalling (3.9) to deduce

i

.= Q -
J t £gdlj - ~ 2 —J X Xj - I:|NJ |
e N5 4 Xoto)- (3.11)
Next, assume instead Nj (% to) =O. Set
Nj (% t)
~ /12
(R (x.t) F +e2f
so that (3.10) becomes
il -hin a Koto). (3.12)

hk:=

k
Since Ih |£1, we may assume, upon passing to a subsequence and re-indexing if necessary,
k n
at h"®h in R" for some Ih |£1.Sendingktoinfinityin(3.10),wediscover
' d. - hh.
I ( ) xx, g (XTo)- (3.13)

if Y- J has a local maximum, but not necessary a strict local maximum at (%), we
repeat the argument above with ] (1) replaced by

P00 =) (0)+ X % [+ - )%

again to obtain (3.11) and (3.13).
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Consequently, u isaweak subsolution of (2.4),(2.5). That u is aweak suppersolution follows
analogoudly.
k¥ k
Suppose at last % is only continuous. We select smooth functions {Uohas so that Yo ® U,
locally uniformly on R" . Denote by u* the solution of (2.4),(2.5) constructed above with initia
k limu“ =u
function %o . Accordi ng to the stability of the weak solutiong[3,4] the limit ke¥ exists

R" [0,¥)

locally uniformly in , according to Theorem 2.1 uisaweak solution of (2.4), (2.5).
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