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Abstract

In this article, the first-order shear deformation theory (FSDT) and Navier’s solution are used
to establish analytical solutions for analyzing the deflection and stresses of FGM sandwich
plate structures resting on a Pasternak elastic foundation. The top and bottom layers consist
of functionally graded materials (P-FGM) that vary according to the exponential law along
the thickness direction, while the core layer is composed of a porous material. The boundary
condition of the plate is simply supported on all the edges, and the plate is subjected to a
sinusoidal distributed load perpendicular to the mid-surface. The reliability of the model is
validated through comparison with findings published in reputable journals. The effects of
material parameters, geometric dimensions, foundation coefficients, and face-core-face
thickness ratios on deflection and stress components of rectangular FGM sandwich plates are
investigated in detail in parametric studies.

Keywords: Navier's solution; deflection; stresses; sandwich plate; functionally graded
materials (FGM); elastic foundation.

1. Introduction

Functionally graded materials (FGMs) combine different materials to create
composites with smoothly varying properties, preventing stress concentration and
delamination. They capitalize on the thermal and corrosion resistance of ceramics and the
ductility of metals, offering superior properties compared to homogeneous materials. In a
sandwich structure, FGM sandwich (FGMSW) plates consist of high-strength face sheets
for load-bearing and lightweight cores for structural support, stability, and insulation.
FGMSW plates show promise for applications in environments with temperature
fluctuations, offering stability, impact and abrasion resistance, and vibration damping. They
find use in various constructions such as foundation piles, floor panels, soundproof walls,
and ballistic shields for military installations.
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Currently, many renowned authors and research groups have focused on exploring
the structure of FGMSW plates. These authors have applied various theories and
computational methods to enhance understanding of their mechanical properties. Based on
the first-order shear deformation theory, Yang et al. [1] conducted a nonlinear static analysis
of FGMSW plates on an elastic foundation. Conversely, Kurpa and Shmatko [2] focused
on analyzing the free vibration of FGMSW plates. Bessaim et al. [3] utilized higher-order
shear deformation theory to investigate the deflection and stress of FGMSW plates. Mahi
et al. [4] expanded the scope of research by employing fifth-order hyperbolic shear
deformation theory, based on Navier solutions, to analyze FGMSW plates. Another
approach was presented by Akavci, who used hyperbolic SDT to analyze the static, free
vibration, and instability of FGMSW plates resting on an elastic foundation [5]. Singh
et al. [6] investigated the dynamic response of FGMSW plates on a Pasternak foundation
using high-order shear deformation theory.

In Vietnam, there are several notable studies such as Nguyen Thanh Tan [7], who
analyzed the free vibration and stability of FGMSW plates using the first-order shear
deformation theory. Nguyen Huu Khoi [8] analyzed the static behavior of FGMSW plates
laying on an elastic foundation using the meshless method and compact higher-order
shear deformation theory. Cao Huu Loi [9] analyzed the stability of FGMSW plates with
porosities resting on an elastic foundation using the meshless method (MKI). Pham Anh
Tu [10] analyzed the free vibration of FGMSW plates with porosities resting on an elastic
foundation using the meshless method with moving kriging interpolation (MKI).

The overall study indicates that the mechanical behavior of sandwich plate
structures made of materials with variable properties is an intriguing topic that attracts
the research interest of scientists. However, to the best of the author's knowledge, there
has not been much research on the analysis of deflection and stress of FGM sandwich
plates where the core layer is a porous material, and the two surface layers are FGM
materials resting on the Pasternak elastic foundation.

Therefore, the aim of this article is to establish the formulations, the main equations
of the FGMSW plate resting on the Pasternak foundation based on the first-order shear
deformation theory (FSDT). The Navier solution is utilized to determine the
displacements and stresses of the FGMSW plate structure with simply supported
boundary conditions on all four sides. The reliability of the model is validated through
comparisons with the available published literature. The influence of material parameters,
geometric dimensions, foundation coefficients and face sheet-core-face sheet thickness
ratios on the deflection and stress components of the FGMSW plate is investigated and
extensively discussed through specific numerical examples.
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2. Formulation of the problem and material properties
2.1. The FGM sandwich plate resting on elastic foundation model

In this article, an FGM
sandwich plate  model s
considered as shown in Fig. 1
with two FG face layers (hs
thickness) and an FG porous
core (hcthickness). The plate has
length a, width b and total
thickness h = he + 2hr. According
to the thickness direction, the
layers are distinguished
according to the coordinates
h1 =-h/2, ho=-h¢/2, h3 = he/2 and
hs = h/2. The plate is rested on
the Pasternak elastic foundation Fig. 1. FGM sandwich plate model resting
with two coefficients Kw and K. on elastic foundation.

I Layer I: FGM material I1 - Layer 2: Porous material III - Layer 3: FGM material

2.2. Material properties
The Young modulus of the two FGM surface layers is determined according to the
following formula (1) [11] :

E(z)=E,V, +E.V, 1)
in which Ec and Emare the elastic modulus of the component materials, ceramic and metal,
respectively.

With the assumption that the variation of material properties according to the power
law function, the volume ratio of ceramic V¢ and metal Vi, is calculated as follows:

- Layer 1 (top layer, h, <z <h,):

h —h,
- Layer 3 (bottom layer, h; <z <h,):

p
v, :[ Gl j PV =1-V, 2

voo[ 2 )y Sy @3)
c h3 _ h4 1 Tm C
in which p is the volume fraction index and is a non-negative number.
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- Layer 2 (core layer, h, <z <h,):

To ensure continuous material properties of the plate, the core layer is composed of
porous material with a metal base similar to the two surface layers (Non-uniform porosity
distribution - Symmetric). The elastic modulus of the core layer is determined as follows [12]:

7z
E(z)=E, {1—% Co{hg—hz ﬂ (4)

where ¢, is porosity coefficient of the porous core.

3. Theoretical formulation
3.1. Kinematic relations

According to the first-order shear deformation theory, the displacement field is
assumed as follows [13, 14]:

u(x,y,2) = Uy (X, y) +26,(xy);
V(X Y, 2) =Vo (X, Y) +26, (X, Y); (5)
W(X, Y, 2) =Wo(X, Y).
where w,,u,,V, are the displacement components at a point on the mid-surface along the
X, Y, z directions, and 6,,6, are the rotations of the normal to the mid-surface about the

Yy, X axes, respectively.

The strain field is derived from the displacement field using the displacement -
strain relationship in elasticity theory:

. ou _adu, 090 L v oV, Zaey_

*oox oX ox 'Y oy oy ay’
au 8V ou, ov, 00,

7xy:2‘9xy A (_0 J ( - J! (6)
oy i oy oy

7xz:2‘9xz 8W+au avvo+0x;7/yzzzgﬂ:%+@=awo+gy
oX 07 OX oy o0z oy

3.2. Constitutive equations

According to Hooke's law, the stress-strain relationship is defined by the
following formula (7):
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O c11 C12 0 0 0 Eyx
Oy C, C, 0 0 0]|e,
oyr=| 0 0 Ci 0 0 {7y ©)
P 0 0 0 Cp 0|
Py L 0 0 0 0 Css_ Y ye
where C,; =%; C, :\1/%—(\,22); C, =C, =C, :%,

3.3. The force and moment resultants

Substitute the strain components from (6) into (7) and then integrate through the
thickness of the plate to obtain the relationship between internal forces and strains as follows:

N XX i An AiZ 0 B11 B12 0 0 0 1 gfx
Nyy A12 Ail O BlZ Bll O 0 O ggy
ny 0 0 Aﬁe 0 0 BGG 0 0 73)’
M x| Bll BlZ 0 D11 D12 0 0 0 Ky (8)
M, |B, B, 0 D, D, 0 0 0 ||«
M,, 0 0 B, 0 0 D, O 0 ||x,
Q, 0 0 0 0 0 0 xA, 0 [
Q.)] |0 0 0 0 0 0 0 «xAlr
h/2
(A By Dy)= .[ C; (Lz,2*)dz ©)

—h/2
where (NN, N, ), (M,,M M ) and (Q,.Q,) are the in-plane force
components, moment components and shear force components, respectively; k =5/6 is
the shear correction factor; A;,B;,D; are the material stiffness matrices and are

calculated according to the following formula (9).

3.4. Equations of motion in terms of displacements

Consider a FGM sandwich plate resting on the Pasternak elastic foundation and
subjected to a transverse distributed load q(x,y). Sequentially investigating the static
equilibrium conditions of the plate element in combination with Eq. (8), we obtain the
following static equilibrium equations in terms of displacement [15]:
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v0 o0, _ %0

0°0
All ABG + Aee) By ox2 + By ayzx + (Blz + Bee)ﬁ =0 (10a)
ol 0%0 0’0 %0,
Au Aee >+ (A, + Ay) 8X8§/ +By, 8y2y +Bgs 8X2y +(By, + Bee)@ =0 (10b)
azw 00, o*w, 00 o'w, oO°w
A44( 6)(20 + ax )+ A\\SS ayzo +Ey) + KWWO + Ks (TZO 20 )+ Q(X, y) = O (10C)
2 2 2
Bna_uzOJrBeea_uzo +(By, 66) VO i 6} +D 8_92X_A449X
OX oy Y ox
+(D12 + Dee) - A44 =
2 2 2 0%0 a 9
Bn% + Bgs %"' (B, +Bgs) SX(:;)/ +Dy, 6y2y +D, - A0,
o 0 (10e)
+(D12 + Dae) Ass =

4, Analytical solutlons

In this study, the simply supported FGMSW plate with boundary conditions
expressed as (11) [16]:

Wy (0,y)=0, wy(a,y)=0, wy(x,0)=0,
Wy (x,b) =0, Hy(O,y):O, ey(a,y):O
6,(x,0)=0, 6,(x,b)=0,

The displacement components, and the transverse distributed load are assumed to
be in the form of a double Fourier series satisfying the boundary conditions (11), and can
be given as in (12) [16]:

! (11)

6,(0,)=0, 6,(a,y)=0, 6,(x.0)=0,

0,(x)=0, M, (0,5)=0, M, (a.)=0,

My(X,O) M, (x b)

u0 (X, y) = ZZUOmn COSOCXSin ﬂy ; VO (X! y) = iiVOmn Sin (ZXCOSﬂy ; (12)
W, (X, y) = iiwo,m sinaxsin gy ; 6,.(x,y) = iiﬁmn cosaxsin By

9,(x,y) = ii@oym sinaxcos By ; q(x,y) = iiqmm sinaxsin gy .

m=1 n=1 m=1 n=1
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—_m - -_N .
where ¢ = 7B = %,

q, for sinusoidally distributed load

451 R
=— X, y)sinaxsin gydxdy =
O ab;uq( y) pyoxdy &%foruniformlydistributed load
mnz

Substituting the displacement components from (12) into the equilibrium
equations in terms of displacements (10) and performing mathematical manipulation
we obtain the following algebraic system of equations (13).

Solving the system of equations (13), we obtain the coefficients

UOmn,VOmn,WOmn,90an,90ymn. Then, the displacement components, strain components,

and desired stress components can be calculated.

I Su S, 0 Sy, S | Uomn 0
Spu Sp 0 Sy Sk || Vomn 0
0 0 S; Sau Sis |{ Womn =90 (13)
S Sip Sz Sy Sg - 0
L Ssi Se, Sez Se Sgs i 6 ymn 0

5. Numerical results and discussion

In this section, after validating the accuracy of the solutions and computational
programs, numerical examples are conducted to investigate the influence of material
parameters, geometric dimensions, foundation coefficients and face sheet-core-face
sheet thickness ratios on the deflection and stress of the plate. For convenience, the
following nondimensionalizations are used in presenting the numerical results (14) [17]:

4 2 K, b?

Ko = Kwa3 s Jo = stas ===

E,h E;h E,h

3

D, - E.h ;

12(1-v)
W= 102h 5, W(E,EJ; (14)

a“q, 2 2
_1on’ (a b hj_
GXX =3 GXX YA A

a“q, 2 22
5XZ =LGXZ (0’9'())’

aq, 2

where the reference values are taken as E; = 1.0 GPa.
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5.1. Validation study

Consider a square FGM sandwich plate [1-2-1] with a core layer made of isotropic
material with E = E; = 151 (GPa), v = 0.3, and a core thickness twice that of the surface
layers; the surface layers (top and bottom layers) are made of FGM material with
Em = 70 (GPa), Ec = 151 (GPa), v = 0.3, and the plate is unsupported on an elastic
foundation (with a foundation coefficient of zero). The geometric dimensions of the
sandwich plate are: a’/h = 10 and a/b = 1, subjected to sinusoidally distributed load with
qo = 10* (Pa). Table 1 presents the calculated deflection and the stress components of
the [1-2-1] sandwich plate with different volume fraction indices p and compared with
the results proposed by A. M. Zenkour [17].

The validation results in Table 1 demonstrate a very high precise between the
calculated deflection and stress of the FGM sandwich plate in this paper and the results
reported by A. M. Zenkour [17], both utilizing the first-order shear deformation theory
(FSDT). The discrepancy between the computational results of the two models seems
negligible, indicating the reliability of the analytical solution and the computational
program developed in the study. This also serves as the basis for the study to employ the
program in conducting further investigation examples.

Table 1. Dimensionless deflection and stress of an FGM sandwich plate resting on elastic
foundation subjected to uniformly distributed loading

p Model w O,y o,,
A. M. Zenkour [17] 0.1961 1.9758 0.1910
0 Present 0.1961 1.9758 0.1910
Difference (%) 0.00 0.00 0.00
A. M. Zenkour [17] 0.2717 1.2810 0.2206
1 Present 0.2717 1.2810 0.2206
Difference (%) 0.00 0.00 0.00
A. M. Zenkour [17] 0.3037 1.4358 0.2326
2 Present 0.3037 1.4358 0.2326
Difference (%) 0.00 0.00 0.00
A. M. Zenkour [17] 0.3500 1.6584 0.2526
10 Present 0.3500 1.6587 0.2526
Difference (%) 0.00 0.01 0.00
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5.2. Parametric study

In this section, the influence of the volume fraction index p of FGMs, porosity
coefficient of the porous core eo, the thickness-to-side ratio a/h, foundation parameters
(Ko, Jo) and the face sheet-core-face sheet thickness ratios hi/hc on the deflection and stress
components of the FGMSW plate are investigated and discussed. The considered plates
are made of ceramic and metal constituents with the following mechanical properties:
Ec = 151 GPa, Em = 70 GPa, v = 0.3. The stress and displacement response of the plates
have been analyzed under sinusoidal loading with g, = 10* (Pa).

5.2.1. Effect of the volume fraction index p

Consider a FGM sandwich rectangular plate with side a, b, thickness ratio
a/h = 20, aspect ratio a/b = 2, the plate has a configuration of [1-2-1], with a porosity
coefficient of e,=0.5 and it is rested on an elastic foundation with foundation coefficients
Ko = 100, Jo= 100. The calculated deflection at points on the line x = a/2 for different
volume fraction indices is presented in Fig. 3.

Furthermore, the influence of volume fraction index p on stress &,, and &, at

the midpoint of the plate (x = a/2, y = b/2) is also presented in Fig. 4. It can be observed
that as the volume fraction index increases, the deflection of the plate also increases.
Specifically, the minimum deflection of the plate occurs when p = 0, and the maximum
deflection occurs when p = 10. This result is attributed to the fact that when p = 0, both
surface layers of the plate are entirely made of ceramics, resulting in the highest stiffness
of the plate and, consequently, the smallest deflection.

As the volume fraction index p
gradually increases, the proportion
of ceramics decreases while the
proportion of metal increases,
leading to a decrease in the stiffness
of the plate and, consequently, an
increase in the deflection. Figure 4
illustrates that the distribution of
normal stress along the thickness
direction of the plate is nonlinear and 0 o005 o1 ot ;i 055 03 o0 04
symmetric about the midplane. This

result is consistent with the law of
elastic modulus distribution within
the plate.

25

Fig. 3. Effect of volume fraction index p
on deflection W of FGMSW plates.
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Fig. 4. Effect of volume fraction index p on stress components.

5.2.2. Effect of porosity coefficient of the porous core eg

The influence of the porosity coefficient on the maximum deflection of the
FGMSW plate [1-2-1] is presented in Fig. 5. From the results in Fig. 5, it can be observed
that as the porosity increases, the stiffness of the core layer decreases, consequently
reducing the overall stiffness of the entire plate, resulting in an increase in the plate's
deflection. Significantly, with the surveyed data in this example, when e, = 0.7,
the deflection of the plate increases approximately threefold compared to when there is
no porosity (e = 0).
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Fig. 5. Effect of porosity coefficient of the porous core econ FGMSW plate deflection.
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5.2.3. Effect of thickness-to-side ratio a/h

The effect of thickness ratio a/h on the deflection of FGMSW plate is presented in
Fig. 6a. It is observed that the non-dimensional deflection of the FGM sandwich plate
increases rapidly as the thickness ratio a/h increases. This can be explained by the fact
that as the ratio a/h increases, the plate becomes thinner, consequently leading to a larger
deflection of the plate. The results demonstrate that the deflection of the plate is very
significant when the ratio a/h = 100 (corresponding to a thin plate).

Figure 6b shows the variation of the stress component &,, with the ratio a/h of the
plate. From the graph, it can be observed that the value of the stress component G,

increases with the ratio a/h. This result aligns with the general principles of mechanics,
as the thickness ratio a/h increases, indicating a thinner plate, the load-bearing capacity
of the plate decreases, leading to higher stress values within the plate.

5.2.4. Effect of foundation parameters

The effect of foundation parameters on deflection and stress of FGMSW plates are
considered through two foundation coefficients K, and Jo, the results are presented in Fig. 7.
It can be seen that the foundation stiffness significantly affects the deflection and stress
of the plate. Specifically, as the foundation coefficients K, and Jo increase, both the
deflection and stress within the plate decrease. The impact of increasing the foundation
coefficient K, is more significant compared to Jo.

0 " " . . . . . L ]
10 20 30 40 50 60 70 80 %0 100
a’h

a) Maximum dimensionless deflection W b) Stress o,

X

Fig. 6. Variation of deflection and stress with a/h ratio.

95



Section on Special Construction Engineering - Vol. 07, No. 01 (Jun. 2024)

K 00 ©

a) Dimensionless deflection W b) Dimensionless stress &,
Fig. 7. Effect of foundation stiffness on deflection and stress of the FGMSW.
5.2.5. Effect of the face sheet-core-face sheet thickness ratios hi/hc

Consider a square FGM sandwich plate resting on the Pasternak elastic foundation
and subjected to uniformly distributed loading (with parameters such as plate dimensions,
loading, and foundation coefficients similar to those in the examples above). The volume
fraction indices of FGMs for layers 1 and 3 are p = 2, and the porosity coefficient of the
core layer material is e, = 0.5. The influence of varying the ratio coefficient of surface layer
thickness (hs) to core layer thickness (hc) on the dimensionless deflection and stress of the
sandwich plate is presented in Fig. 8.

24 , . 5.4
A
]
23 4 5z .‘
' [
b )
\ ] ¥
22} o \
A v
1 . 4.8
o : %
l__zw- . i 3,
= *, 46 o,
=] "\,
~ AY
2 ~
. 4.4 ‘\.
- e,
N .
o - S
-
B ] e A S S St e 4.2 .,
T | SR
------------
B | )
18 . 0 02 04 06 08 1 12 14 16 18 2

he/h, fg b

a) Effect of the face-core-face thickness ratios b) Effect of the face-core-face thickness ratios

(ht/hc) on maximum deflection (h/he) on stress components &, [ a Qﬂj
in sandwich plates 222
in sandwich plates
Fig. 8. Effect of the face-core-face thickness ratios (hi/hc) on deflection
and stress of FGMSW plates.
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It shows that the face-core-face thickness ratios (hi/hc) have a significant influence
on the dimensionless deflection and stress of the sandwich plate. Particularly, as the ratio
hi/hc increases (indicating an increase in the thickness of the surface layers hy), the
deflection and stress within the sandwich plate decrease gradually. This study provides
valuable insights into the design and arrangement of material layer thicknesses in
sandwich plates to meet the desired static mechanical behavior of the plate structure.

6. Conclusion

The present article has given an analytical solution based on the first-order shear
deformation plate theory (FSDT) to analyze the deflection and stress components of a
simply supported FGM sandwich plate resting on the Pasternak elastic foundation. The
reliability of the established theoretical model has been affirmed through validation
example. On the other hand, several parametric study examples have been given to assess
the influence of material parameters (volume fraction index p, porosity coefficient of the
porous core e;), geometric dimensions of the plate (ratio a/h), foundation stiffness
(coefficients Ko, Jo), face-core-face thickness ratios (hi/hc)) on the deflection and stress of
the FGM sandwich plate structure. The results of this study are anticipated to be a
valuable reference for future research on the static mechanical behavior of sandwich plate
structures resting on the Pasternak elastic foundation. The findings are expected to serve
as a helpful guide for subsequent analyses in this field.
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SU DUNG LOI GIAI NAVIER PHAN TiCH DO VONG
VA UNG SUAT KET CAU TAM SANDWICH FGM
DAT TREN NEN DAN HOI PASTERNAK

Duong Thanh Huan!, Lé Vii Quan!, Nguyén Thanh Hai?,

Dao Cong Binh?, Mai Viét Chinh?, Nguyén Vian Truong?

YHoc vién Nong nghiép Viét Nam, Ha Noi, Viét Nam

2Vien Ky thudt cong trinh dac biét, Trirong Pai hoc Ky thudt Lé Quy Pén, Ha Néi, Viét Nam

Tom tat: Trong bai bao nay, céc tac gia sir dung Iy thuyét tim bac nhat FSDT va 1oi giai
Navier dé xay dung m hinh tinh toan d6 vong va ng suét két cau tim sandwich c6 16p 18i 1a vat
liéu rdng (porous material), 16p bé mat 1a vat liéu cé co tinh bién thién (FGM) dit trén nén dan
hoi Pasternak. Tam cd lién két khép trén chu vi va chiu tai trong phan bé hinh sin vudng géc véi
mit trung binh. Tinh chinh x4c va d¢ tin cdy ciia mé hinh dugc xac nhan qua viéc so sanh két qua
tinh toan voi cac két qua da cong bd trén cac tap chi uy tin. Cac két qua sé dugc thuc hién nham
phan tich anh huong cua tham sé vat liéu, kich thuéc hinh hoc, hé s6 nén va ti 18 chiéu day cac
I6p vat liéu dén do vong va cac thanh phan ang suét cua tim sandwich FGM dit trén nén dan hoi.

Tir khéa: Loi giai Navier; dé vong; ing sudt; tam sandwich; vt ligu FGM; nén dan hoi.
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