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1. INTRODUCTION

From the assumption of the Lorentz invariance of gravitational mass, we used the vector
model to describe gravitational field in the non- relativistic case and the relativistic one [1]. In
these descriptions, space- time is flat yet because we did not consider to the influence of
gravitational field upon the metric of space- time yet. From the previous paper [2], we have
known that the field of inertial forcesis just the field of gravitational force and moreover space-
time is curvature with the present of inertia forces [3]. Therefore space — time also becomes the
curvature one with the present of gravitationa field.

In this paper we shall deduce a equation to describe the relation between gravitational field, a
vector field, with the metric of space- time. This equation is similar to Einstein's equation. We
say it as Eingtein’ s equation in the vector model for gravitational field.

This equation is deduced from a Lagrangian which is similar to the Lagrangians in the vector
— tensor models for gravitational field [4,5,6,7]. Nevertheless in those models the vector field
takes only a supplemental role beside the gravitational field which is a tensor field. The tensor
field is just the metric tensor of space- time. Those authors wanted to homogenize the vector
field with the electromagnetic field . In this model the gravitationa field is the vector field and its
resource is gravitational mass of bodies. This vector field and the energy- momentum tensor of
gravitational matter determine the metric of space —time. The second part isa Einstein’s essentia
ideaand it isrequired so that this model hasthe classical limit.

In this paper we also deduce a solution of this equation for a static spherical symmetric body.
The obtained metric is different to the Schwarzschild metric with asmall supplementation of high
degree and no singular sphere exists.

2. LAGRANGIAN AND FIELD EQUATION

We choose the following action
S=5 +5y, +5, (1)

with S, ¢ =Cy- g(R+L)d*x istheclassica Hilbert —Einstein action .
Sy, isthe gravitational matter action.
S =wg L J-9(E, E™)d*X is th itational acti
= % 9(EymE, is the gravitational action.

Where Egrm istensor of strength of gravitational field.

Variation of the action (1) with respect to the metric tensor leads to the following modified
Einstein’s equation
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1 &G
Rm - E Om R- Om L =- C4 TMg.rm +WTg.rm 2
Note that
- Variation of the Hilbert — Einstein action leads to the left- hand side of equation (2) as in
the Genera Theory of Relativity.

- Variation of the gravitational matter action S, leads to the energy- momentum tensor of

2 dS,

the gravitational matter  Tygm © - —\/7 =
-g dg

- Variation of the gravitational action Sy leads to the energy- momentum tensor of
2 d§
ravitational field ~ Tgm © - —F— "
g g.m W H dg™

Let us discuss particularly to two tensorsin the right — hand side of equation (2).
We recall that the original Einstein’s equation is

1 86
er_égn’nR_ Ombl =~ C4 Tm1 (3

Where T, isthe energy- momentum tensor of the matter. For example, for a fluid matter of

non- interacting particles with the proper inertial mass density r ,(X), with a field of 4-
velocity u™(x) and a field of pressure p(x) , the energy- momentum tensor of the matter is
[8:9]
T™ =r,c2u™" +pum" - g™) (4)
If wesay r, asthe gravitational mass density of this fluid matter, the energy- momentum
tensor of the gravitational matter is
Tig = goc’u™ + pu™' - g™) (5)

For the fluid matter of electrically charged particles with the gravitational mass r afield

go
of 4- velocity u™(x), and a the electrical charge densitys ,(X) , the energy — momentum tensor
of the gravitational matter is

1 1
T =T gcu™ +$(- EIFe" +Zg"“Fab Fan)g (6)
The word “g” in the second term group indicates that we choose the density of gravitational

mass which is equivalent to the energy density of the electromagnetic field. Where F,, isthe

electromagnetic field tensor.

Note that because of the close equality between the inertial mass and the gravitational mass,
the tensor T, is closely equivalent to the tensor Ty, ., . The only distinct character is that the
inertial mass depends on inertial frame of reference while the gravitational mass does not depend
one. However the value of r ;in the equation (4) is just the proper density of inertial mass,
therefore it also does not depend on inertial frame of reference. Thus, the modified Einstein's
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equation (2) is principaly different with the original Einstein’s equation (3) in the present of the
gravitational energy- momentum tensor in the right-hand side.
From the above gravitational action, the gravitational energy-momentum tensor is

2 dS 1 1
T, ©°- 9 = E* E,..-—90. EE
g.m wﬁdgm’ 4p ( gm—gna = 9m Eq g.ab) (7)

Where E,, is the tensor of strength of gravitational field [1]. The expression of (7) is

obtained in the same way with the energy- momentum tensor of electromagnetic field.

Let us now consider the equation (2) for the space- time outside a body with the gravitationa
mass My (this case is similar to the case of the original Einstein’s equation for the empty space).
However in this case, the space is not empty athough it is outside the field resource, the
gravitational field exists everywhere. We aways have the present of the gravitational energy-
momentum tensor in the right-hand side of the equation (2) .When we regject the cosmological
constant L , the equation (2) leads to the following form

1
Rm - E Om R :WTg.nn 8

or:

1 1 1 ab
Rm - Egrm R_WE(Eg.mEg.an - Zgnn Eg Eg.ab) 9

3. THE EQUATIONS OF GRAVITATIONAL FIELD IN CURVATURE SPACE- TIME
We have known the equations of gravitational field in flat space- time[1]
1-[kEg.mn + TImEg.nk + 1-[n Eg.km = O (10)
and
1Dy = J, (12)

The metric tensor isflat in these equations.

When the gravitational field exists, because of its influence to the metric tensor of space-
time, we shall replace the ordinary derivative by the covariant derivative. The above equations
become

Eg.mn;k + Eg.nk;m + Eg.km;n =0 (12)

ﬁﬂi(\"gDék)=Jgk (13)
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4. THE METRIC TENSOR OF SPACE-TIME OUTSIDE A STATIC SPHERICAL
SYMMETRICAL BODY

We resolve the equations (9), (12) ,(13) outside the resource to find the metric tensor of
space- time. Thus we have the following equations

1 1 a 1 a
er - EgrmR :WE(Eg.mEg.an - Zgrm Engg,ab) 14
g.mn;k + E + Eg.km;n = O (15)

T (/- gE;k):o (16)

Because the resource is static spherical symmetrical body, we also have the metric tensor in
the Schwarzschild form asfollows [8]

E

g.nk;m

o :
¢ -€ +
grm _(; _ r2 - (17)
§ - rzsinzqé,
e
¢ - +
and g™ =¢ 2 - (18)
: R
é r’sin’q o

The left-hand side of (14) is the Einstein ‘s tensor , it has only the non-zero components as
follows|[ 8,9,10]

1 ¢ 1 1
- ZgeR=€" (- —+2)- = 19

1 nt 1 1

Rll_zgll ='T'r_2+r_gel (20)
1 or? T r

R,-=-0g,R=e'[—t¢¢ —n®°- —& —nC | 21

2 50zR=€ [ N8 097 Tn® Zae19] (2
1 _ 1 -

Rss'EgssR_(Rzz'EgzzR)Sm q (22)

Rn =0, 9., =0 with m* n.
The tensor of strength of gravitationa field E; .~ when it was corrected the metric tensor
needs corresponding to a static spherical symmetrical gravitational field E; (r) . From the form of
E, . inflat space- time[1]

g.m
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e 0 -E,lc -Eylc -E,lco

(; _ -
E :gng/C 0 ng Hgy - 23)
om TGE /¢ -H, 0 Hy =

EE.ic H, -H, 0 3

For static spherical symmetrical gravitational field, the magneto—gravitational components

H g = 0. We consider only in the X- direction, therefore the components Egy, Egz =0.Wefind

asolutionof E, = inthefollowing form

® -1 0 00
g -
1 1 0 0 0O
E _==E(r¢ - 24
om =5y 0 0 0+ 9
0 0 0 o

Note that because Eg_rm is a function of only r, it satisfies the equation (15) regardless of
function E,(r).The function E (r) is found at the same time with n and van from the

equations (14) and (16). Raising indicesin (24) with g in (18) , we obtain

a0 1 0 06
g -
1 -1 0 0 0.
E™ =g ®™E (¢ 0 25
¢ ¢ g()QO 0 0 0+ ()
<0 0 0 o,
and
a0 1 0 06
g -
1 . -1 0 0 0.
J-gE™® == ®"'??E ginq ¢ - 26
9= T o5M¢0 0 0 0+ 29
<0 0 0 0,
Substituting (26) into (16), we obtain an only nontrivia equation
-(n+l)/2,.2 : (_
[e r Egsmq] =0 (27)
We obtain a solution of (27)
-(n+)/2,.2 : —
e r°‘E, sinq = constant
or
n+ constant
E, =et2 20 (28)

r
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We require that space- time is Euclidian one at infinity, it leads to that both nandl ® 0
when r ® ¥ , therefore the solution (28) has the normal classica form when rislarger, i.e.
GM

[¢]

r.2

Therefore constant © - GM (29)

E, ® -

To solve the equation (14), we have to calculate the energy- momentum tensor in the right-
hand side of it. We use (28) to rewrite the tensor of strength of gravitationa field in three forms
asfollows

a® -1 0 0o
1 GM_ % 0 0 o
E :_e(n+l M2¢_ g g =
om =€) o g 0+ (30)
€ 0 0 0,
a0 1 0 09
1 aM_ %1 0 0 o
Erra :_e-(n+| M2/ g Q -
T 60 00 0 D
€0 0 0 0
&0 €' 0 00
GM C_(-my2 -
ESm=}(- 29)‘?e 0 00 32)
Toc r<- ¢ o0 0 0 0:
g 0 0 0 0y
we obtain the following result
1 1
Tym =$[Eg'nb Eg, - ng E.wEq ]
8@” 0 0 0 o
G*M 2 _ e -
_ ’¢o -¢ 0 0 -

“gpcr‘So 0 r2 0
§ 0 0 0 r2sin’qy
From the equations (14),(19),(20),(21),(22) and(33), we have the following equations

¢ 1. 1 G*M
-1 —_
e T+r_2)_ r_Zen _W8pc2rg“en 39
¢ G*M?
_n__iz+i2e' =- ge' (35)

ror® r 8pc’r*
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e r’ , 7 r ’ s 2
e [—nt¢t —n9°-—n® —n¢ | J=w r 36
[4 4( 9 5 2( 9 e (36)
Multiplying two members of (34) with € @' then add it with (35), we obtain
nt+| (=0pb n +| =constant (37)
Because both n and| lead to zero at infinity, the constant in (37) hasto be zero.
Therefore, we have n=-1| (38)
Using (37), we rewrite (36) asfollows
- 09T 097 Une Lpomgyzw Mz
4 4 2 2 cr?
or
2 G*M?
€[n9> +n¢+ —nq=-w g 39
("9 neEewo o @)
G*M?
e”[(nﬂ)2+ndq+gn@”:-w — (40)
r 4pcr
We rewrite (40) in the following form
G*M ?
(enn ®¢+ Zr] @n =-Ww —294 (41)
r 4pcr
Puty =€'n¢, (41) becomes
2 G’M?
¢+ Zy=-w—25% 42
y r y 4pc?r? (42)
The differential equation (42) has the standard form as follows
yt+p(r)y =q(r) (43)
The solution y(r) isasfollows[11]
e (r)d oper
— S OpPinar — 2Inr — .2
. M(r)=e =e" =e =7 (44)
We have
1
y(r) =——(Qpr).m(r)dr + A)
()"0
1 G'Myg,
=—[cf-w redr + A
rZ[d 4pczr“) ]
G2 2
= e S A
r 4pcer
G*M? A
=w 2+ — 45
4pc?r®  r? 49

Where A isthe integral constant.
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From the above definition of y = €'n ¢, we have
G’M?
ent=(d")¢= W—293+A2
4pcer r

or
2 2

A

S+

2

dr
4pc?r® r )

€ =gw
2 2
G I\Z/lgz _A +B (46)
8pcr r
Where B isanew integral constant.
We shall determine the constants A,B from the non-relativistic limit. We know that the
Lagrangian describing the motion of a particle in gravitational field with the potential | o hasthe

=-w

form [10]
2
L=-mc?+

_rnjg

The corresponding actionis
by
S=(-dt =-mecgyc- V—+]—g)dt = - mc(yls
2 C
2

we have ds=(c- V—+]—g)dt
2 C
P
thatis  ds” =(c +V—2+J
4c® C

=(c*+2 ,)dt? - vidt® +...

=c’(1+ ZJ—S)dtZ -dr?+.. (47)
C

Where we reject the terms which lead to zero when ¢ approachesto infinity.
Comparing (47) with the our line element (we reject the terms in the coefficient of dr?)

ds® = €' c?dt? - dr? (48)

we get
- A+B° 21—§+1
r C
GM
02941 (49)
cr
From (49) we have
— GMQ
2—; (50)
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B=1
The constant w does not obtain in the non relativistic limit because it is in high accurate
terms, we shall determineit later.
Thus, we get the following line element
GM G*M; GM G*M?
ds* =c’(1- 2—%-w Sydt? - (1- 2—-2-w——2)'dr?- r?(dg® +sin’qdj ?)
cr 8pc?r? cr 8pcr

(51)

w_wl : .
we put — =—- and rewrite theline element (51)
c

GM G*M? GM G*M
ds’ =c*(1- 2 czrg - WCIIWZQ)dt2 -(1-2 < WM) 'dr? - r?(dg® +sinfodj %) (52)

We determine the parameter w( from the experiments in the Solar system. We use the
Robertson — Eddington expansion [9] for the metric tensor in the following form

ds =c(1- 2 |v'g+2(b ag) M9+ )t - (1+2g |v'9+ .) dr?- r?(dg? +sirfod 2  (53)

When comparing (52) with (53), we have

a=g=1 (54
and w(=2(1- b) (55)
The predictions of the Einstein field equations can be neatly summarized as
a=b=g=1 (56)
From the experimental datain the Solar system, people [43] obtained
&-P*290-1 00+ 001 (57)
e 3 g
With g =1 in thismodel, we have
=2(1- b)=0.00£0.06 (58)
Thus W¢E 0.06  hence ‘W‘ £ 0.48pc? (59)

Theline element (52) gives avery small supplementation to the Schwarzschild line element.

S . M, S Ms
It is interesting to note that the function € =1- 2——-- w¢&— - takes the form shown

cr cr

in Fig.1
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A

€'

v

Fig.1. the graphic of function €"

In particular, we see that no singular sphere existsin the line element (52), unlike the case

g

c2

of the ordinary Schwarzschild line element which possesses asingular sphereat r =2

5. CONCLUSION

In conclusion, based on the vector model for gravitational field we deduce a modified
Einstein’s equation. This equation gives a small supplementation to the results of General Theory
of Relativity and in particular no singular sphere exists. Some different effects of GTR will be
investigated later.
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