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UNG DUNG PHAN TU SUY BIEN PIEM PHAN TU TRONG PHUONG PHAP PHAN
TU HUU HAN PE MO PHONG UNG XU PINH VET NUT

Truwong Tich Thi¢n, Tran Kim Bing
Truong Pai hoc Bach khoa, PHQG-HCM

TOM TAT: Co hoc ran nirt Id mét linh viee con khdé méi mé trong ky thudt. Sy phat trién ctia nén
todn hoc hién dai cing voi nhitng phwong phdp s6 khéc nhau @@ hé tro' cho co hoc ran nirt gidi quyét
nhitng badi todn vét nitt phikc tap trong thiec té vé cing hiéu qua. Bai bdo ndy sé gidi thiéu viéc dp dung
phan tir diém phan tu trong phwong phap phan tir hitu han vao badi todn co hoc niet dé tinh todn, mé
phéng vmg xir tai dinh vét mit trong khéong gian hai chiéu va sic dung cdc chwong trinh ANSYS,
FRANC2D dé tinh todn hé s6 cwong dg img sudt, mé phong truwong immg sudt, chuyén vi gan dinh vét
nitt, hién twong vét nirt lan truyén. Cdc két qud tinh todn sé dwoc so sanh véi két qud trong cdc bai bdo
khoa hoc khac.

1. GIGI THIEU mot cach chinh xac hon va cac yéu cau ¢ phan

tién xtr ly dwoc don gian hoa di.
Su khoé khan co ban cua viéc md hinh hoa

2. PHUONG PHAP PHAN TU HUU HAN
TRONG CO HQC NUT

bai toan co hoc nut khi sit dung phuong phap
phén tir hitu han 14 nhitng ham da thirc can ban

d“}’g ‘fho cdc loai phan w thong d‘;mg khong 2.1. Phin tir suy bién diém phén tu

theé biéu dién dugc ung suat suy bién tai dinh ) )
, R ) Su anh huong cia viée di chuyén diém nut

vét nit. Piéu nay c6 nghia 1a ludi duge lam . i .,
. . ia . . gilta cua phan tir bac hai dén vi tri diém mot
min trong 101 giai phan tir hitu han s€ hdi tu téi . .
, ) . , y phan tu dugc minh hoa rd rang nhat trong
ket qua sai I¢ch so véi ly thuyét. Mot su tien bd R .
. truong hop phan tr mot chieu. Mac du loai
quan trong trong viéc ap dung phuong phap . ]
\ . o phan to nay khong hitu dung trong thuc t&
phan tir hitu han giai quyét bai toan co hoc nut ,
P \ ., ) nhung phuong phap dai s6 s€ don gian hon
la sy phat trién cua phan tir “diém phan tu” . . . .
) , , ) nhiéu so v&i phan tir hai chiéu, ba chiéu.
(quarter-point). Truong tng suat, chuyén vi,

bién dang gan dinh vét nit co thé dugc biéu
din chinh x4c bing phin tir déng tham s bic
hai chuén néu dich chuyén diém nut & gitra
phin tir dén vi tri vé phia dinh vét nut véi
khoang cach mét phan tu chidu dai phan ti.
V6i loai phan tir nay, cic chuong trinh phén tir

hitu han c6 thé giai quyét bai toan co hoc nirt
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Hinh 1. Phin tir bac hai mot chidu: a)trong khong

gian tham sb phén twr, b)trong khéng gian Descartes.

Trang S



Science & Technology Development, Vol 13, No.K3- 2010

Chuyén vi u tai bat ky diém nao trong

phin tr dugc xac dinh bing cach ndi suy cac

chuyén vi cia diém nat u; nho st dung ham

dang Lagrange bac hai

=3 Ny =5 G (1= £ 42 E(E D (D

Vi £ 12 toa do diém niit trong khong gian
tham s phan tir.
Phuong trinh (1) dugc sdp xép lai theo bac

cuag
1 1 X
u=u, +5(u3 —ul)f{a(ul +u3)—uz}§ 2

Sir dung sy thiét 1ap cong thirc déng tham
s0, cac ham dang twong ty dugc dung dé noi
suy dang hinh hoc cia phén tir.

3 1 1 5
r=Y Nr=al+—IE+l| ——a | (3)

i=1 2 2

Vi r 1a toa do diém nut trong khong gian

Descartes mot chiéu va o 1a tham so.

Theo tai lidu [2], dé bién dbi phan tir bac
hai mét chiéu thanh phin tir diém phén tu thi
diém nat gitta duogc di chuyén tdi vi tri mot
phin tu. Khi d6 a = 1/4. Thé o = 1/4 vao
phuong trinh (3) s€ dugc

ER

Thé phuong trinh (4) vao phuong trinh (2)

1 “4)

sau d6 dao ham sé& lan luot din dén cac phuong

trinh chuyén vi va bién dang trong phén tir

Jir

u=u1+2(ul—2u2+u3)§+(—3u1+4u2+u3)—l (5)
du 1 3 1

e=—=2u,—2u, +u,))—+| ——u, +2u, ——u, |— 6
a0 (u, —2u, ”3)1 ( 2“1 U, 2“3] T Q)

Phuong trinh bién dang c¢6 chira bién r &
dang ' va c6 thé biéu dién dang suy bién
trong bai toan co hoc nut. r'” con duoc goi la

-1/2

suy bién r'? (r'? singularity) hay suy bién

cin bic hai (square root singularity).

2.2. Phuong phap twong quan chuyén vi
(Displacement Correlation Method)

Hé sé cuong do tmg suit K 1a thong sb
quan trong trong co hoc nit, biéu thi mirc do
tdp trung Ung sudt tai dinh vét nat. Phwong
phap tuong quan chuyén vi 1a mot trong nhing
k¥ thuat don gian nhat ding dé tinh toan hé s6

cuong d6 tng sudt tir két qua phan tir hiru han.

Pay la phuong phép truc tiép. Cac biéu thirc
cta trudong chuyén vi gin dinh vét nit ¢ thé
duoc tham khao trong chuong 4 cua tai li¢u [1].
Véi dang don gian nhét, chuyén vi tai mot
diém bén trong ludi dugc thé tryc tiép vao biéu
thirc giai tich cta truong chuyén vi gan dinh
vét nut, sau khi da trir di chuyén vi tai dinh vét
ntt. Piém duoc chon 13 didm nat trén mat nut

ma chuyén vi tai d6 1a 16n nhat.
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Hinh 2. Piém twong quan dugc chon trong trudng
hop don gian.
Biéu thirc hé sb cuong do ung sudt cua

dang I (mode I) va dang II (mode II) dugc tinh

nhu sau
N2 (uy, —u,,
K, = - (7
Jr2-2v")
N2 (u, —u,,
n= - ()

Jr2-2v)

V6i u 1a module dan hi truot.

r 14 khoang cach tir dinh vét nirt dén diém
twong quan.

Uy, Uy 1a cac chuyén vi theo phuong x, y
tai diém i.

v 12 hé sb Poisson.

v=v trong truong hop bién dang phang va
v=v/(1 +v) trong trudng hop tmg suét phang.

Theo tai liéu [2], khi st dung phén tir

diém phan tu thi két qua hé sé cuong d6 tng

Hinh 3. Phuong phép tuong quan chuyén vi véi
phin tir diém phan tu.

P
o Jre-2v)
w2z

KII B [4(uxb - uxd) + uxe - uxc]

Jr(2-2v')

(4w, —u,,) +u, —u,] 9)

(10)

2.3. Phuong phiap tich phin kin nut
hiéu chinh (Modified Crack Closure
Integral)

Suit giai phong nang luong G 13 ning
luong cAn thiét cho su phat trién cua vét nut.
Theo tai liéu [2], trong phuong phap tich phan
kin nit hiéu chinh, tich phan kin nat Irwin
dugc st dung dé tinh toan suét giai phong ning

luong G cua dang I va dang 11

sudt 1a
1 AL
G, =A12r3]mjO'yy(r:x,9=0)uy(r=AL—x,0=7z)dr (11)
0
1 AL
Gllelir_l)lomoz'xy(rzx,ezO)ux(rzAL—x,Hzﬂ)dr (12)

Tich phan Irwin lién hé suit giai phong

nang luong G vdi trudng tng sudt va chuyén vi

dinh vét nit trong truong hop vét nit ting

trudng nho.
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i gian hon. Nhu duwgc minh hoa trong hinh (4),
& ban dau, ndi luc F° gﬁn dinh vét nit s& dwoc
tinh true. Sau d6 vét nit phat trién, chuyén vi
- =t x tai cac diém nut ¢ va d (u® va u®) s& duoc tinh
|AL-X & | tiép. Phuong trinh (11) va (12) dwoc rut gon
a AL |
nhu sau
H‘ h4. ey /\t \ h A s A -;h At rt re 1 d
in Ung suat va chuyén vi gan dinh vét nut véi GI — ch (ui _uy) (13)
tich phan kin nat Irwin. 2AL
Khi nhiing phfin t& hitu han tuyén tinh 1 o . J
5 < R , ’ 5 A Gl[ = F;c (ux _ux) (14)
dugc st dung, bieu thirc tinh G tro nén don 2AL
I
fa T 7 X
o i i
et
| | | |
T T A T A

Vét nut phat trién

Hinh 5. Ludi duoc chia tai dinh vét ntt véi phén tir htu han tuyén tinh.

Néu dinh vét nut chi dich chuyén mot b
khoang nho thi chuyén vi tai cac nat ¢ va d c6
thé x4p xi gin bang véi chuyén vi tai cac nut a ‘
vab. - o
bdi v6i mode 1 va mode 11, G ¢ quan hé

v61 K nhu sau

2
G=(K,) /E" (19
V6i E=E trong trudng hop tmg suat phang Hinh 6. Lu6i dugc chia tai dinh vét nirt véi phin ti
va E=E/(1-V%) trong truong hop bién dang diém phn tu tam gidc.

hang. .
phane Sau khi lay tich phan phuong trinh (11) va

Phuong phap tich phan kin nit hiéu chinh »
(12), biéu thire tinh G s€ 1a

¢6 thé dugc mo rong bang cach sir dung nhitng
phén tir bac cao hon nhu phin tir diém phin tu
tam giac.

G1 =i[(C“Fy“ + Clevf + Cleyg)(ui7 —u;)+(C21Fya + CZZEvf + C23Fyg)(u; _u;j )] (16)
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G, = i[(cnﬁ;a +C,F +CFf )(”ﬁ - ”i) + (C21Fva +Cp, B! +CFf ) (“; —uy )]

( 17)
Véi cac hé‘mg ) Cjj dugc cho nhu sau
C”=33—”—52, ch=17—&, CB:&—SZ
2 4 2
337 21x 7 217z
C21:14_Ta szzT_E’ C23:8_?
(18)
3. PHUONG PHAP DU POAN HUONG [1- /1 +8( K, /K, )2
LAN TRUYEN CUA VET NUT AG, =2tan (20)

4(K,,/K,)

Thuyét ung sudt phéap theo phuong tiép . i B
4. MO HINH TINH TOAN

tuyén cuc dai Gggmex bic nhat ddi voi vat lidu ) X ) .
4.1. Tam phang véi vet nirt nam trong

déng huéng khing dinh vét nut s& phat trién i .
) R L O chiu wng suat kéo déu don truc
theo hudng vudng goc voi ung suat phap theo ] ]
Xét mot tam phang véi cac kich thugec W

phwong tiép tuyén cyc dai.
=0,08 m, H=0,1 m, a= 0,008 m. Truong hop

st
dang xét 1a bién dang phang. Vit li¢u st dung

la thép AISI 4147 v6i E = 207.10° MPa, hé )
Poisson v = 0,3 va gidi han pha hiy K;c = 120

MPam'? . Tinh chét vat liéu 1a dan hdi déng

x huéng. Ung suit kéo 6 = 820 MPa. D6 ting

Crack tip truong vét nit Aa = 0,002 m.
Hinh 7. Ung sut phap theo phuong tiép tuyén cuc 1 ‘T" 1
dai trong hé toa dg cuc.
‘ |_2_8._| H
Theo chuong 4, tai liéu [1], Gng suat Gy

tai dinh vét nut duoc biéu din nhu sau Y H

P 1

s

0 6 3 .
Oy = COSEI:KI cos’ E_EKH sin 6’}

27y (19) Hinh 8. TAm phing v&i vét nirt ndm trong.
Dao ham phuong trinh (19) theo bién 0 va Ket qua giai tich hé so cuong d9 (g suat

giai phuong trinh d640/00 = 0 theo bién 6. Sau dugc tham khao tir tai liéu [1] nhu sau
6 dit 0 = AQ, s& duoc goc ubn cia vét nit khi K, =ao\ma =130,46 MPaJm  21)

lan truyén nhu sau

Véia =+1+0,5(a/W)* +20,46(a/W)* +81,72(a/ W) =1,00356 22)
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Céc két qua chuyén vi, ing suit duoc tién va ANSYS nhu sau
hanh so sanh giira hai chuong trinh FRANC2D

AN

e e s
EMK = 3TOR-03 ‘\_I
Hinh 9. So sanh két qua chuyén vi theo phuong y gitra FRANC2D va ANSYS.
HODAL SOLUTION m
_"g::; (AvG) . ‘
Hinh 10. So sanh két qué tmg suét Gyy gitta FRANC2D va ANSYS.
Bing 1. So sanh két qua hé sé cudng d6 tmg suét K.
. FRANC2D Sai s6 gitta FRANC2D L ,
Ly thuyét giai tich ANSYS , Sai s6 gitta ANSYS va ly thuyét
(J-Integral) va ly thuyet
149,8216 149,1 147,79 0,48 % 1,356 %

Bién dang va tmg suét T, tai dinh vét nit khi vét niit lan truyén sau 7 step khi mé phong bing
FRANC2D

Hinh 11. Bién dang. Hinh 12. Ung SUAL Tyay tai dinh vét nut.
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4.2. TAm phing véi mét vét mirt bién va
chiu ap lwc trén mot phan canh

M0 hinh dugc tham khao trong tai lidu [5].
Trudng hop 14 bién dang phéng.

V6i E = 3,86 GPa, hé s6 Poisson v = 0,31,
Kic = 1 MPam'?. Ap luc q = 1 Pa. B§ tang
truong vét nit Aa = 1 mm. Véi cac kich thudc
w =30 mm, h=45mm, a=4 mm, c =5 mm.

Kich thudc d thay déi theo ba truong hop

lad=6mm,d=10 mm, d= 14 mm.

Truong hop d = 6mm

Vét nirt trede khi lan truyén

o
3 LE
e}
oges b 4 H
[ 7 I~y
Fi Ny |
o L L )

FRANC2D Tham khao tai liéu [5]

P
L = ﬂ :
s | e
hi |dq
al
i nl
-l

Hinh 13. Tdm phéng véi mot vét nit bién va chiu
(g suét tiép.

So séanh két qua ludi bién dang khi vét nut
lan truyén sau 20 step giira FRANC2D va két
qua ung dung SBFEM (Scale Boundary Finite
Element Method) dugc tham khéo trong tai li€u
[5] theo 3 trwong hop thay dbi cua kich thuéc
d.

Hinh 14. So sanh bién dang khi vét nut lan truyén gitta FRANC2D véi SBFEM.

Trwong hgp d =10mm

P B

FRANC2D

Vét nit trude khi lan truyén

Tham khao tai liéu [5]

Hinh 15. So sanh bién dang khi vét nut lan truyén gitta FRANC2D véi SBFEM.
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Trwong hgp d = 14mm

Vét nirt treée khi lan truyén

FRANC2D

CT T

Tham khéo tai liéu [5]

Hinh 16. So sanh bién dang khi vét nitt lan truyén giita FRANC2D v&i SBFEM.

5.KET LUAN

Bing cach sir dung phén tir suy bién diém
phén tu trong phwong phap phan tir hitu han dé
mé phong Gng xir dinh vét nut trong khong
gian hai chidu, truong Ung sudt va truong
chuyén Vi gﬁn dinh vét nit s& dugce thé hién
chinh xac hon so vdi cac loai phﬁn tir khac,

viéc tinh toan hé s0 cuong dd tGng suat sé

nhanh hon so véi Iy thuyét giai tich khi gip mo
hinh vét nit phuc tap. Dong thoi, c6 thé du
doan dwgc mot cach twong dbi cach thire phat
trién va hinh dang cuia vét nut hai chidu khi lan
truyén trong nhitng diéu kién khac nhau v& mé

hinh, vat liéu va cach thac dat tai.

APPLICATION OF QUARTER-POINT SINGULAR ELEMENT IN FINITE
ELEMENT METHOD TO SIMULATION OF CRACK TIP BEHAVIOR

Truong Tich Thien, Tran Kim Bang
University of Technology, VNU-HCM

ABSTRACT: Fracture mechanics is a new branch in engineering. The development of modern

mathematical background with different numerical methods has supported fracture mechanics to solve

many complex fracture problems in practice effectively. This article introduces the application of

quarter — point singular element in finite element method to simulate crack tip behavior in two

dimensional problems. The ANSYS and FRANC2D programs are used to compute stress intensity factor,

simulate the stress and displacement fields near crack tip and simulate crack propagation. The

calculation results are compared with analytical results and the results in other articles.
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