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1. GIOI THIEU

Trong thyc té c6 nhiéu van dé doi hoi ching ta phai giai quyét bai toan phan loai va nhan
dang hai tong thé H, va H,. C6 nhiéu céach khéc nhau dé giai quyét bai toan phan loai nay. Mot
phuong phép phan loai ¢ nhiéu vu diém dyua trén ham mat do xé&c suit caa hai téng thé do 1a
phuong phép Bayes. Trong phan |oai nay nguoi ta quan tam dén tong thé H; chira nhitng phan tir
chung caa H; vaH,, két hop tir mdi tong thé vai ty 18 nao dé.

Gia sir trén H; va H, taquan st bién ngau nhién X, ky hiéu fy(X), f2(x) |aham mat d6 x&c suat
tuong wng caa X trén ha téng thé, va goi v 1a ty 1é trén caa nhitng phan tir caa H, trong Hs
(0<v<1), khi d6 ham mat do xéc suat cua X trén Hyc6 dang g(x) =n fi(x)+(1-n) f,(x).Tham
sb v thuong khéng dugc biét mot cach chinh xéc, vi vay quan tam caa chiing téi ¢ dy latim cach
udc lugng v.

Uéc lugng nay da duoc nghién cuu bsi Everitt (1985), McLachlan va Basford (1988) [2]
bang phuong phap cuc dai ty so hop |y va phuong phap moment. Trudc d6 James (1978) dyatrén
thuc té dé wéc lwong v. Mot phuong phép woc lugng dang chi v phai ké dén caa nhom téc gia
Pham-Gia, N. Turkkan va A. Bekker (2005) [4]. Ho da sir dung phuong phap Bayes dé wéc lugng
cho v voi gia thi et v c0 luat phan pho| Xé&C suat tién nghiém cu thé beta va sir dung phan tich nhan
dang dua trén mau loai Bernoulli 14y tir Hs dé xéc dinh sb phan tir thuc Hy ndm trong Hs (diéu
ndy ¢ thé lam dugc vi H; va H, da dugc xéc dinh), dé tir d¢6 tim phan phdi xé&c sut hau nghiém
chov.

Trong bai viét nay chiing tdi tiép tuc phét trién ¥ tuong trén véi gia thiét v ¢6 phan phdi tién
nghiém bét ky nao do forior(V) dé tim ham mat do xéc suit hau nghiém cho v. V4n dé trén ciing
dugc ching tdi xem xét cu thé khi Forior(V) laham méat d6 xac suit mii va chudn chit cut trén (0, 1).
Trong [4] xét phan phdi beta chuan trén (0, 1) vado la diéu duong nhién vi phan pho| nay xé&c
dinh trén (0, 1). Tuy nhién véi phan phdi chuan thi mién x&c dinh laca truc sb. Bé ¢ thé ¢ dugc
ty 18, maty I& phai nam trong khoang (0, 1) vi vay ching t6i duaray tuéng maéi 1a “chat cut”
phan phdi chuan trén khoang (0, 1). Ngoai ra, ham mat d¢ xac suét hau nghlem c6 dang dong cua
v dugc x&c dinh, dé 1a hinh thic tot nhat gidp uéc luong v, didu ndy co y nghia rat quan trong
trong phan loai va nhan dang hai tong thé. Bai béo ciing dua ra chuong trinh tinh todn soan trén
phan mém MAPLE.

2HAM MAT BQ HAU NGHIEM DANG PONG CUA V TRONG THONG KE BAYES
VOI MAU LOAI BERNOULLI
2.1 Pinh ly vé ham mat dd x&c suat hau nghiém ciaa v

Dinh Iy 1: Goi vlaty I¢ trgn cuatong the H; trong tong thé Hs, t va d lan lurot 12 xéc sudt
sai lam khi phan logi gizZa H; va H,. Néu v cé phan phai tién nghiém fyior(V) va véi nquan sat tur
Hs, trong so d6 c6j quan sét thugc Hy thi v sé c6 ham mt dé xac sudt hdu nghiém|a

o1 a)[1-m]”

' (n,j) — prwr
m= L(n,j)

D

trong do,
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(V[1- AV [1- BV av

prior

A=(t +d-1)/d; B=(1-t-d)/(1-d); L(n,j)=¢f
0

Chirng minh.
Khi v 1&hing s, trong phan loai caaH; vaH, ta co xéc suat phan loai sai lam:
t =P(H, | H,): X&c suit phan loai mot phan tir vao H, khi that sy n6 thuoc H.
d =P(H, | H,): X&c suat phan loai mt phan tir vao H; khi that sy nd thuge H,.
Khi ldy mot mau tir Hs thi xéc suat chon dugc mot phan tir caaH; lag ¢6 dang
q=P(H,)P(H,\H,)+P(H,)P(H, 1 H,)
=v(1-t)+(1-v)d =d+(1-d-t)v
trong d6, P(H, | H,) c6 nghialaxéc suit phan loai mot phan tir ciia H; vao ding H,.
Ham hop |y khi 1ay mét mau gom n phan tir tir tong thé Hz ¢d j phan tir thuge H 1a
Siiketinooa (M) =q’(1-q)"’
=[d+@-d-t)V'[i- (d+(@-d-t W™
=d’(1- Av)!(1-d)™(1- Bv)™!
Néu v khong biét, ta xem v 1a mot bién ngau nhién véi ham mat do xéc suét tién nghiém la
fprior(v)'
1

bat K = (‘)fprior(n)flikeﬁhm(n)m =d’(1-d)"’ L(n,j) , khi 6, ham mat d6 hau nghiém
0
cuav s¢ co dang:

f:urior (n)-flikelihood (n) — fprior(n)[l- An]j[l- B’]]n_j
K L(n,j)

i "n)=

2.2 M@t sb trwong hep riéng ciaa dinh ly

Hé qua 1: Khi v ¢ phan phéi tién nghiém Beta (v;a ,b ) véi a,b >0

a) v c6 ham mgt dé xéc sudt hdu nghiém

j ™D(v)=Beta(v;a,b)J1- AV]'[1- BV]"' / R{™)(AB) )

1
trong @6 P{™(A,B)=¢y* *(1- v)**(1- Av)!(1- Bv)™'dv ma ta c6 thé tinh theo dinh Iy
0

Picard (xem [4] )

b) Trung binh hdu nghiémcuav la

R (AB)

P{™(AB) )

m(m )(V) = I'T]prior (V)

¢) Phuong sai hgu nghiémcuavla



TAP CHi PHAT TRIEN KH&CN, TAP 11, 0 01- 2008

Varprior (v)

POZ( A’B)(l- rnprior (V))

(@ + My (V) (P (A B (@

Pay ladinh ly da dugc téc gia T. Pham-Giatrinh bay trong [4].

Var(n,j)(v): {(a +1)P0(n’j)(A,B)Pz(n’j)(A,B)'

Hé qua 2: Khi v c6 phan phai tién nghiém mi chat cut trén (0,1) véi thamss b> 0
a) Vv cb phan phoi hgu nghigm:
1Exp(b)(1- Av)!(1- BV)™' -
Cni , , vi (01)
j MD(v)=i I(n,) (4)
1o, vi (02)
1
trong @6, I1(n,j)=¢pe™(1- Av)'(1- Bv)™'dv mata co thé dung tich phan truy héi @é tinh

0
(Xem phu luc 1).
b) Trung binh hgu nghiémcuav la
_ 1 . .
M (V)= 1 [i(n+1,j+1)- I(n+1]) ®)
(B-A)l(n,J)[ |
¢) Phuong sai hgu nghiémcuavla
Var(n,i)(v):;_|(n+2,j+2)+ A+B _ [I(n+1,j +1)- (6)
AB.I(n,j) AB(B- A)l(n,j)

. 1 i 2
- I(n+1,j)]- —- [m"™(v
(n+1)]- = [ (v)]
Chirng minh.
be—bv
1-eP

a) Thay fyior(v) bang phan phdi mii chat cut trén (0,1) f (V)= vao (1), qua mot sb
tinh todn so cap tacd diéu phai chirng minh.

S TR .
b) v|v_B_A[(1 Av)- (1- Bv)] nén:

m™D(v)=¢yj " (v)av
0

R S Y ST SR
“ B Ay O @ AA- BT A (- Bk
. 1r Ly .
_(B-A)l(n,j)['(””"”) I(n+1,])]
¢) Tuong tu bang cach thé
> 1 é A+B A+B U
\Y; _Eél- Av)(1- Bv)+ 5 A(1- Av) + A B(l- Bv) - 1H

vao biéu thirc Var ™ (v) = ¢y " (v)adv- [r‘n‘”'”(v)]2 vaquamot sd budc tinh so cip taco
0
két qua (6). !
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Hé qua 3: v cd phan phai tién nghiém chuan chat cut trén (0,1) véi hai thamss mr,s
a) v co phan phsi hdu nghiémla

i -(x m)2
=° (1- AV)/(1- BW)™
R e TR ¥
I vl (01)
1 -(x-m)?

TrongdoL(n,j)=¢g 2" (1- Av)’(1- Bv)"'dv matacothé dung tich phan truy hoi dé
0
tinh (Xem phu luc I1).
b) Trung binh hdu nghiémcuav la
1

m(n’j)(v)_m[L(n+lj+l) L(n+1,j)] (8)

¢) Phuong sai hdu nghiémcuavla
A+B

| . .
Var (v)——AB.L(n,j)L(n+2,J+1)+AB(B_A)L(n,j)[L(n+1,j+1)

1 ©)
- Ln+1,j)]- o= [t v)f

Chirng minh.
Hoan toan tuong ty nhu chirng minh hé qua 2, chi thay 1(n,j) boi L(n,j). !

3. ViDU SO

3.1.Bai toan.

Gia sir H; vaH, lién két tao ratong thé Hs matrong d6 H; chiémty ¢ lav. Giatri chinh xac
cuav chuabict. Gia sir v 1a bien ngau nhién c6 phan phéi tién nghiém tuan theo luat chuan chat
cut trén (0, 1) hay phan phoi mii chat cut trén (0, 1), vakhi lay mot mau gom 20 quan sét tir Hs ¢6
5 gquan sat thuoc Hi. Can xac dinh ham mat dé xac suat hau nghiém cho v.

3.2.Giai.

Néu trén hai tong thé Hy va H, ta quan sé bién ngau nhién X; va X, 1an luot c6 phan phoi
chuan X; ~ N(5, 9°), X, ~ N(18, 6?) thi phuong trinh f;(x) = f(x) c6 hai nghiém x,;=11.198 vax, =
45.602. Vi vay trong phan tich nhan dang bang phuong phép Bay% néu két qua quan sit |a

11.198 £ x £ 45.602 thi quan s& d6 duoc xép vao Hy, nguoc lai xép vao H,. Trong phan tich

nhan dang ndy hai x&c suat sai 1am duoc tinh cy thé nhu sau:
45.602

t = Of(X)dx=0.2455
11.198
11.198 +¥
d= 0 f,(x)dx+ f (x)dx=0.1285
45.602
Vé6it vad trénthi A=- 4.872, B =0.718.
Néu v c6 phan phéi tién nghiém chuan N(0.2; 0.09%) chit cut trén (0,1), thi ham mat do xéc
suit tién nghiém cuand la
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5.6295\/56' 61.7284(v- 0.2)2

f prior (V) = \/E
Khi d6, vi L (20, 5) = 0.56838, nén ham mat do hau nghiém ciav theo hé qua 3 2 |&
f posteroor (V) = 1.7594e" 6172840 02)* (14 4.872v)°(1- 0.718v)™

= 44947 g O1T2A(v-02)°

5]

] —bfposterior

4

3]

2]

k

] —»fprior
D_IIIIIIIIIIIIIIIIIIIIIIIII

0 02 04 0B 08 1
Hinh 1: D6 thi cia ham mét d6 tién nghiém, hau nghiém chuén N(0.2, 0.09%) caav chat cut trén (0,1)
Néu v c6 phan phéi tién nghiém mi, v ~ Exp(5) chit cut trén (0,1) thi ham mat do x&c suét
tién nghiém caané la
forior(V) = 5.034™

Khi dé, do 1(20,5) = 1.9377 nén ham mat d¢6 hau nghiém caav theo hé qua 2 ¢ 1a
f poserior (V) = 2.5804e">(1+ 4.872v)°(1- 0.718v)™

> 1:posteri or

[ e e s e e e LA A B B e B s S e |

b4

Hinh 2: D4 thi caa ham mat do tién nghiém, hau nghiém mii Exp(5) caav chit cut trén (0,1)

Céc tham sb trung binh, phuong sai ciia phan phdi tién nghigm mii va chuan chit cut trén
(0,1) va phan phoi hau nghi¢ém caav tinh bai (5), (6), (8) va(9) cho ¢ bang sau:
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mprior mpos Var prior Varpos
Phan phéi mi 0.20308 0.20197 0.00747 0.00581
Phan phéi chuan 0.19322 0.16383 0.03317 0.01241

Nhu vay phan phéi hau nghiém ciia v trong ca hai treong hop déu c6 phuong sai nho hon
dang ké so vai phan phoi tién nghiém ciia nd, nghia la phan phoi hau nghiém caa v gon hon, cho
phép ching ta danh gia dugc v mot cach chinh xéc hon.

4. KET LUAN

Bing phuong phép phan loai va nhan dang Bayes, bai béo da dua ra duoc cong thirc chung
dé xé&c dinh ham mat do xac suat ciia v, vaxét cu thé khi v ci phan phdi chuan vamii chit cyt trén
(0, 1). Chuong trinh tinh toan bang phin mém MAPLE cia bai béo c6 thé rat hitu ich trong thuc
té. Sap t6i ching toi s3 viét lai chuong trinh than thién hon voi nguoi ding dudi dang cira so.

Viéc udc lugng tham sd v cé mot loi ich rat 16n khi phan loai va nhan dang hai téng thé bang
phuong phap Bayes, dac bi¢t latrong viéc danh giasal so trong phan loai.

Van dé trén s3 phic tap hon rat nhiéu khi phan loai hon hai tong thé, ching téi s& trinh bay
trong céc bai bao sau.

Phu luc |
1
TinhI(nk) = cpe ™ (1- Av)“(1- Bv)"“dv
0
Khin= k=0 thi 1(0,0)= 1- e®

1
Khi k=0.n>0thi I(n0)= cpe™(1- Bv)"dv=1- e°(1- B)" - ”—bBl(n- 1,0)
0

1
Khi n=k>0thi I(nn)= ¢pe™@- Av)"dv=1-e"(1- A)"- ”—bAl(n- 1L,n-1)

0
Khin>k>0,dit U= (1-Av)%1-Bv)™ tacé dV = be™dv va
dU = - KA(L-Av)“Y(1-Bv)™ = (n-K)B(1-Av)*(1-Bv)™'dv; v= - &™

Khi do:
1
Ink) = [uv]- ¢ydu
= [ e™(1- av)x@- vyt - k—l?l(n- 1Kk-1)- %l(n- 1K)
= 1-e®(1-A)(1-B)"*- k—Al(n- 1Lk-1)- (n- bk)Bl(n 1,k)

Tich phan truy hoi ndy dan dén cac t|ch phan 1(0,0), 1(p,0) val(p,p) co thé tinh dugc ¢ trén. Nhu
vay bing viéc sir dung céc vong |ap caatich phan truy hoi, 1(n,K) dugc tinh mot c&ch tong quét.
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Vadé tinh I(p,q) véi tham sb b ching téi 1ap trinh tinh toan bang phan mém MAPLE:

tpl:=proc(p,q::nonnegint);

if p=0 then

evalf[ 15] (1-exp(-b));

elseif p>0andq=0then

evalf[ 15] (1-exp(-b)* (1-B)"p-((p* B)/b)* tp1(p-1,0));
fi; fi; end:

tp2:=proc(p,q::nonnegint);

if p=0 and g=0then

evalf[ 15] (1-exp(-b));

eseif p=qthen

evalf[ 15] (1-exp(-b)* (1-A)"p-((p* A)/0)* tp2(p-1,0-1));
fi;fi;end:

tp3:=proc(p,q::nonnegint);

if g=0 and p=0 then evalf[ 15] (1-exp(-b));

elseif g=0and p>0 then tp1(p,q);

eseif p=gand p>0 and g>0 then tp2(p,q);

elseif g>0and p>0 and p>q then

?’?_l 1;[_ 1f5_3] (1a@<p(-b)* ((1-AY"9)* (1-B)N(p-a)}-((q* A)/b)* tp3(p-1,0-1)-(((p-0)* B)/b)* tp3(p-1,0));
LTI T ena:

Phu luc Il
1 (v-m?
TinhL(nK) = ¢g 2° (1- AV)“(1- Bv)"“dv
0
1 (v-m)?
Link) =g 2 (- AV (1- Bv)"“dv

0

1 C(v-m)?
=-As2 e = (1- Av)(1- Bv)" dv
S
0
1 (v-m)

+H1-Am)cp =" (1- A)SH(L- Bv)™Hav

=As 2Q+(1- Am)L(n- 1,k- 1)
1 (v-m)?

TihQ=-—e = (1- Av)(1- Bv)" dv
S
0

(v-m)?
e

v-m
2

it U= (1-AW*Y(1-BV)™, dv = -

(v-mp?

dU = [-(k-1)A(1-AV)“Y(1-Bv)™ — (n-K)B(1-Av)“*(1-Bv)"™ | dv; V= e 2°

1
Khi d6 Q=[uV]; - ¢ydu
0
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~ N
e. u
=& " (1- A" (1-BY)™ U + (k- DAL(-2k-2) + (n-K)BL(N-2k-1)
e ;)
N m)2 N
= e =° (1-A“'(1-B)"™ - e =" + (k- 1)AL(n-2k-2) + (n-K)BL(N-2,k-1)
é _(-my LV
Viy LNk =As 2 & =° (1- A)(1- B)" - e ="l +
& i
+ (k- 1)A%s 2L(n-2,k-2) + (n-K)ABS  L(n-2k-1)+ (1- Am)L(n- 1,k-1).
Tich phan truy hdi ndy s dan den céc tich phan L(p,p), L(p,0) va L(p+1,p).
La(p) = L(p,p) duoc tinh tdng quét bang céch thay thé n= k= p, cu thé:

é (1 m) n? (]
Lap)=As 2 & =7 (1- A)P1-e >’ U+(p 1)A’s ?L(p-2p-2) + (1- Am)L(p- 1, p- 1)
& v
1 (>< m)2 - ® mb
Trong d6 LA(0) = dx-F——-F——
OO G T T s,
L(p,0) = La(p).
é _(1-m)2 m2 u
L(p+1,p)=BSzge 5% (1- A)P- e &7 U+pABS ?La(p-1) + (1- BmL,(p).
e U

Bang viéc sir dung c&c vong lap tacd thé tinh duoc tich phan L(n,k). o
Chuong trinh tinh L(p,q) voi trung binh m va d¢ 1éch chuan a bang phan mém MAPLE
nhu sau:

tpl:= proc(p,g::nonnegint);
if p=0and g=0 then
evalf[ 15] (int(exp(-(x-m)"2/2* a"2) ,x=0..1));
eseif p=1and g=0then
evalf[ 15] (int(exp(-(x-m)"2/2* a"2)* (1-B*x),x=0..1));
eseif p>1and g=0then
evalf[ 15] (B* a"2* (exp(-(1-m)"2/2* a"2)* (1-B) (p-1)}-exp(-n12/2* an2))
+(p-1)* B "2* & 2*tpl(p-2,0)+ (1-B* m)* tpl(p-1,0));
fi; fi;fi;end:
tp2:=proc(p,q::nonnegint);
if g=0 then tp2(p,q)
elseif p=1and q=1then
evalf[ 15] (int(exp(-(x-m)"2/2* a2)* (1-A* X),x=0..1));
eseif p=2and g=1then
evalf[ 15] (int(exp(-(x-m)"2/2* a"2)* (1-A*x)* (1-B*x),x=0..1));
elseif p>2and g=1then
evalf[ 15] (A* an2* (exp(-(1-m)"2/2* a"2)* (1-B)Y{ (p-1)}-exp(-m2/2* a™2))
+ (p-1)* A*B*a"2* tp2(p-2,0)+ (1-A*m)* tp2(p-1,0));
fi;fi;fi:fi; end:
tp3:=proc(p,q::nonnegint);
if g=0 then tpl(p,q);
eseif g=1 then tp2(p,q);
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dseif g>1 then

evalff 15] (A*a"2* (exp(-(1-m)"2/2* a"2)* (1-A)(a-1)}* (1-B)Y (p-a)}-exp(-m"2/2* a"2))+ (-
1)* Ar2* an2*tp3(p-2,0-2)+ (p-q)* A* B* a2* tp3(p-2,9-1)+ (1-A*m)* tp3(p-1,0-1));

fi;fi;fi; end:
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