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STABILITY MECHANISM OF MASONRY SEMI-CIRCULAR ARCHES
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Masonry arches are ancient structures, applied from tunnel works to complex constructions
such as churches, temples, and castles, bearing the aesthetic and unique style of each civilization
across various periods. A masonry arch consists of a series of blocks of a specific size stacked
atop one another to create an upward curve that can maintain its shape and stability through the
interaction of forces among the blocks within the structure. This research elucidates the
principles and stability mechanisms of masonry arches in the case of support displacements.
Focus on investigating the influence of structural thickness on the stability of masonry semi-
circular arches. Simultaneously, it assesses the influence of the surrounding soil on the stability
of the structural system. From there, determine the minimum structural thickness to ensure
stability under different working conditions of masonry semi-circular arches.
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1. Introduction

Robert Hooke described the relationship between a hanging chain and an arch: a
hanging chain forms a catenary in tension under its own weight, while an arch stands in
compression [1]. According to Hooke’s hypothesis, if an "inverted hanging chain" shaped
line of thrust can be found that lies entirely within the masonry, then the structures are
safe, with a minimum dimension of t/R = 0.11166 [2], [3] where the variables t and R
represent the radial thickness and radius measured to the center-line of a circular arch.

Based on Hooke’s hypothesis, Couplet defined the compression force transmission
path in masonry arches to determine the stable mechanism and minimum thickness under
its own weight. According to Couplet, masonry arches become unstable, collapsing into
four parts due to the formation of five hinges in the structure at A, T, K, R, and F (as
shown in Fig. 1). From static equilibrium analysis of the structure, the relationship
between the thickness t of the masonry arches and the radius R can be determined.
Couplet determined the minimum thickness of masonry arches under their own weight as
t/R = 0.101 [4]. However, the author did not determine the exact location of hinges T and
K, which were assumed to be at an angle of 45 degrees. Analyzing the static equilibrium
of block AK, the force acting at A is horizontal and represented by AG. The weight of
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the block passes through the center of gravity H and is represented by GH. Then, the force
transmitted at K must have the same direction as GK, which is not tangential to the
intrados of the masonry arches at K.
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Fig. 1. Couplet’s analytical model.
Later, Heyman used Couplet’s collapse mechanism to analyze masonry semi-
circular arches, ensuring that the thrust at intrados hinges was tangential to the intrados.
The positions of hinges T and K were then determined at f = 58.8 degrees, and the
minimum thickness value was t/R = 0.106 [5].
Ochsendorf, after demonstrating that this solution must be incorrect, provided
results with a minimum thickness for semi-circular arches of t/R = 0.10748 and the
position of the intrados hinge at £ = 54.484 degrees (Fig. 2) [7].
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Fig. 2. Collapse of minimum thickness arch.

Mars, in his study, employed the limit analysis method to assess the static stability
of masonry arches. Mars pointed out that in a structure consisting of blocks, the contact
surface of two adjacent blocks is likely to be compressed, broken, or slide if it exceeds
the allowable strength limit state. With a structure of 16 blocks, up to 6018 cases of
instability can occur [8].

Thus, the research on masonry arches mentioned above is mainly based on
analyzing a compressive force transmission line within the structure and designing the
structure to ensure that its thickness completely covers those lines of thrust (Fig. 3). The
analysis of the stability mechanism of masonry arches is still limited to specific cases and

is not general.
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Individual voussoir Extrados Minimum thrust lines

Fig. 3. Definition of geometry and schematic illustrations showing minimum
and maximum thrust lines in a semi-circular arch.

2. Stability mechanism of masonry semi-circular arches under its own weight

To analyze the stability mechanism of masonry semi-circular arches, the author
conducted research on experimental models. From practical observations, construction
works using masonry arches are destroyed mainly due to the displacement of the arch
foot support. This gives an idea: move the support of the structural model until it
collapses, observing the process to derive a rule about the instability mechanism of
the structure.

2.1. Instability mechanism of semi-circular arches undergoing support displacements

Two experimental models had 20 blocks (voussoir angle = 9 degrees), with
structural thicknesses ratio (t/R) of 0.15 and 0.24, respectively. Experiments were
conducted on the models in three cases: span expansion, span reduction, and abutment
subsidence (results shown in Figs. 4-6).

Fig. 4. Schematic illustrations of the procedure for the determination
of maximum span increase for a semi-circular arch.
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(i) (i) (iii)
Fig. 5. Schematic illustrations of the procedure for the determination
of maximum span decrease for a semi-circular arch.

0] (i) (iii)
Fig. 6. Schematic illustrations of the procedure for the determination
of maximum abutment subsidence for a semi-circular arch.

Thus, the instability mechanism of a semi-circular arch due to support displacement
goes through three stages:

(i) Stage 1: When displacement begins, the force interaction of the blocks in the
structure changes, the thrust lines in the structure change, and hinges A, B, and C begin
to appear.

(i) Stage 2: As displacement increases, the rotation angle at hinges A, B, and C
increases, but the structural system still ensures overall stability.

(iii) Stage 3: Instability occurs when one of the following two conditions
is satisfied:
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- The thrust lines in the structure move to the extrados of the structure (at the arch
foot in the case of span expansion and abutment subsidence; at the crown of the arch in
the case of span reduction). Then hinge D (the 4th hinge) appears in the structure.

- In the case of span expansion and abutment subsidence, block AB rotates
horizontally. In the case of span reduction, block CB rotates vertically.

After this, we have the statically determinate system to determine the stable
equilibrium of the structure in cases of support displacement, as shown in Figs. 7-9.

Fig. 7. Schematic illustration for determining the equilibrium conditions of the internal forces
in a semi-circular arch in the case of supports moving apart (F1 and F; are weights
of the arch segments between two centers; H is the thrust).

Fig. 8. Schematic illustration for determining the equilibrium conditions of the internal forces
in a semi-circular arch in the case of supports moving inwards.

Another challenge lies in identifying the precise location of the hinge on the
intrados of the structure (hinge A or B), which corresponds to determining the exact angle
at which it forms. According to Heyman, the intrados hinge tends to appear at the position
associated with the maximum horizontal thrust when the supports move apart.
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Conversely, when supports move inwards, the hinge appears at the position with the
smallest horizontal thrust. Figs. 10, 11 show the results of calculating the horizontal thrust
value at each position between the blocks in a semi-circular arch of 20 blocks. The results
indicate that when the span is increased, the hinge forms at an angle of 54 degrees. When
the supports move inward, the hinge position shifts to an angle of 45 degrees. These
findings are in complete agreement with the results observed in the experimental model.

Vb

Fig. 9. Schematic illustration for determining the equilibrium conditions of the internal forces
in a semi-circular arch in the case of differential vertical support movement.
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Fig. 10. Graphs of horizontal thrust of a semi-circular arch
to find the location of the intrados hinge £ in the case of spreading supports.
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Fig. 11. Graphs of horizontal thrust of a semi-circular arch to find the location
of the intrados hinge g in the case of inward-moving supports.

2.2. Stability mechanism of masonry semi-circular arches under its own weight

This section investigates the stability of semi-circular arches undergoing support
displacements, based on the statically determinate system given above, and analyzes the
structure when the arch foot is displaced until it collapses.

Determining the exact location of the intrados hinge helps to determine the exact
geometric dimensions and loads acting on the components in the structural system. From
there, an initial equilibrium structural system has been determined, and continuous
calculation of the equilibrium state of a newly formed system due to the displacement of
the support will also be performed until the structural system loses balance and collapses.
The calculation volume is quite substantial because, at each stage of support displacement,
both the shape of the structural system and the applied loads change.

To address this issue, the author has created a calculation program on MATLAB
software, the program’s algorithm is shown in Fig. 12. The calculation result for the largest
displacement of the arch foot with changing structural thickness is shown in Fig. 13.

It can be seen that the results of the support displacement analysis in the three cases
converge as the structural thickness decreases. From this, it can be determined that the
minimum thickness for a semi-circular arch structure under its own weight is t/R = 0.108.
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User inputs thickness ratio t/R. and voussoir size to define a
circular arch;

A

The thrust Hmin (Hmax) and initial hinge
locations / are determined for a very
small increase (decrease) in span length;

The span is increased by a very small
increment, and the arch deforms
according to rigid-body kinematics; :

vy

From the initial hinge locations at a state
of minimum (maximum) thrust, the exact
locus of pressure points is calculated

For the new geometry, the new thrust
is calculated and a new locus of
pressure points is computed;

within the arch:
[

no |

Does the thrust
exceed the stability limit
of the supporting region of the arch?
(i.e. doesthe locus of pressure points
reach the extrados at the
supports?)

Check: Is the locus
of pressure peoints contained within
the arch. or does it become tangential
to the intrados nearer
to the crown?

h 4

If yes., collapse condition
by four-hinge mechanism;

Give output at collapse:

- Initial intracdlos hinge location, f;

- Thrust at the supports Hmin (Hmax);

- % span increase (% span decrease). (x/L)x100.

Fig. 12. Algorithm to determine the collapse state of an arch on displacement of the arch foot.
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Fig. 13. Graphs of the support displacements required for arch collapse
with varying thickness ratio t/R.
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The voussoir sizes in a semi-circular arch will affect the position of the hinge on
the intrados, thereby affecting the result of the support displacements required for arch
collapse. To evaluate the influence of voussoir sizes on the stability of the structural
system, the support displacements required for arch collapse were calculated when the
voussoir sizes changed. For a selected thickness structure of t/R = 0.15, the calculation
result is shown in Fig. 14.
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Fig. 14. Graphs of the support displacements required for a semi-circular arch collapse
with varying voussoir sizes.

The above results show that the voussoir sizes in the structure do not significantly
affect the maximum allowable displacement of the arch foot. When the voussoir sizes are
less than 9 degrees, the results show little variation. This provides flexibility in choosing
Voussoir sizes when applying in practice.

2.3. Stability mechanism of masonry semi-circular arches in soil

In soil, the structural system is subject to soil pressure and limited in movement due
to the elastic resistance of the soil. In Fig. 15, it can be seen that support displacements,
in the case of span expansion and span reduction, are limited because the structure must
move inwards into the soil. The case of abutment subsidence can occur due to the
structural system moving towards the inside of a void, so we will only focus on studying
this case.
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Fig. 15. The deformation of semi-circular archs in soil undergoing support displacements.

Observing the process, it can be seen that the collapse mechanism of the structural
system also occurs in three stages, similar to when only bearing its own weight. The
results from the experimental model are shown in Fig. 16.
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Fig. 16. Experimental results of the procedure for the determination
of maximum abutment subsidence for a semi-circular arch in soil.

To simplify the calculation process, the soil pressure acting on the structural system
in the vertical and horizontal directions is considered to be evenly distributed, as shown
in Fig. 17a. Due to the similarity in the instability mechanism of semi-circular arches
when bearing only their own load and when in soil, the statically determinate arch for
differential vertical support movement is built as shown in Fig. 17b.
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Fig. 17. The semi-circular arches in soil as differential vertical support movement
(a) Calculation diagram; (b) Statically determinate arch.

To evaluate the influence of soil on the stability of semi-circular arches, the
maximum displacement of the arch foot in different soils was calculated. Using the soil
and rock classification system according to M. M. Protodiakonov’s stiffness coefficient
fp, With weak soil having a stability coefficient in the range fip, = 0.3+3.0. The calculation

results are shown in Fig. 18.
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Fig. 18. Graphs of the support displacements required for arch collapse
with varying thickness ratio t/R in different soils.

Note: The experimental model was carried out in moist sand, corresponding to a
consolidation coefficient of fy = 0.6. The value of soil pressure was determined according
to M. M. Protodiakonov’s theory of landslide arch formation.
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From the above results, it is quite interesting that soil is beneficial to the stability of
semi-circular arches. In weaker soil, the stability of the structural system increases even
more. Thus, it can be seen that horizontal pressure is an important factor affecting the
stability of the structural system. The greater the horizontal pressure is, the more stable
the structural system becomes.

From the diagram in Fig. 17, the minimum thickness of the semi-circular arch
structure can also be determined to ensure stability in different geological conditions.

3. Conclusion

In this research, the author conducted tests on experimental models to determine
the instability mechanism of semi-circular arches when support displacements occur.
By determining the support displacements required for a semi-circular arch to collapse in
different cases of voussoir sizes, it is possible to evaluate the influence of varying voussoir
sizes on the stability of the structural system. The results show that voussoir sizes do not
significantly affect the stable operation of the structure. Under the effect of self-weight,
for the structural system to be stable, the thickness of the structure t/R has a minimum
value of 0.108.

In soil, under the influence of soil pressure and elastic resistance, the semi-circular
arches are more geometrically stable than when bearing only their own weight. An
increase in the soil’s horizontal pressure coefficient contributes positively to structural
stability. However, the weaker the soil (the smaller the fx, coefficient), the greater the
value of soil pressure acting on the structure, and it is necessary to check the durability of
the structural material.
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CO CHE ON PINH CUA HE KHOI XEP DANG VOM TRON

Nguyén Vin Hung*
Wien Ky thudt cong trinh dac biét, Truong Pai hoc Ky thudt Lé Quy Pén

Tom tit: Két ciu khdi xép dang vom I dang két ciu co xwra, dwoc &p dung tir cac cong trinh
dudng ham dén cac cong trinh phirc tap nhu cac nha tho, dén, 1au dai... mang dam tinh tham my va
phong céch riéng cua tirng nén vin minh qua ting thoi ky phét trién khac nhau. Vom dang khéi xép
1a tap hop céc khéi c6 kich thude xac dinh duoc dit chdng I1én nhau tao thanh mot duong cong
hudng 1én c6 kha ning tu duy tri hinh dang va su on dinh thong qua tuong tac luc giira cac khoi
trong cau trdc. Bai bao 1am rd quy luat va co ché 1am viéc 6n dinh cua hé két cau khéi xép dang
vOm trong truong hop gbi tua co su dich chuyén. Tap trung khao sat anh hudng cuaa chiéu day két
cAu toi d6 6n dinh cua hé két cau khbi xép dang vom tron. Bong thoi, danh gia anh huéng cia moi
truong dat d4 xung quanh dén sy 1am viéc 6n dinh cia hé két cau. Tir do, xac dinh duoc chiéu day
két cAu tdi thiéu dam bao on dinh trong cac diéu kién 1am viéc khac nhau cua hé két cau khdi xép
dang vom tron.

Tir khoa: Két cau khoi xép; hé khai xép dang vom tron; dwong truyen luc nén.
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