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MOQT SO CONG THUC VI PHAN HAM NGAU NHIEN

Dwong T6n Pam
Truong Pai hoc Cong nghé Théng tin, PHQG-HCM
(Bai nhdn ngay 26 thang 02 nam 2009, hoan chinh siza chita ngay 24 thang 04 nam 2009)

TOM TAT: Trong bai bao nay tir khai niém vi-tich phan 1td da dwa ra ra mgt s6 cong
thizc tinh vi phan ciza ham cac qué trinh ngau nhién nhdn gia tri duwong véi s6 mi thye, tir d6
ta s thu dugc cong thirc vi phan cua nhitng ham hop phirc tap hon. N

Bai bao con dé cdp den nhing tinh chat |y tha cua qua trinh ngau nhién deng Hermite
suy rgng,ma ching la nhizng cong cy rat hizu ich trong phan tich cac hon don-chao trong giai
tich ngau nhién hi¢n nay. Nhing ket qud thu duroc co thé ung dung dé xem xét cac qua trinh
rui rotrong kinh tée va tai chinh.

1. MO PAU
Vi phan [t6 cia qué trinh ngiu nhién
Tandi rang quatrinh ngau nhién § co vi phan 1t6:
ds =a(t,S)dt+b(t,S)dw, (11)

néu :
t t
§=S, +(sS)ds+Pp(sS)dW; (he) to<t<T
ty to
cong thic 1t6 : Cho S 1a qua trinh ngdu nhién c6 vi phan Ito vaj (t,x):R*® R la

ham mgt ldn kha vi theo't , hai ldn kha vi theo X.Khi @6 qué trinh ngdunhignj (t,S) covi
phan 1t6 tinh theo cdng thiic sau

. v u i
i (65)= 60 +21 (t,a)gdwﬁ;—sda
u

gt 2987
éﬂ (ta) +1p 2(t, 3) udt+b(t§)ﬂj dw, (12
e'ﬂt 1S 2 s?

Tir (1.2) tachirng minh dinh |y sau:

Pinhly 1.1

Cho X,,Y; la cac qua trinh ngdu nhién nhdn gia tri duwong, co cac vi phan ngau nhién
twong ung

dX, =a, (t, X, )dt +by(t, X, )dW, ; dY, =a,(t,X,)dt+b,(t,X,)dW,
Khi 6 vsi mpi a,bT R tasé co:
d(X2¥P) = X2.dY® + Y .aX2 +abb, b, XF LY dt (1)
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a2 0_ YPdX2 - X2dY® b, X2- b,YP

de bt L 22 - Lt p,dt (1.4)
o o (¢) ()
trong @ b, =ab,X*' va b, =bb,Y"*
Ch#ng minh:

Trudc hét tir hé thirc (1.2) tasé ¢6

X7 = gaa, X +%a(a- 1)b2X 2 it +ab, X 'dW, =a;dt + b dw,

8 H

. 41
trong dé: a, :aalXta1+§a(a-1)b X&?%; b, =ab X" (1.5)
Tuong tu d6i Véi Ytb taciing st co

Y’ = gy # (b 1) 2t +bb,Y" "W, =ack + bW,

H
trong do: a2 baYbl 2b(b-l)szb2 b =bb Ybl (1.6)
Mit khéc tir cac nhan xét:
aw/b 1e a b a b
d(x2¥’) = éol(x +Y) - d(x2- Y)él (L7)

(Xf‘+Ytb) :(al +a2)dt+(b1 +b2)dV\/t
(Xta- Ytb) :(ai - a;)dt+(bf - b;)dV\/t

Sir dung cdng thic 116 s8 thu dugc

d
d
d(X2+¥?) =2(x2+¥?)d (X2 +¥2) +(b; +b; )t
d(X2- ¥2) =2(x2- ¥2)d(x2- ¥°)+(b; - by) et
Dit céc biéu thuc virathu dugc vao (1.8) tacd

a(xex) =€t +)a(xe ) 2(xe- ) g

1 A * * 2 * * 2 ¥ * *
+Zg(bl +b,) - (b; - b) lédt = X2dY +YPdX2 + b, bt (L9)
Dit b; , b; da x&c dinh trong (1.5) va (1.6) vao (1.8) ta sé thu dugc ding thirc (1.3) cin
chirng minh.

. . 1
Tiép theo ta chirng minh hé thac (1.4), trugce hét sir dung (1.2) cho ham W :

t
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210 «
doyem-—dv +—(b3) dt = Z%E(b - bW
o () (%) :
Ap dung hé thic (1.3) tathu dugc
o) ®1 0 b,
nga lb:— adg 1b: 1bd(Xa)- blbzzdt
Y g eV g M (Ytb)

Ytbdxta' XtadYtb bﬁxta- bIYtb

- b)? ¥ b\3
(%) (%)
Khicho a=b=1 tass cdhé qua sau
Hé qua 1.2
Cho X,,Y, lacac quatrinh co cac vi phan ngau nhién tuwong ing:
dX, =a,(t, X, )dt+b (t, X, )dW, ; dY; =a,(t,X,)dt+b,(t, X, )dw,
Khi d6ta s¢ cod
d(X.Y,) = X,dY, +Y,dX, +b,b,dt

g O XK X DX B g
&Y g Y A

b,dt 1

2.VI PHAN NGAU NHIEN CUA QUA TRINH DANG HERMITE SUY RONG
Pinh nghia 2.1 (Pa thizc Hermite)
Pathirc Hermite H | (t, X) diroc Xac dinh boi cong thire truy hoi:

Ho(t.x):=1;Hy (t.x) = x;

Hn(t,x);:%ngn_l(t,x)-tHn_z(t,x)g khi ns 2 1)
Theo dinh nghiatrén ta sg co:
H () =X L (0 = K- &
2\ 2 27 3V 2
x* e t?
Ho(t,X) =2 - —+— : ..
s(t:%) 24 4 8
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Pinh nghia 2.2 (Qua trinh ngdu nhién dgng Hermite suy réng)
-

Cho d (X) 1a ham binh phirong kha tich trén [0,T], véi chudn |d ||$ = (yl%(s)ds < ¥
0
.
va tich phan ngdu nhién Wiener G? =0 (S) dW, khi d6 néu trong biéu thic (2.1) thay x
0

boi G? va thay t bei | ||i ta 6 thu diroc qua trinh ngdu deng Hermite suy réng va ky higu
N d  ~d
ot H, (Jdff . GF).
Pinhly 2.3

d N
Cho H, (”d ||T ,Gg ) [& qué trinh ngau deng Hermite suy réng khi g6 ta sé co:

)

Mol 68) = o Jol. G2 e () @2
0

E{H (0l st)f =0 "n=23.. 23)

Chirng minh

Theo dinh nghia (2.1) trudc hét taxét dén ham

1, .
H,(t,x):= EQXH”'l(t’X) - tH,, (. X)g
Bing phuong phdp quy nap ta ching minh duoc rang

%Hn(t,x):Hn_l(t,x)
o {Fa(t)+ 1 (1 (1) =0

Tur d6 &p dung cong thic (1.2) cho ham H | (”d ||$ ,Gg ) xé&c dinh theo dinh nghia 2.2 ta s&

co
T T
Ho (Jal; G ) = o162 a2 = ol 62 Ja (s)awe
0 0
Hon thé nita tir (2.2) ta nhan thay rang H (”d ||i ,G‘Tj) nhan dugc tir tich phan 1t6 caa

Hn_l(”d ||§ ,GSd ) , mit khéc theo tinh chat ky vong caatich phan 16 déu bang khdng do d6 ta
s thu dugc (2.3) !
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t t
Khi cho d(s)° 1 xét trén [0,T] taco Gf = PW =W, ; [1° = ¢fis =t tir 6 thu
0 0

duoc hé qua sau

Hé qua 2.4

Cho qua trinh ngdu nhién Wiener mgt chicu\W ; véi da thirc Hermite xac dinh bsi cong
thirc truy hoi

Ho(tW) =1 Hy (t W) =W

1 N
(W)= L@, (W), () 1 2
Khi d6 ta sé c6
- dH, (6W) =H,, o (6W ) dw,

CE{H, (tW)} =0 knin>1

DIFFERENTIAL FORMULASOF STOCHASTIC FUNCTIONS

Duong Ton Dam
University of Information Technology, VNU - HCM

ABSTRACT: Based on the quadratic variation theorem of the Brownian motion, we
have established the basic rules of stochastic differetial calculus operations.
Theorem 1.

If X.,Y; are positive-valued stochastic processes satisfying respectively the following
stochastic differenntial equations

pdX, =a, (t, X, )dt+b, (t, X, )dW,

|

fdY, =a,(t, X, )dt + b, (t, X, ) dwy

then " a,bl R:

L (X2YP) = XY + Y dX 2 +abb,b, X & 1Yt
|d&x_ta(..j: Ytbdxta - XtadYtb + b;xta - bIYtb b dt
- ng - b 2 b 3 2
e (W) (%)

Where b; = bblYtb'1 : b; = bsztb'1
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Theorem 2

Suppose Hn(||d||$,G(Tj) is the Hermite type stochastic process of

T T
GY = g5 (S) oW, ; [ = ot (S)ds< ¥ then
0 0

-t )= it 2
e{H, (|l Gi)} =0 " n=23..
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