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1. INTRODUCTION

In [1-7], the authors considered fuzzy differentia equations ( FDE ) and had some important
results on existence and comparison of solutions of FDE

D, x(t) =f(t,x(t)), (1.2
where
X(t,) =%, 1 Hy 1 E",x(t)T E"t1 go,ngl I R,and f:I "E"® E".
In this paper, we consider afuzzy control differential equation (FCDE) as following
D, x(t) =f(t,x(t),u(t)), (1.2
where
X(ty) =%, 1 Hy 1 E"x(t)T E",u(t)T E°t1 go,Tg=| I R,

and f:1 E"" EP ® E" and study existence of solutions of FCDE.

The paper is organized as follows: in section 2, we recall some basic concepts and notations
which are useful in next sections. In sections 3 and 4, we present the existence of solutions and
compare two solutions of FCDE.

2. PRELIMINARIES

We recall some notations and concepts presented in detail in recent series works of
Lakshmikantham V. et d... (See[4-7]).

Let K.(R") denote the collection of al nonempty, compact and convex subsets of R".
Given A,B in K.(R") , the Hausdorff distance between A and B defined as
D[AB] = max{supaminfbi e [a - bl, supygint;, fa - b”} - (2.1)

where ||| denotes the Euclidean normin R" .
The Hausdorff metric satisfies some below properties.

DEA+C,B +CH=D[AB] and D[A,B] =D[B,A], (2.2)
DY AIBU=ID[B,A], (2.3)
D[AB]ED A CH+D &,BY, (2.4)
D[A+A' B +B'|£D[AB]+D A" ,B'Y (2.5)

foral A,B,CT K(R") and | T R,.

It is known that (K.(R"), D) is a complete metric space and if the space K.(R") is
equipped with the natural agebraic operations of addition and nonnegative scalar multiplication,



then K.(R") becomes a semilinear metric space which can be embedded as a complete cone

into a corresponding Banach space. The fuzzy controls u(t) and T(t)l U1 EP were defined by
definitions 1 and 5 in [10] (See p.5): for 0<a £ 1, the set [ul? ={ZT R":u(z) 3 a} is

caled the a -level set and from (i) -(iv), it follows that the a-level sets are in K (R") for
Ofacfl.
The set E" ={u: R" ® [0,1]suchthat u( z)satisfies(i)ta(iv)} , each it's element

ul E"iscaled afuzzy set.
Let us denote

a () _— A a a ) .
Dogj,vg—sup{D qui*,viPJ:0£a £1}
The distance between u and v inE" , where D gu]El ,[v]ag is Hausdorff distance between

two sets [u]?,[v]® of K (R") . Then, (E“,DO) is a complete space.

Some properties of metric D, are similar to those of metric D above.

D, &1 +w,v +wH =D, [u,v] and Do[u,v] =D, [v,u], (2.6)
Do § Ul vi=1D,[u,v], (2.7)
Dy [u,v] £ Dy &1, Wi+ D, §w,vY, (2.8)

foral u,vywl E"and 1 T R.

Let u,vi E". Theset zT E" satisfying u =Vv +z is known as the geometric difference
of the sets u and vi E" and is denoted by the symbol u - v. Given an interva
| =[t,,T]T E"in R,. We say that the mapping F : | ® E" has a Hukuhara derivative
D,F(t,) atapoint t,1 I ,if

lim F(to +h) - F(to) and lim F(to) - E(to - h)

he o+ h® o+
exist in the topology of E" and are equal to D, F(t,) . Here limits are taken in the metric space
(E",Dy) .
The Hukuharaintegral of F is given by

i 1]
J(s)ds =i (¥(s)ds : f isacontinuous selector ong
| T
for any compactset | | R, .
Some properties of the Hukuharaintegral arein [4-7].

If F:1 ® E" isintegrable, one has
t, ty t,
g (s)ds = (F(s)ds + (J(s)ds, t, £, £, (2.9)
to to t
and



J F(s)ds =1 ¢F(s)ds,| T R. (2.10)

If F,G: 1 ® E"areintegrable, then DO[F(.),G(.)]: | ® R isintegrable and
et t u ¢
D, 607 (S)ds, (3(S)dsu £ (P, [F(s).G(s)]ds . (2.11)
@0 to g ty

Let usdenote q isthe zero element of E" defined as

q(z)_ilifz:%

il I

10if z1 0,

Where 0 is zero element of R".

More detaills in continuity, Hukuhara derivative, Hukuhara integra of the mapping

F:1 ® E", pleasesee[1-7].
3. THE FUZZY DIFFERENTIAL EQUATIONS

In [1-7], authors considered the fuzzy differential equation (FDE) asfollowing
D, x(t) =f(t,x(t)), x(t,) =x,1 E", (3.1)
wheref 11 “E" ® E",state x(t) T E".
The mapping x 1 Clg ,Eng is said to be a solution of (3.1) on | if it satisfies (3.1) on I.
Since X(t) iscontinuous differentiable, we have
t
X(t) =X, + Ppx(s)ds,t1 1.

to

We associate with theinitial value problem (3.1) thefollowing

X(t) =x, + t(‘)f(s, x(s))ds,tT 1 (3.2)

where the integral is the Hukuharaintegral. Observethat X(t) isasolution of (3.1) if only it

satisfies (3.2) onl.
We recall the theorems below in [1-3, 5-7].

Theorem 3.1. Assume that
) fT CER,E" Y, Do[f(t,x),q] £M,, on R, =1 B(X,,b) where
B(X,b) ={xT E": D,[x,X,] £ b} and
@iy giCc[l [o20],1,], 0£gt,w) EM; on |~ [0,2],9t,0) =0, o(t,w) is
nondecreasinginwfor eacht I | and w(t) © O isthe unique solution of
w' =g(t,w),w(t,)=0 onl. (3.9

(iif) D, gf(t,i(t)),f(t,x)ggg(t D, [>—<,x]) onR,.



Then, the (31) has a unique solution x(t) =x(t,X,) on [to,to+h], where

h :min[a,&], M =max{My,M,}.

Theorem 3.2. Assumethat f T C g! ., E"E" gand

D, [f(t,x), ] £g(t,D0§<,q3), (t,x)T 1, E",
wheregl C 12,1 . B, o(t,w) is nondecreasing in w for each t1 1, and the maximal
solution r(t,t,,w,) of

w' =g(t,w) ,w(t,)=w, 3 0
exists on [to, +¥). Suppose further that f is smooth enough to guarantee local existence of

solution of (3.1) for any (t,,X,) 1 !,  E". Then the largest interval of existence of any
solution X(t) =X(t,t,,X,) of (3.1) suchthat Dy [X,, 0] £ W, is [ty, +¥).

4. MAIN RESULTS
In this paper, we provide afuzzy control differential equation (FCDE) asfollowing
D, x(t) =f(t,x(t),u(t)), x(t,) =%, 1 E", 4.2)
where f :1 “E"  E? ® E",stae x(t) T E", control u(t) T E".
The u: |l ® E® is integrable, is caled an admissible control. Let U be a set of all
admissible controls. The mapping x 1 Clgl ,Eng is said to be a solution of (4.1) on I if it

satisfies (4.1) onl. Since X(t) is continuous differentiable, we have

t
X(t) =X, + (PuX(s)ds,tT 1.
to

We associate with the initial value problem (4.1) the following
t

X(t) =X, + ¢F(s,x(s),u(s))ds,t T 1 (4.2)
to
where the integral is the Hukuhara integral. Observe that X(t) is a solution of (4.1) if only it
satisfies (4.2) onI.
Now, based on the theorems 3.1-3.2 of FDE we have some existence results on solutions of
FCDE.
Firstly, we have a unique existence of solution of FCDE as following.

Theorem 4.1. Assume that
) fTCERLE™ Y, Do[f(t,x,u),q] £M, on Ry =17 B(Xp,b) “U, where
B(X,b) ={xT E": D,[x,X,] £ b} and
@iy gl C[l "[02],1.], O£gt,w)£M, on |~ [0,20],o(t,0) =0, gt,w) is

nondecreasingin w for each ist T | and W(t) © O isunique solution of



W' =g(t,w) , w(t,)=0 onl. (4.3)
(i) Do §F(,X(1), T(1)), F(t,x,u) £ g(t,Do[i,x]) on R,.
Then, the (41) has a unique solution X(t) =X(t,X,u(t)) on [to,t0+h], where
h:min[a,&], M =max{MyM,}.

Proof. Function u(t) isof variable t. Set h(t,x(t)) =f(t,x(t),u(t)) plays the role of

function f(t,x(t)) intheorems 3.1 and consider u(t) as parameter, then using theorems 3.1,

we have theorems 4.1.
Then, we have the global existence of solution of FCDE as below.

Theorem 4.2. Assumethat f 1 C g! ., E" EPE" 8and

D, [f(t,x,u),q] £dt,D, g(qt}) (t,x,u)T ',"E""U,
where g(t,w) isnondecreasinginwfor eacht I !, and the maximal solution r(t,t,,w,) of
w' =g(t,w), w(t,)=w, 2 0

exists on [to, +¥). Suppose further that f is smooth enough to guarantee local existence of
solution of (4.1) for any (t,,X,,u) T ',  E"” U . Then the largest interval of existence of
any solution X(t) =X(t,ty,X,, u(t)) of (4.1) such that Dy [Xo, q] £ W, is [ty, +¥).
Proof. Using theorem 3.2 and the proof is similar the proof of theorem 4.1.

For comparison solutions of FCDE we need the following assumption.

Assumption 4.1
Thefunctionf : !, " E" " EP ® E" satisfiesthe condition

D, g-f(t,f(t).ﬁ(t)),f(t.x(t),u(t))g£o(t){Do &X(1),x(t)H+ D, gxu),u(t)g}m.@
for  t1 I;x(t),x(t)T E"; a(t),u(t) T EP,

where (t) isapositive and integralbleon | .
T

Let C = (p(t)dt . Because (t) is integrableon | , it is bounded almost everywhere by a
to
positive constant K .
The below theorem indicates that solutions of FCDE depend continuously on initials and
controls.

Theorem 4.2. Suppose that f satisfies assumption 4.1 and X(t),x(t) are solutions of

(4.1) starting at X, ,X, and of the controls u(t),u(t) , respectively. Then one has

Dofg(t),x(t)g’ae if Dogj(t),u(t)g’ac(e) and Dofgo,xog’ac(e).

Pr oof .



The solutions of (4.1) for controls G(t),u(t) originating a X,,X,, respectively, are

equivalent to the following integral forms

X(t) =X, + t(‘)‘(s,>T( S),u(s))ds

to

X(t) =x,+ t(‘j(s,x(s),u(s))ds.

We estimate

Do &(1).X(1)}

=D, &, + t(‘jc(S,)T( s),U(s))ds, X, + t(‘j((S, X('s),u( S))dsg
to to 8]

CCD>QCD\

) . ét t u
£ D, &0 X+ Dy g(‘j(s, X(s),U(s))ds, F (s,X(s),u(s))dsu
0 to 8|

£D, ;go,x08+ tc‘po(.;é.f(s,i(s),LT(S)),f(S,X(S),U(S))'(‘PS
£D, ;go,x08+ tc‘;;(s){Do gi(s),x(s)faw Dogﬁ(s),u(s)%}ds

t t
£D go'XoHth(\P(S)Do g(s),x(s)ﬂds+t(‘p(s)DO éﬁ(s),u(s)gds.

Here we have used (2.4), (2.7), (2.8) and (4.4).
If D, gj(t),u(t)gﬁ d e and D, igo,xoggo( e) , then

D, ig(t),x(t)fdﬁ (K +1)d e) + t(‘5;(s)D0 gi(S),x(S)fdds.

to

Using Gronwall inequality, we have
Do (1) X(DFE (K +1)d e)exp(C) .

It follows the proof if we choose 0 < d(e) £ ©

(K +1exp(C)

The proof is completed.

5. CONCLUSION

In this paper we give a new concept of afuzzy control differential equation and study its first
existence results on solutions and comparison of two solutions. The fuzzy differential equation is
generated from the ordinary differential equation. Also, the fuzzy control differential equation is
generated from the classical control differential equation. In this paper, the control plays the role
of the parameter. We need the controllableness and more character of a control. However, the
study on the fuzzy differential equation and the fuzzy control differential equation is very difficult



because (E“ , DO) is only complete metric space and its structure is very simple. Some more

results on existence and comparison of solutions of the fuzzy control differential equation will be
presented in next works[10-13].
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