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Abstract

In this work, we introduce a nonlinear Lanchester model of Network centric warfare
(NCW)-type and study a problem of finding the optimal fire allocation for this model. A Blue
party B will fight against a Red party consisting of A and R, where A is an independent
force and R fights with supports from a supply unit /NV. Optimal fire allocation will then be
sought in the form of piece-wise constant functions so that the remaining force of B is as
large as possible. For this model, we also introduce a notion of threatening rates which are
computed for A, R, N at each stage of the battle. These rates will then be used to derive
the optimal fire allocation for B. Several numerical experiments are presented to justify the
theoretical findings.

Index terms

Nonlinear Lanchester model, Network centric warfare, fire allocation, optimal problem.

1. Introduction

In 1916, Lanchester [1] introduced a mathematical model for a battle in the form
of a system of differential equations. This model has been extended and generalized in
many ways, such as guerilla model by Deitchman [2], guerilla model with intelligence by
Schaffer [3] and Schreiber [4], counter terrorism model by Kaplan, Kress and Szechtman
(KKS) [5]-[9]. There are several problems involving these models, among of which
are the problems of optimal fire allocation with number of troops being objective
function. This problem has been investigated in various scenarios by Taylor [10], Lin
and Mackay [11]. In these works, the role of military supply, however, has not been
studied thoroughly. In a combat, the victory of either party is not only decided by the
armed forces but also by their supply units. In many historical battles, firepower was
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not only aimed at the direct rivals but also their supply units [12].

In 2017, Kim and his colleagues [13] considered a Lanchester’s model where Blue
force B fights against Red force R supported by a supply unit N. This model can
be denoted by (B vs (R, N)). Kim considered fire allocations in the form of piece-
wise constant functions and derived optimal fire allocation so that number of B’s
troop is always at its possible maximum. In this paper, we extend Kim’s model by
considering a model of (B vs {(R, N), A}) where A stands for an independent force.
For this model, we also consider the problem of finding optimal fire allocation of B so
that its remaining troop at any time is maximal. In Lanchester’s model using system of
differential equations, the decreasing rate of troops of a force is computed by attrition
rate of its rival force multiplied by the rival’s number of troops. In our model, attrition
rate of R is assumed to be a linear function of the number of /V and this supply unit
can also be attritted by B. The resulting model is of non-linear Lanchester type. Let us
recall that in classical non-linear Lanchester’s models, the supply units have not been
taken into account but only the armed forces.

In any battle of the type "one against many", the strategy will be intuitively derived
as follows: focus all firepower to the entity possessing the "greatest threat". In order
to quantify "threats" posed by the entities R, N, A to B, we introduce the notion of
"threatening rates" which are computed for each entity R, N, A by involving entities
number of troops, their attrition rates against B and B’s attrition rates. Fire allocation for
B is represented by three non-negative factors whose sum equals to one. This distribution
is used to express the strategy of B during the conflict and represented as piece-wise
constant function of time. Thus, the fire allocation of B is assumed to be constant for a
certain period, which we call "stage". During a certain stage, the fire allocation is kept
constant, and the battle moves to a new stage if one (or more) entity is eliminated. The
first stage is the period from the beginning of the battle to the instant when one entity
gets extinguished - its number of troops reaches zero. The battle moves to the second
stage after this instant. In this paper, we limit ourselves in the optimal fire allocation
of the first stage. This choice of fire allocation is meaningful since in planning phase
of a battle, this choice simplifies the logistic operations. Moreover, capturing the states
of the battlefield and altering the fire allocation accordingly is not an easy task. By
using the threatening rates, we justify the intuitive strategy mentioned above. Thus, the
optimal fire allocation for B is focusing all its firepower to the entity which possesses
the greatest threatening rate. Several numerical examples are included to illustrate the
theoretical findings.

The rest of the paper is organized as follows. Section 2 is devoted to introduce our
model and to investigate the optimization problem for this model. Numerical experiments
are presented in Section 3 to illustrate the theoretical results. Conclusion and some
possible further developments are discussed in the last section.
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2. Main results
2.1. Non-linear Lanchester model of mixed NCW type

Let us consider a battle where B fights against ((R, N), A). Our model is called
non linear Lanchester of NCW type. NCW stands for "Network Centric Warfare", which
is a novel notion of modern warfare. For this notion, the reader is referred to [14]-[17].
A simple diagram for our model is represented in Fig. 1.

Fig. 1. Diagram of the model.

Before formulating the model, let us denote:

« by (g attrition rate of B against R,

« by /3,4 attrition rate of B against A,

o by [y attrition rate of B against N,

o fo(N) attrition function of N complementing R’ to B,

o II = (my, w9, m3) fire allocation of B against R,NN,A, respectively,
o ¥ fully-connected attrition rate of R against B,

« ' disconnected attrition rate of R against B (o < o),

« and by 74 attrition rate of A against B.

The fire allocation of B is sought in the set {m, 7o, w3 € [0;1] : 1 + 7y + w3 = 1}.
The attrition function of R against B is assumed to be a linear function of N:

N
)ﬁo ey

where Nj is the initial number of troops of N. It is easily seen from (1) that when
N = Ny, fo(N) = ¥, in other words, R and N are fully connected. When N is

c ?

fa () = 0 + (02 = o
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totally eliminated by B, N =0, R and N are totally disconnected and f,, (N) = .
Our model is a system of differential equations defined as follows:

(%:_ aéVJr(aiV—aéV)% R — 744,
O — —mbaB,
dN )
e —m2ON B,

\ % = —m304B

2.2. Optimal fire allocation

For our model (2), we consider the problem of maximizing the remaining troops of B
at an arbitrary ¢. Let us introduce the notion of “threatening rates”, which are denoted
by b1, bs, b3, and computed as follows:

bl = OéévﬁRv
N _ N
b2: /BN (Oéc]VOéd)}%O7 (3)
0
bs = vaPa.

These quantities represent the corresponding "threats" possessed by R, N, A. Invoking
these rates, the optimal fire allocation of B is derived in the following theorem.
Theorem 1. Among all the fire allocations of the form IT = {my, 7o, w3}, wls: 1 =1,2,3
are constants, m; + mo + w3 = 1 for the first stage, the optimal one for B is as follows:
(1,0,0) if (by > bo) A (by > b3),
IT* =< (0,1,0) if (by > by > b3) V (by > b3 > by), 4)
(0,0,1) if (b3 > by > by) V (b3 > by > by) .

t
Proof: Let X (t) = [ B(s)ds =X'(t) = B (t). We then have:
0

X"(t)=B(t) = - [ag,v + () —af) % R — 74 A. 5)

It follows that:
t t

/dR = —/WlﬁRB (s)ds= R(t) — R(0) = —m frX (t).

From this, we obtain:
R= —WlﬁRX (t) + Ro. (6)
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By analogous computations, we get:

N = —mpBnX(t)+ No, (7
A = —mpfaX (1) + Ao )
Substituting R, N, A in (6), (7), (8) into (5) yields
X" (t) = —C1 X2 (t) + Oy X (t) — Cs, )
where:
mm2BrBy (o — of)
Cl — )
No
N o) R NN
o, — TN (0/0 %J)V o + mBray, Ny +yamsBa,
0

03 = O!éVRO—F’YAAo.
Multiplying both sides of (9) by dX’ (¢) and integrating both sides, we obtain:
X'(t) = B(t)

_ \/—§ch3 (t) + C2 X2 (1) — 203X (¢) + Ci.

It can be seen that ', Cy, ('3 are nonnegative, () is an integral constant.

Since C} is constant, in order to maximize B (), we will seek for condition for which C}
is minimal as well as C5 is maximal (if possible). We then need to solve the following
multi-objective optimization problem:

min Cf,
1

max C5.
il

Let us denote:

. _ Pron(ad —af)

No
by = aéVﬁR,
b, — By (o — adf) Ry
Ny ’
by = vafa.

The problem now becomes:

{minawy {ng,y,zg 1,

t 10
max (byx + by + b32) ; r+y+z=1 (10)

By weighting method (see [18, Section 3.1]) and setting
Fx(z,y,2) = X(azy) — (1 = A) (bix + boy + b32) ,
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we now obtain a new problem:
0<x,y,2<1,
min Fy(z,y,2) st. Sz +y+2=1,
0< A<
Substituting * = 1 — y — 2z, we now get the problem:
min {\(1 —y — 2)ay — (1 = X\)(by + (ba — b1)y + (bs — b1)2) }
Y,z 20,
st. cy+2z<1,
0< A<

Let us consider the following five cases:
1) If by > by > by, since A (1 —y — z) ay > 0, it follows:
—(1 — )\) (bl + (bg —bl)y+ (bg —bl)Z)

>
> —(1=XN)(bi+(b2—bt1)(y+2))
> (1= A)by=F(0,1,0).

2) If by > by > b3, the problem becomes:
min {A (1 —y—2)ay+ (1 —=X) (b1 —b3)z2— (1 = X) (b1 + (b2 — 1) y) } .

Therefore:

min F

min Fy > — (1 —X) by = F(0,1,0) .
3) If b3 2 bg 2 bl, it follows that:

min £\ > —(1—=X)(by+ (bs —b) (y + 2))
> —(1=A)b3=F\(0,0,1).

4) If by > by > by, the problem is now:
min{A (1 —y—z)ay+ (1 =) (by —ba)y— (L =X) (by + (b3 — b1) 2)} .

We obtain that:
min Fy > — (1 —\)bs = F(0,0,1).

5) If by < by, b3 < by, the problem turns out to be:
min {\(1 —y — z)ay + (1 = A)(by — b2)y + (1 = X)(by — b3)z — (1 — A\)by }
and, it follows that:
min F\ > — (1 —\)b; = F,(1,0,0) .

The proof is now complete. [ |
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In principle, the battle can be divided into three stages. In the first stage, due to
the computed threatening rates by, by, bs the Blue force B will focus all its firepower
to of the entities R, N, A. When one of the entities is eliminated, the second stage
begins. When one of the remaining two forces is extinguished, the third stage follows.
However, if R and A are out of the picture by the end of the second stage, B will
be no longer attrited and the battle finishes. As stated above, for the first stage, our
results apply. For the second stage, one may use the results by Donghyun Kim et. al.
[13] or by Lin and Mackay [11]. Thus, by the first case in our proof, in order that
B (t) is always maximal, for the first stage B should focus its firepower to N. After the
conclusion of N, the second stage begins, where B concentrates its firepower on R or A
due to result of Lin and Mackay. The second case in our proof is explained analogously.

By the third case in our proof, B will focus its firepower on A. The second stage
in this case has been considered in [13]. The fourth case is analyzed similarly as the
third case. Strategy in the fifth case can be explained as follows: for the first stage, B
concentrates on R. B then turns its firepower to A for the second stage. And the battle
ends when A is totally annihilated.

3. Numerical experiments

3.1. Case 1

Let us consider equation (2) with coefficients given by Table 1 together with the
following initial conditions:

Threatening rates are thus computed as: b, = 0.2; by = 0.45; b3 = 0.04.

Table 1. Parameters for Case I

a; | ag | va | Br | BN | Ba
0.4 1015|102 (05] 03] 0.2

It is obvious that by > b; > b3, so the optimal fire allocation for the first stage is given
by (0, 1,0). By using results of Lin and Mackay, the optimal strategy for the whole battle
is given by:

I =(0,1,0) = (1,0,0) — (0,0, 1).

This strategy should be interpreted as follows: for the first stage, B will focus all
its firepower to N. For the second stage, B will concentrate on R since b; > by. To
contrast with the optimal strategy, we use II; = (1,0,0) — (0,0,1). This strategy is
explained as: B will focus all its firepower on R in the first stage; for the second stage,
it will concentrate on A. The simulation results show that B still win the battle with
this strategy. However, its number of troops at any instant is always smaller than itself
using the optimal one. Amounts of troops of B during the combats using both strategies
are represented in Fig. 2.
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170 \ \ T

—1I" =(0,1,0) — (1, 0, 0)— (0,0, 1)
11, =(1,0,0) — (0,0,1)

Time t

Fig. 2. Processes of battle in Case 1.

3.2. Case 2

We now will investigate model (2) with parameters given by Table 2 together with
these initial conditions:

By =170, Ry = 120, Ny = 50, Ag = 50.
Threatening rates are thus computed as: b, = 0.2; b, = 0.12; b3 = 0.04.

Table 2. Parameters for Case 2

al | o [ va | Br | By | Ba

04 1015|0205 02|02

Since by > by > bs, the optimal fire allocation for the first stage is II* = (1,0,0).
Among three strategies we chose to compare, only 113 = (0.7,0.2,0.1) — (0,0, 1) leads
to B’s victory. However, the number of troops of B is again smaller than one resulted
from the optimal strategy. The other two strategies even result in B’s failure. Processes
and endings of the simulated battles are depicted in Fig. 3.

3.3. Case 3

Now we consider the model with parameters chosen in Table 3 together with initial
conditions:
By = 170; Ry = 120; Ny = 60; Ay = 50.

The threatening rates are b; = 0.2; b, = 0.08; b3 = 0.3. The optimal fire allocation is
therefore
1" =(0,0,1) — (1,0,0) .
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180 - — 1T’ =(1,0,0) — (0,0,1)
160 I, = (0,0,1) — (100)
140 — 11, =(0,1,0) — (1,0,0)
120+ — 11, =(0.7,0.2,0.1) — (0,0,1)
=100t B wi
80
60 -
40 -
20+ —Bloses
0 | | | | |
0 1 2 3 4 5 6 7 8

Time t
Fig. 3. Results for Case 2.

Table 3. Parameters for Case 3

ar | ol [ va | Br [ By | Ba

041]02]06]05]|02]|05

The two contrasting strategies are ITI; = (1,0,0) — (0,0,1); II, = (0,1,0). By II;, B
wins with more troops lost while II, leads to B’s failure. Processes of the battles are
given in Fig. 4.

200 ‘
—TI" =(0,0,1) — (1, 0, 0)
—H1 = (1!0!0) - (05051)

II, = (0,1,0)

150 -

5100 - /B wins 4
50 .
/B loses
0 1 1 1 1
0 1 2 3 4 5

Time t
Fig. 4. Results for Case 3.
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4. Conclusion

A nonlinear Lanchester model of mixed NCW type has been introduced together with
the notion of threatening rates. Invoking these rates, threats exposed by rivals have been
quantified and these quantities help derive the optimal strategy for Blue force, which
decreases the losing of its own troops. Numerical results support the theoretical findings.

References

(1]
(2]

(3]
(4]
(5]

(6l

(7]

(8]

(91

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

(18]

F. W. Lanchester, Aircraft in Warfare: The Dawn of the Fourth Arm. London: Constable, 1916.

S. J. Deitchman, “A Lanchester model of guerilla warfare,” Operations Research, vol. 10, pp. 818-827, 1962.
doi: 10.1287/0opre.10.6.818

M. B. Schaffer, “Lanchester models of guerrilla engagements,” Operations Research, vol. 16, pp. 457488,
1968. doi: 10.1287/opre.16.3.457

T. S. Schreiber, “Letter to the editor-Note on the combat value of intelligence and command control systems,”
Operations Research, vol. 12, no. 3, pp. 507-510, 1964. doi: 10.1287/opre.12.3.507

E. H. Kaplan, A. Mintz, M. Shaul, and C. Samban, “What happened to suicide bombings in Israel?
Insights from a terror stock model,” Studies in Conflict and Terrorism, vol. 28, pp. 225-235, 2008. doi:
10.1080/10576100590928115

M. Kress and R. Szechtman, “Why defeating insurgencies is hard: the effect of intelligence in counter
insurgency operations - a best case scenario,” Operations Research, vol. 57, no. 3, pp. 578-585, 2009. doi:
10.1287/0pre.1090.0700

J. P. Caulkins, D. Grass, G. Feichtinger, and G. Tragler, “Optimizing counter-terror operations: Should one
fight fire with fire or water?” Computer and Operations Research, vol. 35, pp. 1874-1885, 2008. doi:
10.1016/j.c0r.2006.09.017

M. D. Hy, M. A. Vu, N. H. Nguyen, A. N. Ta, and D. V. Bui, “Optimization in an asymmetric Lanchester (n,1)
model,” The journal of Defense Modeling and Simulation: Applications, Methodology, Technology, vol. 17,
no. 1, pp. 117-122, 2020. doi: 10.1177/1548512919828553

G. Feichtinger, A. Novak, and S. Wrzaczek, “Optimizing counter-terroristic operations in an asymmetric
lanchester model,” in 15th IFAC Workshop on Control Applications of Optimization, vol. 45, no. 25, 2012.
doi: dx.doi.org/10.3182/20120913-4-1T-4027.00056, pp. 27-32.

J. G. Taylor, “Lanchester-type models of warfare and optimal control,” Naval Research Logistics Quarterly,
vol. 21, pp. 70-106, 1974. doi: 10.1002/nav.3800210107

K. Y. Lin and N. J. MacKay, “The optimal policy for the one-against-many heterogeneous Lanchester model,”
Operations Research Letters, vol. 42, no. 6-7, pp. 473—4717, 2014. doi: 10.1016/j.0r1.2014.08.008

C. Welborn, “Supply line warfare,” Army Logistician, vol. 40, no. 6, pp. 12—-14, November-December 2008.
D. Kim, H. Moon, and H. Shin, “Some properties of nonlinear lanchester equations with an application in
military,” Journal of Statistical Computation and Simulation, vol. 87, no. 13, pp. 2470-2479, 2017. doi:
10.1080/00949655.2017.1296441

D. S. Alberts, J. J. Garstka, and F. P. Stein, Network centric warfare: Developing and Leveraging Information
Superiority. CCRP, 1999. ISBN 1-57906-019-6

W. A. Owens, “The emerging U.S. System-of-systems,” in Strategic Forum 63, no. 63. National Defence
University, 1996.

C. H. D. Tunnell, “Network-centric warfare and the Data-Information-Knowledge-Wisdom hierarchy,” Military
Review, vol. 92, no. 3, pp. 43-50, 2014.

H. D. Tunnell, “The U.S. army and Network-centric warfare: A thematic analysis of the literature,” in MILCOM
2015 IEEE Military Communications Conference, 2015. doi: 10.1109/MILCOM.2015.7357558 pp. 889-894.
K. Miettinen, Nonlinear Multiobjective Optimization. United States: Springer Science and Business Media,
1998. ISBN 978-1-4615-5563-6

Manuscript received 27-02-2023; Accepted 12-06-2023.
|

55



Section on Information and Communication Technology - Vol. 12, No. 01

56

Anh My Vu graduated from Hanoi University of Science in 2005. He received a doctor’s
degree in Applied Mathematics at University Brunei Darussalam, Brunei in 2016. Currently,
he is a lecturer in Center for Applied Mathematics and Informatics, Institute of Information
and Communication Technology, Le Quy Don Technical University. His research interests are
numerical methods and mathematical modelling. E-mail: myva@Iqdtu.edu.vn

Hong Nam Nguyen received his Bachelor degree in Mathematics in 1999 in Hanoi University
of Science, Master degree in Wuhan University, China in 2012 and Doctorate degree in Le
Quy Don Technical University in 2022, finished his PhD program at Le Quy Don Technical
University in 2022. He is currently working in Center for Applied Mathematics and Informatics,
Institute of Information and Communication Technology, Le Quy Don Technical University.
His research field includes Graph theory, mathematical modelling of combat. E-mail: nguyen-
hongnam1977 @gmail.com

Ngoc Anh Ta graduated from Hanoi University of Science in 2003. He received Doctorate
degree in Mathematics in Hanoi University of Science in 2012. He is currently a senior
lecturer in Center for Applied Mathematics and Informatics, Institute of Information and
Communication Technology, Le Quy Don Technical University. His research interests include
Theory of Probability, Statistics and Mathematical modelling. E-mail: tangocanh@gmail.com

Thi Hanh Le Nguyen received her Bachelor degree in Mathematics from Hanoi University
of Science in 2006, Master degree at Hanoi University of Science in 2010. She is currently
working in Faculty of Fundamental Sciences, University of Economics and Industrial Tech-
nology. Her research fields include numerical methods, mathematical modelling and theory of
Probability and Statistic. E-mail: nthle @uneti.edu.vn



Journal of Science and Technique - ISSN 1859-0209, June-2023

VE MOT MO HINH TRAN PANH LANCHESTER

PHI TUYEN KIEU NETWORK CENTRIC WARFARE VA

MOT PHAN TICH CHO PHAN BO HOA LUC TOI UU
Vii Anh My, Nguyén Hong Nam, Ta Ngoc Anh, Nguyén Thi Hanh Lé

Tém tit

Trong bai bdo nay, chung t6i gidi thiéu mot mo hinh Lanchester phi tuyen ki€u Network
centric warfare va nghlen cdu bai todn tim phan bd hoa luc tdi wu cho md hinh nay. Mot phe
Xanh B chién d4u véi phe Pé bao gom hai lyc lugng A va R, trong d6 A la mdt lyc lugng
tac chién doc 1ap con R thi chién diu véi sy hd trg ca mot Iuc lugng ho trg N. Phan bd
hda luc t6i wu sé duge tim dudi dang ham hang tung khuc sao cho quan so con lai cia B la
16n nhit c6 thé. V6i md hinh nay, chung t6i ciing dua ra khai niém hé 56 de doa dudc tinh
cho A, R, N tai mdi giai doan cta trdn danh. Nhiing h¢ s6 nay s& dugc _dung dé dua ra phan
bd hoa llIC t6i wu cho B. Mot s6 vi du sé minh hoa dudc dua ra dé kiém chiing cac két qua
ly thuyét.

Tu khoa

MO0 hinh Lanchester phi tuyén, chién tranh mang trung tim, phan b6 hoa luc, bai todn
toi uu.
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