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ABSTRACT: This paper proposes a novel approach to design a controller in discrete 
time for the class of uncertain nonlinear systems in the presence of magnitude constrains of 
control signal which are treated as the saturation nonlinearity. A associative law between 
reinforcement learning algorithm based on adaptive NRBF neural networks  and the theory of 
robust control H  is set up in a novel control structure, in which the proposed controller 
allows learning and control on-line to compensate multiple uncertain nonlinearities as well as 
minimizing both the H tracking performance index function and the unknown nonlinear 
dynamic approximation errors. The novel theorem of  robust stabilization of the closed-loop 
system is declared and proved. Simulation results verify the theoretical analysis. 
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1. INTRODUCTION 

Direct adaptive controllers for a class of nonaffine and  affine uncertain nonlinear discrete-
time systems with input constraints using reinforcement learning neural networks are proposed 
in [1-2]. The performance index functions of the long term tracking error are predicted and 
minimized by reinforcement learning algorithms. As results, some of nonlinear components 
such as unknown dynamic functions, the control inputs constrained saturation and unknown 
but bounded disturbance are compensated. In addition, the tracking error and the functional 
approximation error of neural networks are uniform ultimate bounded (UUB) using Lyapunov 
approach.  

In the theory of robust control, available knowledge of system is to exploit absolutely such 
as nominal models or the upper bound of uncertain parameters to design robust stable 
controllers. However the robust controllers trend to become “hard” controller because they 
contain constant parameters. On the other hand, reinforcement learning (RL) methods can be 
learn online to find better control laws without the available knowledge. However, RL 
methods deal with processes of try and error, therefore at the intermediate stage of learning 
and control the RL systems may go through periods of unstable behavior.  

Recently, to solve the above problem, some methods of robust RL have been proposed as 
(1) a RL algorithm using neural networks (NN) combines with the concept of sliding mode 
control [4]. This method makes the  system be oscillated by the chattering phenomenon, 
although the learning system is robust. (2) A tool of robust control theory, Integral Quadratic 
Constraints (IQCs), is used in robust reinforcement learning [5-6]. By replacing the nonlinear 
and time-varying components of the NNs with IQCs, NN’s weights are analyzed and 
constrained in stable dynamic ranges. As results, NNs generate control signals which make the 
system be robust stable during learning and control online. (3) Another method is designed 
based on theory of control for the system whose modeling errors can be pre-interpreted as 
unknown but bounded disturbance [7]. The main purpose of this method is that an online 
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function known as Hamilton-Jacobi-Isacc (HJI) is approximated to drive the worst disturbance 
and the optimal control simultaneously.  

This paper contributes some novel points of view as follows 
Combining a reinforcement learning algorithm based on neural networks and the theory of 
 control to propose a novel robust adaptive control structure diagram for a class of the 

nonlinear discrete time system with input constrains. 
∞H

The new robust adaptive reinforcement learning controller is analyzed and designed.  
The new robust stable theorem is shown and proved.  
The remainder of this paper is arranged as follows. Section 2 describes properties of the 

function approximator using NN as adaptive normalized RBF. A description of the uncertain 
nonlinear discrete time system with input constrains is presented in section 3. Small gain 
theorem in robust control theory is reviewed in section 4. In section 5, a novel control structure 
diagram is shown and a novel theorem of robust stabilization of the closed-loop system is 
declared and proved, subsequently. The results of simulation in section 6 verify the effects of 
the proposed controller and conclusions are drawn in section 7.  

2. APPROXIMATION PROPERTY OF ADAPTIVE NORMALIZED RBF -ANRBF 

Choosing suitable function approximators in RL is essential for speeding up learning and 
control.  ANRBF with ability to adapt centers and widths of basic functions give approximation 
performance better than other neural networks [8]. 

A continuous function  within a compact subset  is approximated 
by ANRBF as 

)())(( SCkxf ∈ nS ℜ∈

))k(x())k(x(W))k(x(f T εΦ +=  (1) 
Where W  is a target weight matrix of the hidden layer to the output; ))k(x(Φ  is vector 

of the basis functions at instant k; ))k(x(ε  is vector of functional approximation error. The 
actual ANRBF output is defined as 

))k(x()k(Ŵ))k(x(f̂ T Φ=  (2) 

)k(Ŵ  is a weight matrix updated online at instant k;  is number of hidden-layer nodes, 
an element jth of 
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Where ,in
jc ℜ∈ ℜ∈jσ  denotes the vector of center and the value of width of  

))k(x(jΦ  respectively and  is number of input-layer nodes.  in

Remark: with limited , the following inequality is always satisfied   hn
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3. UNCERTAIN NONLINEAR DISCRETE TIME  SYSTEM DESCRIPTION 

Consider the following uncertain nonlinear discrete time system  

)k(d)k(u))k(x(f)k(x

)k(x)k(x

n ++=+

=+

1

1 21

 (4) 

Where ,  is the vector of 
state at instant k ;  is the unknown nonlinear dynamics of the system; 

 is the control input constrained saturation; and   is the unknown but 
bounded disturbance.  
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Given a reference trajectory  and its past values, the vector of tracking error 

is defined as   
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Define the filtered tracking error  as m)k(r ℜ∈
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 are the past values for ;  is an identity matrix; 

 with  is constant diagonal positive 
definite matrix chosen so that its eigenvalues are within the unit circle. Consequently, if 

 then will go to zero. Combining (4) (5) and (6) we get 
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The control purpose is to make the tracking error of the system (7) achieve the robust 
performance index. 

∞H

4. CONTROL FOR DISCRETE TIME SYSTEMS ∞H

∞H Robust control deals with a system shown in Fig. 1, where G  is the controlled plant, 
K  is the controller,  is the control input,  is the output of plant supposed 
measurement available to the controller. The controller 

)k(u )k(y
K is designed to stabilize the closed 

loop system based on model G . However there is difference between the model and actual 
plant dynamics, the feedback loop could be unstable. The effect of modeling error can be seen 
as an unknown disturbance [ ]∞∈ ,L)k( 02ξ  generated by unknown mapping ∆  from  
to

)k(e
)k(ξ . 

According to the Small Gain Theorem, the system in Fig. 1 will be stable if the condition 
as follows is satisfied. 
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Where 
ρ

∆ 1
<

∞
, ρ  is a specified attenuation level; η  is the positive constant depending 

on initial conditions;  is number of steps to the final state. N

5. DESIGN ROBUST ADAPTIVE REINFORCEMENT LEARNING CONTROLLER 

5.1. Basic control law 
At early stages of learning online, the control loop using NN whose weights are selected 

random from [  will be unstable. Therefore using a basic control law to make system be 
stable is necessary [1-2]. This control law provides the supervised signals which allow  the 
reinforcement learning system turning NN’s weights online rather than offline training. To 
find it, the auxiliary control input  is defined as 

]10,

m)k(v ℜ∈

)k(Lr)k(e,...)k(e))k(x(f̂)k(x)k(v nnnd +−−−−+= + 2111 λλ  (9) 

Where  is the function approximation of   and  is a diagonal 
matrix. The actual control input constrained saturation is defined  
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Where  is the upper bound for . The closed loop system can be written as ℜ∈maxu )k(u

)k(u)k(d))k(x(f~)k(Lr)k(r ∆++−=+1  (11) 
And 

))k(x(f))k(x(f̂))k(x(f~ −=  (12) 

)k(v)k(u)k(u −=∆ , . Two auxiliary signals m)k(u ℜ∈∆ m)k(e ℜ∈  and 
are defined as follows to reject the effect of m

u )k(e ℜ∈ )k(u∆  
)k(u)k(eL)k(e ∆+=+1  (13) 

)k(e)k(r)k(eu −=  (14) 

Combining (11) (13) and (14)  we get 
)k(d))k(x(f~)k(Le)k(e uu +−=+1  (15) 
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Where  is the basic control law.  )k(Leu

5.2. Robust Adaptive Reinforcement Learning -RARL 

Fig. 2 represents a RARL system based on the special structure known as actor-critic [2-3]. 
Here, the actor and critic are based on  ANRBFs.  

Remark:  in Eq. (8) is replaced by  and  )k(e )k(eu )k(ξ  is defined as 

)k(d))k(x()k( += εξ  (16) 
Where ))k(x(ε  is the total of the functional approximation error of both actor and critic. 
5.2.1. Value function  

The performance index  at instant  is proposed as  m)k(J ℜ∈ k
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And the value function at instant  becomes k

∑
=
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N

ki
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Where ),(, 10 << γγ  is a discount factor which makes  converge when . The 

optimal value function satisfies the Optimal Bellman Equal as 

)k(Q ∞→N

)k(Q*

( ))k(J)k(Qmin)k(Q N*

)k(u

* 11 +−−= γγ  (19) 

Solution of Eq. (19) could not be found by analytic or the bellman meshed diagram 
because the model is not available. Hereafter  is approximated based on the actor-critic 
system, in which the output of critic is used to approximate , and the output of actor 

generates the control signal to approximate . Weights of actor are updated by the signal 
from critic. 

)k(Q*

)k(Q

)k(Q*

5.2.2. Critic  

The critic is used to approximate the value function  to )k(Q )k(Q̂ . In RL, the prediction 
error [10] is defined as 

)k(Q̂)k(Q̂)k(J)k( N
c +−−= + 11 ααε  (20) 

))k(x()k(Ŵ)k(Q̂ cc Φ=  (21) 

And ; ;  is the weight matrix, is the 

vector of actor functions, cn is the number of hidden-layer nodes,  is the input to 
the critic. The law for updating weights is proposed as  

m
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Where ℜ∈cα  is the positive constant representing learning rate. 
5.2.3. Actor  
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The function  in Eq. (4) is approximate to ))(( kxf ))k(x(f̂  by the Actor. It can be seen 

))k(x(f̂  as an optimal control input  which makes converge to   )k(u* )k(Q )k(Q*

))k(x()k(Ŵ))k(x(f̂ a
T
a Φ=  (23) 

Where , , an ,  are the weight matrix, the vector of 
actor functions, number of hidden-layer nodes and the input to the actor respectively. The law 
updating weights is proposed as  

mn
a

a)k(Ŵ ×ℜ∈ an
a )k( ℜ∈Φ nmkx ℜ∈)(

( ))k(e)k(Le)k(Q̂))k(x()k(Ŵ uuaaa 11 +−+×−=+ Φα∆  (24) 

Where ℜ∈aα  is the positive constant representing learning rate. 

5.2.4. Robust stability 
Theorem: given the bounded reference trajectory  and its past value, defined the 

auxiliary control input in Eq. (9), the  is the maximum singular value of the gain matrix  
in Eq. (15) satisfies as 

)k(xnd

maxL L

3
3

<maxL  (25) 

And the function of performance index in Eq. (17), actor-critic structure base on ANRBF, 
the laws of updating weight for critic as Eq. (22) and actor as Eq. (24) then during learning 
and control online, the tracking error of the closed loop system will be achieving the robust 
stability. 

∞H

Proof: See the Appendix. 

6. SIMULATION 

Nonlinear system for simulation to verify proposed controller is given by Eq. (26) 
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respectively.  The control objective is to design RARL so that  tracks desired trajectory  
with considering saturated gain phenomenon of the control input.  is given as 
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Fig. 3. Performance of the basic controller  
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Fig. 4. Performance of  RARL  
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Fig. 5. Tracking error of RARL ( 211 321 === p,p,p )  
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Fig. 6. Control input of RARL  
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The sampling interval is taken as s.T 050=  and the white Gaussian noise with a standard 
deviation of 0.005 is added to the system. The time duration of simulation is taken 300s. The 
unknown disturbance is chosen as 

⎩
⎨
⎧

≤≤
<

=
6000200051

20000
k,.

k
)k(d  

The gain of the basis control input is chosen as 150.L −= . Both number of hidden-layer 
nodes of critic and actor are selected as 10== ac nn ; the update rates are 10.ac == αα . The 
activation functions are the same for both of them, where 10.i =σ , 101,..,i = , is uniformly 
partitioned within [ . All of weights are initialized at random from

mix
]11,− [ ]10, . The gain of the 

control input is constrained within [ . The discount factor is selected as]33,− 50.=γ . 
First, to show the effect of proposed controller, the RARL controller is removed out of the 

closed loop. The uncertainty parameters are selected as 211 321 === p,p,p . In Fig.3 it can be 
seen that the tracking error given by the basic controller are bounded but the performance is 
very poor.  

Now we add the RARL controller to the closed loop. The robust tracking performance 
is presented in Fig. 4 and Fig. 5. Because of the activation of disturbance, at the second of 100 
the tracking error  is overshoot but it quickly goes to zero asymptotically. The Fig. 6 
presents the control input in which its gain is constrained in range of

∞H

)k(e
3± .  

The  robust tracking performance with ∞H 015 321 =−=−= p,p,p  is presented in Fig. 7, 
with  211 321 === p,p,p  in Fig. 8. From Fig. 4, 7 and 8 we can see that they are robust for all 
the parameters. 

7. CONCLUSION 

This paper proposes the method which combined reinforcement learning based on neural 
network ANRBF and the robust theory  to design a robust adaptive reinforcement learning 
controller for a class of the uncertain nonlinear discrete time system with input constrains 
which are treated as the saturation nonlinearity. The proposed controller not only compensates 
some uncertainty nonlinear components but also gives the robust tracking performance. 

∞H

An Adaptive controller with robust tracking performance using the recurrent CMAC neural 
network to get rid of chattering phenomenon for a class of multivariable uncertain nonlinear 
system is proposed in [9]. Develop a RARL controller using CMAC is next research. In 
addition applying RARL to control for real plants is considered next. 
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ĐIỀU KHIỂN THÍCH NGHI BỀN VỮNG DÙNG HỌC CỦNG CỐ CHO HỆ 
THỐNG PHI TUYẾN VỚI RÀNG BUỘC NGÕ VÀO  

Nguyễn Tấn Lũy(1), Nguyễn Thiện Thành(1), Nguyễn Thị Phương Hà(2) 

(1) PTN Trọng điểm Quốc gia Điều khiển số & Kỹ thuật hệ thống, ĐHQG-HCM 
 (2) Trường Đại học Bách Khoa, ĐHQG-HCM 

TÓM TẮT: Bài báo đề xuất phương pháp mới để thiết kế bộ điều khiển thích nghi bền 
vững cho lớp hệ thống phi tuyến rời rạc bất định với ràng buộc về biên độ của tín hiệu điều 
khiển được xử lý như là độ phi tuyến bão hòa. Luật kết hợp giữa thuật toán học củng cố sử 
dụng mạng thần kinh nhân tạo NRBF thích nghi và lý thuyết khiển bền vững được thiết lập 
trong cấu trúc điều khiển mới trong đó bộ điều khiển đề xuất cho phép học và điều khiển trực 
tuyến để bù đa thành phần phi tuyến cũng như tối thiểu phiếm hàm chỉ tiêu chất lượng bám 

 và sai số ước lượng động phi tuyến không biết. Định lý mới về sự ổn định bền vững của  
hệ thống vòng kín được phát biểu và chứng minh. Kết quả mô phỏng đã kiểm chứng các phân 
tích về lý thuyết. 

∞H

∞H

Từ khóa: Reinforcement learning, robust control, neural network control 
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APPENDIX 

Proof of  the theorem in section 5.2.4: 
Remark: in following equations is replaced by k   )k(x
Selected the Lyapunov function candidate 
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Where , maxcW maxcΦ  denote the upper bounds of  and cW cΦ  respectively. 3210 ,,i,i =>γ ;  

01 0 =−
=kc )k(ψ , N  is the final step. 

The differences of )k(V∆  form Eq. (28) is decomposed as 
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Combining (1),(2)(15) and (23) we get 
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Where  )k()k(W~)k( aaa Φψ = ; ℜ∈maxL  is the maximum singular value of L . 

)k(V2∆  is presented as 
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cc
T

c
c

−++= 111
2 α

∆  (31) 

Substituting (22) into (31) and rewrite them we get 
( )

22

212

21

2

12

112

11

1

)k(

)k()k(W)k(J)k()k(W)k(

)k()k(Ŵ)k(J)k()k(W)k(

)k()k()k(V

c

c
T

c
N

c
T

cc

c
T

c
N

c
T

cc

c
T
cc

−+

−−−++−

−−−++

−−≤

+

+

ψγ

ΦγγΦψ

ΦγγΦψ

ΦΦα∆

 (32) 

)k(V3∆  is presented as  

( ))k(W~)k(W~)k(W)k(W~tr)k(V a
T

aa
T

a −++= 111

2
3 γ

∆  (33) 

Substituting (24) into (33) and rewrite them we get 
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( ){
}

}22

2

22
2

3

2

11

)k())k(d)k(()k()k(W

)k())k(d)k((

)k()k(Ŵ)k()k()k()k(V

cac
T

c

aa

c
T

caa
T
aa

ψεΦ
γ

ψε

ΦψΦΦα
γ

∆

++−+

−+−

+−−≤

 (34) 

)k(V4∆  and  )k(V5∆ are presented as 

( 22

3
4 11 )k()k(V cc −−= ψψ

γ
∆ ) (35) 

( ) 22

2

22

2

22

2
5

414114
maxcmaxcmaxcmaxcmaxcmaxc WW)kN(W)k(NV Φ

γ
Φ

γ
Φ

γ
∆ −=−+−+−+=

 (36) 
Now, substituting (30), (32), (34), (35) and (36) into (29) we get 

( )
( ){

( )

( ) 22

2

2

1

2

2

21

2

2

2

1

22

3

2

12

2

23

22

1

432

112

1111

1

121

31211311

maxcmaxcaac
T

c

c
T

c
N

c
T

c

ac
T

ca

a
T
aac

T
c

N
c

T
ccc

T
cc

c

acumax

W)k(d)k()k(d)k()k()k(W

)k()k(W)k(J)k()k(W

)k(d)k()k()k(Ŵ)k(

)k()k()k()k(Ŵ

)k(J)k()k(W)k()k()k(

)k(

)k()k()k(e)L()k(V

Φ
γ

ε
γ

εΦ
γ

ΦγγΦ

εΦψ

ΦΦα
γ

Φγ

γΦψΦΦα

ψγ
γ

ψ
γγ

ψ
γγγ

∆

−+++−+

−−−++

⎭
⎬
⎫+−+×

−−−−−

++−−

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−−−−≤

+

+

 

 (37) 

Selecting 21 3γγ > , 22 21
2

γ
γ

−
> , 23 2

1
γ

γ =  , 
3
3

<maxL  and simplifying  we get  
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( )

22

2

2

1

2

2

21

22

1

43

2

112

311

maxcmaxca

ac
T

c

c
T

c
N

c
T

c

umax

W)k(d)k(

)k(d)k()k()k(W

)k()k(W)k(J)k()k(W

)k(e)L()k(V

Φ
γ

ε
γ

εΦ
γ

ΦγγΦ

γ
∆

−++

+−+

−−−++

−−≤

+

 (38) 

Combining (20)(21) and (22) to (38) we get 

2
2

21

22

1

22

2

2

21

2

2

222

1

432311

443

42311

)k(d)k()k()k(e)L(

W)k(d)k(

)k()k(W)k()k(e)L()k(V

acumax

maxcmaxca

c
T

ccumax

++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++−−≤

−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

++−−≤

εε
γγγ

Φ
γ

ε
γγ

Φ
γ

ε
γ

∆

 (39) 

Where 22

2

2

2

44
maxcmaxcc

T
c W)k()k(W Φ

γ
Φ

γ
≤ . 

Taking sum of (39) we get 

 432

31101

0

2

21

0

22

10

∑

∑∑

=

==

++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++

−−≤−+=

N

k
ac

N

k
umax

N

k

)k(d)k()k(

)k(e)L()(V)N(V)k(V

εε
γγ

γ
∆

 (40) 

Apply (25) and remarking on 01 ≥+ )N(V   and   we get 00 ≥)(V

ηξρ +≤ ∑∑
==

N

k

N

k
u )k()k(e

0

22

0

2  (41) 

Where 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

−
=

21
2

1 432
31 γγ
γρ

maxL
, 22 )k(d)k()k()k( ac ++= εεξ , )(V

Lmax

0
31 2

1

−
=

γη  

The inequality (41) satisfies (8). So the proof of the theorem is given. 
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