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Abstract

In the context of Vietnam's strategic orientation toward developing nuclear energy, the disposal
of high-level radioactive waste (HLW) from nuclear power plants is a pressing issue that must
be addressed. The long-term storage of HLW in deep geological repositories is a solution being
researched and applied in many developed countries, wherein deep tunnels constitute a
fundamental component of this system. Circular cross-section tunnels at depth are also widely
used for road and high-speed railway tunnels through mountains. Currently, studies on deep
tunnels, where the rock strata often exhibit anisotropic properties, are rarely mentioned and
investigated in Vietnam. This article aims to present an analytical method for evaluating the
stress-strain state of a deep, lined circular tunnel in a dry, anisotropic rock mass, considering
the rock-liner interaction under two conditions: perfect bonding and relative slip. Additionally,
the influence of the tunnel face advance on the stress-strain state of the tunnel is taken into
account based on the well-known convergence-confinement method. The analytical solution
for the interaction problem is developed using the complex potential approach with the
conformal mapping technique and the theory of thin elastic cylindrical shells. The derived
analytical solution is verified against available solutions for several special cases. Based on the
obtained solution, parametric studies of the anisotropic rock mass are conducted to assess their
influence on the liner's response. This analytical solution can serve as a rapid analysis tool for
the preliminary design of deep tunnels in anisotropic rock.

Keywords: Deep tunnel; anisotropy; rock-lining interaction; complex variable method; tunnel
face advance.

Nomenclature

Ad, p Stress release rate, anisotropic angle

X1y Subscripts represent Cartesian coordinates
no Subscripts represent polar coordinates

if Subscripts represent quantities at the rock-lining interface
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1. Introduction

Superscripts represent sub-problems before excavation
Superscripts represent sub-problems after excavation

Young’s and shear modulus of anisotropic rock in Cartesian coordinates
Directional Poisson’s ratio of anisotropic rock

Young’s modulus and Poisson’s ratio of the tunnel lining
Cross section, moment of inertia, thickness, and radius of liner
Thrust force and bending moment of the liner

Hoop stresses of interior and exterior fibres of liner

Hoop stresses of interior and exterior fibres of liner
Displacements in Cartesian coordinates

Displacements in polar coordinates

Stresses in Cartesian coordinates

Strains in Cartesian coordinates

Original normal and shear stresses at far-field

Normal and shear stresses at far-field under stages

Normal and shear stresses at far-field in problem a2

Normal and shear stresses at far-field in problem bl

Normal and shear stresses in polar coordinates

Complex roots of the characteristic equation

Complex number, zx = x + wy (K =1, 2)

Complex number depends on z through conformal mapping
Stress function and its derivative (k = 1, 2)

Globally, deep circular tunnels have been widely employed as optimal load-bearing

structures in numerous fields, including underground transportation, mining, and the oil and
gas industry, particularly in road and railway tunnels constructed using Tunnel Boring
Machine (TBM) technology. In the context of Vietnam's strategic orientation toward
nuclear power development, alongside the demand for national energy security and the
commitment to achieve net-zero emissions by 2050, the requirement for the safe disposal
of high-level radioactive waste is becoming increasingly apparent. This remains one of the
most pressing challenges that any nation pursuing nuclear power must address.
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Internationally, one of the most promising and widely studied approaches is the storage of
nuclear waste in deep geological repositories, where the deep strata act as a natural barrier
preventing the outward diffusion of radionuclides. These facilities are among the most
technically complex structures due to the stringent demands for long-term stability and
safety in nuclear waste storage, of which deep tunnels are an indispensable component.

Methods for evaluating the stress-strain state of a tunnel lining are generally categorized
into three main approaches: experimental methods, through monitoring and measurement of
lining displacements; numerical simulation methods, using codes based on finite element or
finite difference methods, etc.; and analytical methods. Although the analytical method requires
certain simplifying assumptions, its benefits are undeniable. For instance, it: (1) provides a
profound insight into the mechanical nature of the problem, (2) serves as an effective tool for
assessing the importance of various parameters, (3) can be used to validate and calibrate
numerical models, and (4) offers rapid response times. These are all essential factors in the
engineering of a tunnel project, especially during the preliminary design phase.

In the literature, numerous contributions regarding the stress-strain state of the lining
and the surrounding rock mass of deep tunnels can be found. Within the analytical approach,
the works of Bobet [1]-[4], Nam [5], and Carranza-Torres [6] are notable. These contributions
are primarily based on the assumption of a homogeneous and isotropic rock mass. However,
deep sedimentary or metamorphic rock strata often possess a foliated structure and therefore
exhibit anisotropic characteristics. This has been demonstrated by Duncan and Goodman [7],
Amadei and Goodman [8], [9], and Wittke [10]. Studies have shown significant discrepancies
between the stress-strain state of a tunnel in an isotropic rock mass and that in an anisotropic
one, as concluded by Rahn [11], Tonon and Amadei [12].

In recent years, several analytical solutions for deep, lined circular tunnels in
anisotropic rock have been developed. Bobet [13], [14] and Tran [15] provided a closed-
form solution for hydro-mechanical problems. Tran [16], [17] further developed and
proposed a solution that considers the tunnel face advance by incorporating a stress release
ratio. Unlike the case of tunnels in isotropic rock, where the lining is subjected only to
compression, in anisotropic rock, the lining experiences not only compression but also
bending moments, which are unevenly distributed along its circumference. This
phenomenon can lead to relative slip between the liner and the rock mass. The full slip
condition at the rock-liner interface was first mentioned by Tran [18] and later analytically
investigated by Bobet [19]. However, Bobet's solution was only applicable to the case
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where the liner is installed immediately after excavation, meaning the excavation and
support installation process is instantaneous. In this scenario, the entire rock pressure is
transferred to the liner. In practice, this is not feasible, especially when designing and
constructing tunnels using the New Austrian Tunneling Method (NATM), which utilizes
the load-bearing capacity of the rock mass, leaving the liner to support only a fraction of
the rock pressure. The consideration of the liner bearing only a portion of the rock pressure
through a stress release factor prior to lining installation was addressed in Tran [17].
Nevertheless, the rock-liner interaction in that work was limited to the perfect contact.

In Vietnam, research on deep circular tunnels in anisotropic rock, as well as on the
rock-liner interaction, remains quite limited. Although there are also some authors
considered these problems in Vietnam [20], [21], they still used numerical models but did
not develop analytical solutions.

In this work, based on the complex potential function method and the conformal
mapping technique proposed by Lekhnitskii [22], combined with the theory of thin elastic
cylindrical shells, an analytical solution is developed to evaluate the stress-strain behavior
of a deep, lined circular tunnel. The rock-liner interaction, with two extreme cases of
perfect bonding (tied contact) and full slip, is considered along with the effect of the
tunnel face advance. The results are then validated against Bobet's results for a special
case. To assess the influence of various parameters on the internal forces within the liner,
a series of parametric studies is performed.

2. Analytical solutions
2.1. Problem description

Consider a lined circular tunnel deeply embedded in a dry, elastic, and transversely
anisotropic rock mass as illustrated in Fig. 1. The analytical solution for the tunnel is
developed based on the following assumptions: (1) the tunnel is situated in an infinite
medium and is subjected to a uniform in-situ stress field distributed throughout the entire
surrounding medium; (2) the tunnel lining is elastic and behaves as a thin cylindrical shell;
(3) the tunnel satisfies the conditions to be analyzed under a plane strain state.

In this study, the advancement of the excavation face is taken into account through
the stress release ratio (14). When the lining is installed at the analyzed cross-section, the

rock mass surrounding the tunnel has already released a proportion of stress, denoted by
the ratio Aq.
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Fig. 1. The original problem of a deep circular tunnel in anisotropic dry rock, considering
tunnel face advance, is decomposed into 2 smaller problems (Problem a and b).

Based on the principle of superposition in linear elasticity, the problem under
consideration can be decomposed into component problems (or sub-problems) as
illustrated and labeled in Fig. 1. Accordingly, o, and r, are stresses acting along the

tunnel wall and can be calculated from far-field stresses by Eq. (1) [13]. Meanwhile, p/®
and pg°® are interaction stresses that act on the tunnel wall and on the liner extrados. It
should be noted that the interaction stress components acting on the tunnel wall and the
lining extrados are equal in magnitude but opposite in sign. Their magnitudes are
represented as in Eq. (2) in terms of Fourier expansions [13].
o =—%(O'hﬁ +of )+%(O’Vﬁ s )COS(ZH)—T\; sin(20)

7, =—=(0," —0y )sin(20) -z, cos(20) 1)
o =—(0Vﬁ —o )Sin(Zﬂ)

=o,+ Y, 0, c08(nd)+ D oy sin(nd)
n=2,46... n=2,4,6...

. - )
= > zusin(nd)+ D 7, cos(nd)
n=2,46... n=2,46...

INEQ. (2), 00,04, 05, 7o, 75 (N1=2,4,6,...) are the constants of the Fourier expansion, which

are determined from the interaction conditions at the rock-lining interface, i.e., depending on
either the bonded (perfect contact) condition or the sliding (relative slip) condition.
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Tran et al. [17] decomposed the tunnel stress state into two stages: immediately before
and immediately after the lining installation. Accordingly, the stress state prior to lining
installation is decomposed into two sub-problems, al, a2 whose calculations comply Eg. (3),
whereas the stress state after lining installation comprises three sub-problems, b1, b2, and b3
under Eq. (4), as illustrated in Fig. 1.

Cp ="M %(G\,ﬁ +o )+%(avﬁ —ah”)cos(2/)’)}

1 f ff 1 ff ff
o= A, E(UV A )_E(GV -0, )cos(Zﬁ)} (3)

Ty = A4 _%(O‘vﬁ —a )sin(Zﬂ)}

1 1
o, = (l— Ay ) E(a\,ﬁ +o) ) + §<0"ﬁ o )COS(Zﬂ)}
1
(O'ﬂ +0hﬁ)_5(gvﬁ _o'hﬁ)COS(Zﬂ):l (4)
o = (1= 24) _§<0'Vﬁ — o' )sin (Zﬂ)J
2.2. Complex potential method for a deep lined tunnel in an anisotropic elastic medium

o™ =(1—ld)

It is evident that Problem al is homogeneous. In contrast, Problems a2, b1, and b2
belong to the class of problems involving a circular opening in an infinite anisotropic
elastic medium, subjected to distributed tractions acting on the boundary. A solution
method for this type of problem was first proposed by Lekhnitskii [22] and subsequently
applied to various engineering problems. Problem b3 is a thin elastic cylindrical shell. A
brief overview of this solution method is presented below.

Based on the plane strain condition, any point within the surrounding rock mass

must satisfy the equilibrium equations, the elastic constitutive equations, and the strain
compatibility equations, respectively:

%+ 07y, _o; 07, N oo, 0 5)
ox oy ox oy
&, C C, 0) o
& |=|C, C, 0o, (6)
” 0 0 C iz,
0 2 &
Ey _0 gzx n gzy @
oxoy oy®  OXx

In Eq. (6), the compliance coefficients are defined as follows [15]: v,, =v, E, /E,;
Co=(1-v.")/E; Cy=—v, (1+v,)/E,; Cy=(1-v,v, ) /E,; C,=YG, .
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For the determination of the stress components, the Airy stress functions F(x, y)
were utilized by Lekhnitskii [22], and they are defined as follows:

O°F (X, 2 O°F (X,
szﬁ; o :l):’y), TXYZ_M (8)
oy Y ox OX0y
Substituting Egs. (5) and (8) into (6), one obtains the compatibility equation in
terms of Airy stress functions, following:

0'F o0'F 0'F
C1W+(2C2+C4)6y26x2 +C, v =0 (9)
To solve Eq. (9), Lekhnitskii [22] defined the complex variables zx = x+uy (withk =1, 2)
where wu are the complex roots with positive imaginary parts of the characteristic equation:

Cyu + (2C2 + Ca)u? + C3 = 0. Thus, the strain compatibility equation takes the following form:

o'F
[Custf +(2C, +C,) 4 +C3]?=0 (10)

Lekhnitskii [22] used the conformal mapping technique, which transforms the infinite
domain exterior to the tunnel circumference in the physical plane onto the infinite domain
exterior to the unit circle in the so-called transformed plane. The conformal mapping is
represented by the relationships as follows:

2 2 2
gkzzszk_r? (+s) (with k =1,2) (11)
o (1_ 'ﬂk)

It should be noted that the tunnel problem in this study is a boundary value problem
and is solved using the complex variable method [23]. To simplify the analysis, the
problem is initially solved in the transformed plane, and the solution in the physical plane
is subsequently obtained by applying an inverse transformation.

Lekhnitskii introduced two complex potentials, ®1(z1) and ®2(z2), as in Eq. (12),
which are the partial derivatives according to complex variables z.

O, =F'(z,)=0F/0z,;®; = ®;(z,) =00, /o7, 12)

®, =F'(z,)=0F/0z,; D, =®)(z,)=0D, /o1,

Based on the boundary conditions at the tunnel boundary and at infinity, the two
potential functions were proposed by Lekhnitskii [22] in the following forms:

= 1 1 = 1
q)l 1) = bm_ m _m; © == bm_ m/ m 13
(z1) i ;( Ha )é,l 2(2,) -1t ;( ha )4,2 (13)
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where the coefficients am, bm are complex constants, which are determined from the
boundary conditions on the tunnel wall. The stress and displacement components can then
be determined using the following expressions:

o, =2Re( 1 @'+ 11’ ®",); U, =2Re(p®, + p,d,);
o, =2Re(D'+d",); U, =2Re(q®, +0,D,); (14)
Ty =—2Re( @'+ 1,d",)

in which Re stands for real parts; ps:, P2, 01, 9. are functions of compliance coefficients:
p1 = Cyua®+ Cp; p2 = Cyo® + C2; 01 = Cous + Ca/ua; g2 = Cauz + Ca/ua.
The solution for homogenous Problem al is as follows:
oL =0,; 0,=0,; Ty =7y; U, =U =0 (15)
Stresses and displacements for an unsupported cavity as Problems a2 (ov — o1,
oh — oht, Tvh — wvh1) and bl (ov — ov2, on — on2, h — Twh2) €an be calculated by Eq. (14)
using the forms of complex potentials and their derivatives below:

-

“' :_% |m(:ul)?|m(ﬂ2){|:1+lm(lu2):|r\/h el im(s)e; _ah]i}éil (16)
D,, Z% |m(,ul)? Im(yz){[1+ Im(ul)]rvh +[Im(,ul)0v —O'h]i}é2 (17)
. 1 O'h—|m(y2)0v+[l+|m(y2)]fvhi
P = Im()—-Im () [1+1m () ]S —1+1m(14) (18)
o 1 Gh—lm(,ul)O'V+[1+lm(,ul)]rvhi
O S i () - m(y) [Lr im ()] 22 15 1 (as) (19)
Similarly, the complex potentials and their derivatives for the Problem b2:
o 1 r, 2(1— Im(yz))ao +(0'AZ — Ty )(1+ Im(,uz))... 1
M aIm () - Im(w,) +(crBZ +rBz)(1+ Im(u,))i - 0
20
N i 1[(1'm("‘Z))(GmJFTMJFUBMiTanli)---]i}
n-35,7.. 1N +(1+ Im( 1, ))(0'AM T, tog i+ TBMi) -
o 1 r, 2(1— |m(,LL1))O'O +(0'A2 —TAQ)(]:I— Im(,ui)) 1
21 4 Im(,ul)— |m(/12) +(0'B2 +TBZ)(1+ |m(/11))i - ,
1
{(1—Im<ul>)< )

Op +Tp . +GBM'_TBM')'"] 1 }

+(1+ |m(lu’l))(0Aw+1 _TAM + GBmi +TB”+1i)
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1 1

2(Im(/¢l)—lm(,uz))[(l+ Im(z4)) &7 —1+ |m(ﬂl)]
X{[Z(l_ |m(,u2))00 +(1+ Im(ﬂz))x(aA2 —Tp, T O +Tszi)] (22)

(1-1m(,))(on, +7An1+UBn1iTBn1i)"}i}

+(1+Im(y2))( _TMJFO'BM”IBMi) &
1

M ()= ()] (1+1M(21,)) ;> =1+ Im(1z,) ]

(1+Im(,ul))x(aAg -7, +aBZi+rBzi)] (23)

{(1—Im(,ul))(a,,m+r,,m+aBnli—rB“i)..} 1 }

+(1+ Im("‘l))(am —7, +0g | +rBMi) &

in which Im stands for imaginary parts.
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n=3,5,7..

Through Fliigg’s solution for a thin cylindrical shell, displacements of the tunnel
lining in Problem b3 can be calculated [24] as follows:

gro_ v, cos(9)-C sin(9)+1_ sy,
COE(L+A) " ¢ 2EI, °

X{llz{(z% o) _3/'\55%}05(9)%12[(2652 g, )1y +3/'£r52]sin(9)

+ 3 (n_l)‘%,l_rf\m+(n+1)°'m_7w pze el T Tau |cos(n 24
N D N

n*(n-1)"(n-2) n*(n+1)"(n+2

R (n-1og +75 +(”+1)UBH,1+TBM p_de| T e in(n
n=3v25“,7”_'[[n2(n_1)2(n—2) nz(n+1)2(n+2)]0 [(n—l)2 (n+1)* } (9)}

b3 1-vf 4 i 1-v¢
- s 9 C H S
’ Es(ls+r02&)r° o,sin(6)+C, cos( )+ZEsIs r,

{—112[(20'Az —TAz)roz —Bkrﬁjsin(9)+112((20'sz +T52)r02 +3LZ152JCOS(9)

LS (n-1)o,, 74, (”+1)‘7m_fm]rz+|s[ Ay, TAs ﬂ in(n
2 M Py (-2 w(neayne2))” ALy ey )
M (n-1)oy +TB“_(n+1)‘73"_1+fs“]r2_k[ Ty, . Tp ﬂcos o }

Z M n-1(n-2) n*(n+1’(n+2))° Al(n-1° (n+1) ()

Finally, the thrust force Ts, moment distribution Ms, tangential stresses of interior

w

and exterior fibers oy'™, o5, and their strains '™, &> of the lining can be obtained by
equations as follows:
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int _ s 4 : —_s

%o A 21 . A 21 (26)
int 1_V2 in ex 1_V2 ex

gat: ES Gyt; 59t: ES O-at (27)

M o, —NT Nog +75 7
T, =0, - Z {(A“z—lA"JroCos(n9)+[ﬁ+ﬁ]r‘0$in(n9)} (28)

n"— n

M, = _é;am {[—r;o(,;z—r{; ] r,> cos(nd)+ {—T}?;”;rjls)n J r.2sin (nﬁ)} (29)

To determine the rock-lining interaction stresses (pi°, p¢°), the constants oo, o, ,
0y, Ty 75 1N EQ. (2) must be determined. These constants are determined from the

interactive conditions at the rock-lining interface, which defines the relationship between
the displacements of the rock mass and those of the lining. The interactive conditions
between the rock mass and the lining include two cases: perfect contact (or tied contact)
and relative slip (or full slip). The perfect contact condition occurs when the friction
between the rock mass and the lining is high, and the shear interaction stress does not
disrupt the mutual action of the rock-lining system. Conversely, when the friction is low
(possibly due to a thin waterproofing membrane or a groundwater drainage layer installed
at the lining extrados), the lining or rockmass can displace relatively freely, implying the
occurrence of relative slip between the rock mass and the lining [17].
2.3. Tied contact boundary condition
For the tied contact condition, the rock mass entirely contacts with the tunnel lining,
meaning that displacements at the rock-lining interface from the side of the rock mass
and the side of the tunnel lining are the same. The boundary conditions of this case are
as follows:
ut+uP-u®=0
UM +U2-U"=0 (30)
¢, =¢,=c0s0+ising
At this time, the constants oo, o, , 05, 7, , and r, are determined based on

equating coefficients of cos(n6) and sin(z6). Once the constants of Eq. (2) are determined,
meaning that the rock-lining interaction force is determined, the solution of the Problem
b2 is obtained through Eq. (14), and the solution of the Problem b3 is obtained through

167



Section on Special Construction Engineering - Vol. 08, No. 02 (Dec. 2025)

Egs. (26)-(29). Thus, the entire solution for the deep lined circular tunnel in anisotropic
rock with the tied contact condition of the rock-lining interface is derived.
2.4. Full slip boundary condition

Under the full slip condition of rock-lining interaction, the rock mass only transmits
normal stress without transferring tangential stress. In other words, only radial
compression is transmitted through the rock-lining interface, and sliding displacement is
free. Accordingly, boundary conditions must be satisfied following the relationship:

U +U2 -UP)cos(d) + (Ut +U % —U ®)sin(0) =0
(o) —o) )sin(0)cos(6)+17}, cos(20) =0 (31)
¢, =¢,=cos@+isind

in which, stress components o' ,a‘yf and rfy at the interface can be calculated by:

if _ bl b2, _if _ bl b2. if _ bl b2
o, =0, +t0,°,0, =0, +0,", 7T, =1, + 7, (32)

Similarly, the constants of cos(n#), sin(nd), and cos(6)sin(¢) will be found by the
aforementioned method of equating coefficients. The final solution of the full slip problem is
reached when the rock-lining interaction force is determined.

3. Validation of the analytical solution

In order to validate the analytical solution with consideration of rock-lining
interaction conditions, the obtained solution for the case that the stress release rate Ag = 0
is compared to the results from Bobet [19]. In this part, a deep lined circular tunnel with
aradius of ro = 3 m supported by a liner with 0.3 m of thickness is considered. Assuming
that the tunnel is placed at a depth of 500 m underneath the earth's surface with in-situ
stresses on = ov = 12.5 MPa. The properties of rock mass are as follows: Ex = 5600 MPa;
Ey = 4000 MPa; v, = 0.3; vy = 0.14; Gxy = 1600 MPa. The lining has elastic parameters:
Es = 20000 MPa; vs = 0.3. Figures 2 to 4 compare key results — including interaction
stresses, stresses at the intrados and extrados, displacements, thrust, and bending
moments — derived from the present analytical solution and Bobet's solution. The results
from the present solution show excellent agreement with those from Bobet's solution,
which was previously validated using a well-known finite element software. With all
quantified differences below 0.1%, this comparison confirms the accuracy and reliability
of the proposed solution.
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Fig. 4. Comparisons of thrust force and bending moment of tunnel lining.

4. Parameter study

In this part, several variations in rock mass and tunnel lining parameters will be
investigated that show dependences of stress-strain-displacement-force of the liner on
other factors. Furthermore, this investigation can also help illustrate which factors have
the most influence. Some changes in A4, ke = Ex/Ey, ks = Ex/Gyxy, vyx, ko = on/ov, and
ks = Ex/Es will be carried out. Precisely, all states in both contact conditions in only the
case of changing Aq are fully investigated; the other parametric studies are only addressed
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under the slipping contact condition. The parametric studies in this work can be
considered expanded results of Tran et al. [17], whose tied contact condition considering
tunnel face advance has been investigated quite thoroughly.

4.1. Investigation for various stress release rates

A variation of stress release rates is performed in some cases, such as 1¢ = 0.7,
A4 =0.8,and 4g = 0.9. Arise in A4 value from 0.7 to 0.9 exhibits an increase in the distance
between the tunnel face and the location of liner installation. Figs. 5-7 show that in the
case where the values of Aq are raised, the stress fields of the rock mass, stresses, and
internal force components of the tunnel lining decrease, whereas the displacement
components witnessed an upward trend. Especially, the bending moment tends to become
more uniformly distributed. This is suitable for mechanical behaviors since radial
displacements of the unsupported cavity lead to a stress release phenomenon in the rock
mass. It makes the amount of remaining stress, which the liner has to bear at the moment
of installation, significantly diminished.
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Fig. 6. Stress-strain state change of the tunnel lining when varying Aq.
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4.2. Influence of anisotropic rock stiffness
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In this study, the ratio of ke = Ex/Ey takes the values of 1.4, 3.0, and 6.0, in which
Ey remains constant, only Ex changes. This investigation is carried out in the case that
Ad = 0.8. The ratio ke = Ex/Ey represents anisotropic levels of the rock mass. The
investigation result shows that the more anisotropic levels, the more bending moment the
tunnel lining is subjected to (Fig. 8). In comparison with the basis problem where ke ratio
is equal to 1.4, the figures for the ratio values of 3.0 and 6.0 are 125% and 186%,
respectively. Meanwhile, the thrust force and both hoop stresses at the interior and
exterior fibers of the liner modestly decrease, by only about 10%.
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4.3. Influence of shear modulus

For the purpose of evaluating the effect of the shear modulus on the liner's stress-
strain state, the ratio ks = Ex/Gyy is set to the values of 3.5, 6.0, and 10.0, in which Ex
remains unchanged while Gyy varies. It should be noted that this investigation is also
carried out in case that ¢ = 0.8. This scenario represents a case where the shear modulus
of the rock mass declines relative to its maximum directional stiffness. Some results are
presented in Fig. 9. As the shear modulus decreases (i.e., as the ratio ke = Ex/Gyy
increases), all stress and internal force components exhibit a moderate enhancement. The
maximum increase observed is 37% (corresponding to Ex/Gxy = 10) when compared to

the basis problem’s kg value of 3.5 (Fig. 9).
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Fig. 9. Effect of shear modulus on stress-displacement state

and internal forces of tunnel lining.

4.4. Influence of Poisson’s ratio

In this scenario, Poisson's ratio vy is varied, taking values of 0.14, 0.22, and 0.3.
This investigation is conducted while holding A4 constant at 0.8. It is observed from
Fig. 10 that, as the Poisson's ratio vy is raised, the bending moment of the liner decreases
significantly, reaching a maximum reduction of 35% at vy = 0.3 compared to the basis
value of vy = 0.14. Meanwhile, other components only increase marginally by about 5%.
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and internal forces of tunnel lining.

4.5. Influence of lateral pressure coefficient

The influence of the lateral stress ratio, ko = on/ov, is investigated by setting its value
to 1.0 (basis problem), 0.9, and 0.8. This variation is achieved by keeping oy constant,
and the analysis is conducted at A¢ = 0.8. Figure 11 shows that the change in ko
considerably affects the liner's mechanical response. While a decrease in ko from 1.0 to
0.8 results in a moderate reduction (just over 10%) in axial force and hoop stresses, it also
induces a substantial increase in the bending moment by more than 200%.

4.6. Influence of liner stiffness

The influence of the stiffness ratio, ks = Ex/Es, is investigated by setting its value to
0.28, 0.5, and 1.0. This variation is achieved by changing the liner modulus (Es) while the
rock modulus (Ex) is held constant. This investigation is conducted at Aq = 0.8. Using
ks = 0.28 as the basis case, the results derived from Fig. 12 show that as ks increases (i.e.,
the liner becomes more flexible relative to the rock), the stress states and internal forces
within the lining are significantly reduced. Specifically, these values decrease by
approximately 30% and 60% for ks values of 0.5 and 1.0, respectively, compared to the
basis case.
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Fig. 12. Effect of liner stiffness on stress-displacement state and internal forces of the tunnel lining.

174



Journal of Science and Technique - ISSN 1859-0209

5. Conclusion

This study has established a comprehensive analytical solution to evaluate the
stress-strain state of a deep, lined circular tunnel embedded in anisotropic dry rock. The
solution was systematically developed by integrating the complex potential approach and
conformal mapping technique, as proposed by Lekhnitskii, with the theory of thin elastic
cylindrical shells.

This analytical framework enabled the primary contribution of this work: the
simultaneous integration of the tunnel face advance effect (quantified by a stress release
factor) with two extreme mechanical interaction conditions at the rock-liner interface:
tied contact (perfect bonding) and full slip.

The solution's accuracy was successfully validated against published results from
Bobet for specialized cases. Subsequent parametric analysis revealed that while multiple
factors have an influence, the anisotropic characteristics of the rock mass and the lateral
pressure coefficient (ko) are the most dominant factors governing the liner's mechanical
response. It was demonstrated, notably, that a decrease in the ko coefficient from 1.0 to
0.8 induced a substantial increase in the liner's bending moment by over 200%.

The obtained analytical solution provides a rapid and accurate analysis tool, highly
useful for the preliminary design phase of deep tunnels. Furthermore, it can concurrently
serve as a reliable benchmark for the validation and calibration of more complex
numerical models.

References

[1] A Bobet, "Analytical solutions for shallow tunnels in saturated ground", Journal of Engineering
Mechanics, Vol. 127, 2001. DOI: 10.1061/(ASCE)0733-9399(2001)127:12(1258)

[2] A. Bobet, "Effect of pore water pressure on tunnel support during static and seismic
loading”, Tunnelling and Underground Space Technology, Vol. 18, pp. 377-393, 2003.
DOI: 10.1016/S0886-7798(03)00008-7.

[3] A. Bobet, "Ground and liner stresses due to drainage conditions in deep circular tunnels”,
Felsbau, Vol. 25, pp. 42-47, 2007

[4] A. Bobetand S. W. Nam, "Stresses around pressure tunnels with semi-permeable liners",
Rock Mechanics and Rock Engineering, Vol. 40, pp. 287-315, 2007. DOI: 10.1007/s00603-
006-0123-6.

[5] S.W.Namand A. Bobet, "Liner stresses in deep tunnels below the water table™, Tunnelling
and Underground Space Technology, Vol. 21, pp. 626-635 2006. DOI:
10.1016/j.tust.2005.11.004

175


https://doi.org/10.1016/S0886-7798(03)00008-7
https://doi.org/10.1016/j.tust.2005.11.004
https://doi.org/10.1016/j.tust.2005.11.004

Section on Special Construction Engineering - Vol. 08, No. 02 (Dec. 2025)

(6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

176

C. Carranza-Torres and J. Zhao, "Analytical and numerical study of the effect of water pressure
on the mechanical response of cylindrical lined tunnels in elastic and elasto-plastic porous
media", International Journal of Rock Mechanics and Mining Sciences, Vol. 46, pp. 531-547,
2009. DOI: 10.1016/j.ijrmms.2008.09.009

J. M. Duncan and R. E. Goodman, Finite Element Analysis of Slopes in Jointed Rock: A
Report of an Investigation, Vicksburg, MS, 1968.

B. Amadei and R. E. Goodman, "A 3-D constitutive relation for fractured rock masses", in
Proceedings International Symposium on Mechanical Behavior of Structured Media, 1981,
pp. 249-268.

B. Amadei and R. E. Goodman, "Formulation of complete plane strain problems for
regularly jointed rocks", in The 22nd U.S. Symposium on Rock Mechanics, Cambridge,
Massachusetts, June 1981, ARMA-81-0245, 1981.

W. Wittke, Rock Mechanics Based on an Anisotropic Jointed Rock Model (AJRM):
Wittke/Rock Mechanics Based on an Anisotropic Jointed Rock Model (AJRM), 2014.

W. Rahn, "Stress concentration factors for the interpretation of "doorstopper" stress
measurements in anisotropic rocks", International Journal of Rock Mechanics and Mining
Sciences & Geomechanics Abstracts, Vol. 21, pp. 313-326, 1984. DOI: 10.1016/0148-
9062(84)90364-4

F. Tonon and B. Amadei, "Effect of elastic anisotropy on tunnel wall displacements behind
a tunnel face", Rock Mechanics and Rock Engineering, Vol. 35, pp. 141-160, 2002 DOI:
10.1007/s00603-001-0019-4

A. Bobet, "Lined circular tunnels in elastic transversely anisotropic rock at depth", Rock Mechanics
and Rock Engineering, VVol. 44, pp. 149-167, 2011. DOI: 10.1007/s00603-010-0118-1

A. Bobet, "Deep lined circular tunnels in transversely anisotropic rock: complementary
solutions”, Rock Mechanics and Rock Engineering, Vol. 49, pp. 3817-3822, 2016. DOI:
10.1007/s00603-016-0942-z

N. H. Tran, D. P. Do, and D. Hoxha, "A closed-form hydro-mechanical solution for deep
tunnels in elastic anisotropic rock", European Journal of Environmental and Civil
Engineering, VVol. 22, pp. 1429-1445, 2018. DOI: 10.1080/19648189.2017.1285253

N. H. Tran, T. T. N. Nguyen, D. P. Do, T. T. Nguyen, and C. Q. Cao, "Extend convergence-
confinement method for deep tunnels in poroelastic anisotropic medium", MATEC Web of
Conferences, Vol. 251, 2018. DOI: 10.1051/matecconf/201825104051

N. H. Tran, D. P. Do, D. Hoxha, N. Vu, and T. T. N. Nguyen, "Analytical poro - elastic
solution of deep lined tunnels in anisotropic rock with consideration of tunnel face
advance”, International Journal for Numerical and Analytical Methods in Geomechanics,
Vol. 48, pp. 3091-3118, 2024. DOI: 10.1002/nag.3786

M. H. Tran, "Comportement des tunnels en terrain poussant”, Thése de doctorat, Université
Paris-Est, 2014.

A. Bobet, "Deep tunnel in transversely anisotropic rock with groundwater flow", Rock Mechanics
and Rock Engineering, Vol. 49, pp. 4817-4832, 2016. DOI: 10.1007/s00603-016-1118-6


https://doi.org/10.1016/j.ijrmms.2008.09.009
https://doi.org/10.1016/0148-9062(84)90364-4
https://doi.org/10.1016/0148-9062(84)90364-4
https://doi.org/10.1051/matecconf/201825104051

Journal of Science and Technique - ISSN 1859-0209

[20] T.T.Minh, B. N. Théai, . T. Thanh va N. D. Phong, "On dinh cac duong 10 duéi sau trong
da yéu sir dung hé thdng neo hai muc", Tap chi Cong nghiép M6, S6 2, Tap 2, tr. 16-23, 2022.

[21] V. V.Pham, N. A. Do, P. Osinski, N. T. Do, and D. Dias, "Study on the tunnel shape and
soil-lining interaction influencing the lining behavior under seismic loading”, Earthquake
Engineering and Engineering Vibration, Vol. 23, pp. 845-862, 2024. DOI:
10.1007/s11803-024-2276-2

[22] S. G. Lekhnitskii, Theory of Elasticity of an Anisotropic Body. Holden-Day, San Francisco,
1963.

[23] N. I. Muskhelishvili, Some Basic Problems of the Mathematical Theory of Elasticity. Noordhoff
Groningen, Holland, 1953.

[24] W. Fligge, Stresses in Shells, Springer-Verlag, Berlin, 1960. DOI: 10.1007/978-3-662-01028-0

UNG DUNG PHUONG PHAP GIAI TICH PANH GIA TRANG THAI
UNG SUAT - BIEN DANG CUA VO HAM TRON DPAT SAU TRONG
NEN DA DI HUONG KHO CO XET TOI TUONG TAC KHOI
PA - VO HAM VA CAC GIAI POAN THI CONG

Vii Tung Lam?, Tran Nam Hung?, Pham Duc Tho?
Wien Ky thudt cong trinh dac biét, Truong Pai hoc Ky thudt Lé Quy Pén
2Truong Pai hoc Mé - Pja chdt

Tom tat: Trong bdi canh Viét Nam dinh huéng chién lugc phét trién nang luong hat nhan,
viéc xir ly chat thai phong xa hoat d6 cao (HLW) tir cc nha méy dién hat nhan 1a mot van d& cép
bach can dugc giai quyét. Viéc luu trir 1au dai HLW trong céc kho chira dia chat sau 1a mét giai
phap dang dugc nghién ctru va &p dung & nhidu nudce phaét trién, trong d6 ham dat sau 1a mot thanh
phan co ban cia hé thong nay. HAm dat sau c6 tiét dién tron ciing dwoc sir dung réat rong réi ddi véi
cac ham duong bo va duong sit toe do cao xuyén ndi. Hién nay, cac nghién ciu vé& ham dit sau, noi
cac tang da thuong biéu hién tinh chét di hudng, it duoc d& cap va nghién ctu ¢ Viet Nam. Bai bao
trinh bay mét phuong phap giai tich dé danh gid trang thai ng suat-bién (dang cua mot ham tron cé
Vo dit sau trong nén da di huong kho, c6 xét dén twong tac khéi da-vo ham theo hai diéu kién: lién
két hoan hao va truot trong ddi. Ngoai ra, anh huong caa budc tién guong dao dén trang thai tng
sut-bién dang cuia vo ham ciing duoc tinh dén dya trén phuong phap hoi tu-khdng ché hoi tu ndi
tiéng. Loi giai giai tich cho bai toan tuong tac duoc phét trién bang cach st dung phuong phap ham
thé phirc két hop véi ky thuat 4nh xa bao giéc va Iy thuyét vo tru mong dan hoi. Loi giai dé xut s&
duogc kiém chang vai cac 1oi giai co sin cho mot s6 trudng hop dic biét. Dya trén loi giai thu duoc,
céc nghién ctu tham s vé khdi da di huéng duoc tién hanh dé danh gia anh huéng ciia ching dén
{rng xir cua vé ham. Phuong phép giai tich nay cé thé duoc sir dung nhu mét cdng cu phan tich
nhanh dé thiét ké so bd cac duong ham dat sau trong nén da di husng.

Tir khoéa: Ham dat sau; di hudng; tuwong tac khéi dd-vé ham; phwong phdp bién phirc;
buoc tién guwong dao.
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