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Introduction
Plates on elastic foundations can 

be found in several types of engineering 
structures and real life applications such as 
�E�D�V�H�P�H�Q�W�� �I�R�X�Q�G�D�W�L�R�Q�V�� �R�I�� �E�X�L�O�G�L�Q�J���� �W�U�D�I�¿�F��
�K�L�J�K�Z�D�\�V�����D�L�U�S�R�U�W���U�X�Q�Z�D�\�V�����H�W�F��

In the analysis of plates resting on 
�H�O�D�V�W�L�F���I�R�X�Q�G�D�W�L�R�Q���� �P�R�V�W���R�I�� �W�K�H���U�H�V�H�D�U�F�K�H�U��
used the Winkler elastic foundation model 
and different numerical methods were 
�D�G�R�S�W�H�G�����V�X�F�K���D�V���¿�Q�L�W�H���H�O�H�P�H�Q�W���P�H�W�K�R�G���>���@����
�E�R�X�Q�G�D�U�\�� �H�O�H�P�H�Q�W���P�H�W�K�R�G���>���@���� �D�Q�G���R�W�K�H�U�V��
method [3]. A large amount of research 
has been conducted on analysis of free 

vibration of structures on elastic foundation 
�E�\���P�D�Q�\���U�H�V�H�D�U�F�K�H�U�V�����)�R�U���H�[�D�P�S�O�H�����.�H�Q�Q�H�\��
[4] studied vibration of anisotropic plate 
assemblies with Winler foundation. Raju 
[5] discussed the effect of mode shape 
change in the stability problem and 
vibration behaviour of simply-supported 
orthotropic rectanggular plates on elastic 
�I�R�X�Q�G�D�W�L�R�Q�����0�R�U�H���U�H�F�H�Q�W�O�\�����0�D�W�V�X�Q�D�J�D���>���@��
investigated the vibration and stability of 
thick plates on elastic foundation. Huang 
et al. [7] studied plate resting on elastic 
�V�X�S�S�R�U�W�V�� �D�Q�G�� �H�O�D�V�W�L�F�� �I�R�X�Q�G�D�W�L�R�Q�� �E�\�� �¿�Q�L�W�H��
strip method.
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ABSTRACT

�$���F�H�O�O���E�D�V�H�G���V�P�R�R�W�K�H�G���W�K�U�H�H���Q�R�G�H���0�L�Q�G�O�L�Q���S�O�D�W�H���H�O�H�P�H�Q�W�����&�6���0�,�1�������Z�D�V���U�H�F�H�Q�W�O�\��
proposed to improve the performance of the existing three-node Mindlin plate element 
���0�,�1�������I�R�U���V�W�D�W�L�F���D�Q�G���I�U�H�H���Y�L�E�U�D�W�L�R�Q���D�Q�D�O�\�V�H�V���R�I���0�L�Q�G�O�L�Q���S�O�D�W�H�V�����,�Q���W�K�L�V���S�D�S�H�U�����W�K�H���&�6��
MIN3 is incorporated with spring systems for treating more complicated static and free 
vibration analyses of Mindlin plates on the elastic foundation. The plate-foundation 
system is modeled as a discretization of triangular plate elements supported by 
discrete springs at the nodal points representing the elastic foundation. The accuracy 
�D�Q�G���U�H�O�L�D�E�L�O�L�W�\���R�I���W�K�H���S�U�R�S�R�V�H�G���P�H�W�K�R�G���D�U�H���Y�H�U�L�¿�H�G���E�\���F�R�P�S�D�U�L�Q�J���Z�L�W�K���W�K�R�V�H���R�I���R�W�K�H�U�V��
available numerical results.

Keywords:�� �6�P�R�R�W�K�H�G���¿�Q�L�W�H���H�O�H�P�H�Q�W���P�H�W�K�R�G�V�����6���)�(�0������ �5�H�L�V�V�Q�H�U���0�L�Q�G�O�L�Q���S�O�D�W�H����
�F�H�O�O���E�D�V�H�G���V�P�R�R�W�K�H�G���W�K�U�H�H���Q�R�G�H���0�L�Q�G�O�L�Q���S�O�D�W�H���H�O�H�P�H�Q�W�����&�6���0�,�1���������H�O�D�V�W�L�F���I�R�X�Q�G�D�W�L�R�Q����
elastic supports.
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In the other frontier of developing 
�D�G�Y�D�Q�F�H�G���¿�Q�L�W�H���H�O�H�P�H�Q�W���W�H�F�K�Q�R�O�R�J�L�H�V�����/�L�X��
and Nguyen-Thoi [8] have applied a strain 
smoothing technique of meshfree methods 
by Chen [9] into the conventional FEM 
using linear interpolations to formulate a 
�V�H�U�L�H�V���R�I���V�P�R�R�W�K�H�G���¿�Q�L�W�H���H�O�H�P�H�Q�W���P�H�W�K�R�G�V��
(S-FEM) including the cell-based smoothed 
FEM (CS-FEM) [10] which shows some 
interesting properties in the problems of 
�V�R�O�L�G���P�H�F�K�D�Q�L�F�V�����(�[�W�H�Q�G�L�Q�J���W�K�H���L�G�H�D���R�I���W�K�H��
�&�6���)�(�0���W�R���S�O�D�W�H���V�W�U�X�F�W�X�U�H�V�����1�J�X�\�H�Q���7�K�R�L��
et al. [11] have recently formulated a cell-
based smoothed three-node Mindlin plate 
element (CS-MIN3) for static and free 
vibration analyses of isotropic Mindlin 
plates by incorporating the CS-FEM with 
the original MIN3 element [12]. In the 
�&�6���0�,�1������ �H�D�F�K�� �W�U�L�D�Q�J�X�O�D�U�� �H�O�H�P�H�Q�W�� �Z�L�O�O��
�E�H�� �G�L�Y�L�G�H�G�� �L�Q�W�R�� �W�K�U�H�H�� �V�X�E���W�U�L�D�Q�J�O�H�V���� �D�Q�G��
�L�Q�� �H�D�F�K�� �V�X�E���W�U�L�D�Q�J�O�H���� �W�K�H�� �V�W�D�E�L�O�L�]�H�G�� �0�,�1����
is used to compute the strains. Then the 
strain smoothing technique on whole the 
triangular element is used to smooth the 
strains on these three sub-triangles. The 
numerical results showed that the CS–
MIN3 is free of shear locking and achieves 
�W�K�H�� �K�L�J�K�� �D�F�F�X�U�D�F�\�� �F�R�P�S�D�U�H�G�� �W�R�� �W�K�H�� �H�[�D�F�W��
�V�R�O�X�W�L�R�Q�V�� �D�Q�G�� �R�W�K�H�U�V�� �H�[�L�V�W�L�Q�J�� �H�O�H�P�H�Q�W�V�� �L�Q��
the literature.

�7�K�L�V�� �S�D�S�H�U�� �K�H�Q�F�H�� �H�[�W�H�Q�G�V�� �W�K�H��
triangular plate element CS-MIN3 for 
static and free vibration analyses of plates 
on elastic foundation. The plate-foundation 
system is modeled as a discretization 
of triangular plate elements supported 
by discrete springs at the nodal points 
representing the elastic foundation. The 
accuracy and reliability of the proposed 
�P�H�W�K�R�G�� �D�U�H�� �Y�H�U�L�¿�H�G�� �E�\�� �F�R�P�S�D�U�L�Q�J�� �Z�L�W�K��
those of others available numerical results.

Weakform for Mindlin plates on 
elastic foundation

Consider a Mindlin plate on elastic 
foundation as shown in Figure 1. The 
elastic foundation is modeled by springs 
�Z�L�W�K���I�R�X�Q�G�D�W�L�R�Q���V�W�L�I�I�Q�H�V�V���F�R�H�I�¿�F�L�H�Q�W kf .

Figure 1. Model of a Mindlin thick plate 
on elastic foundation

 x 

w 

y 
x 

kf kf kf kf kf kf 

The middle (neutral) surface of 
plate is chosen as the reference plane 
that occupies a domain 2R� : � •  as shown 
in Figure 2. Let w �E�H�� �W�K�H�� �G�H�À�H�F�W�L�R�Q���� �D�Q�G��
��T� �>���[� � � � � �y�@�� �E�H�� �W�K�H�� �Y�H�F�W�R�U�� �R�I�� �U�R�W�D�W�L�R�Q�V����

where x�E ���� y�E  are the rotations of the 
middle plane around y-�D�[�L�V�� �D�Q�G��x�±�D�[�L�V����
�U�H�V�S�H�F�W�L�Y�H�O�\���� �Z�L�W�K�� �W�K�H�� �S�R�V�L�W�L�Y�H�� �G�L�U�H�F�W�L�R�Q�V��
�G�H�¿�Q�H�G���D�V���V�K�R�Z�Q���L�Q���)�L�J�X�U�H��������

The unknown vector of three 
�L�Q�G�H�S�H�Q�G�H�Q�W���¿�H�O�G���Y�D�U�L�D�E�O�H�V���D�W���D�Q�\���S�R�L�Q�W���L�Q��
the problem domain of the Mindlin plates 
can be written as T x yw � E � E� ª � º� � ¬ � ¼u . The 
bending and shear strains �N and �J of the 
�G�H�À�H�F�W�H�G���S�O�D�W�H���D�U�H���G�H�¿�Q�H�G�����U�H�V�S�H�F�W�L�Y�H�O�\�����D�V

             (1)

where �> �@/ /
T

x y� ’ �  � w � w � w � w and dL  is a 
�G�L�I�I�H�U�H�Q�W�L�D�O�� �R�S�H�U�D�W�R�U�� �P�D�W�U�L�[�����7�K�H�� �V�W�D�Q�G�D�U�G��
Galerkin weakform of the transient 
analysis of Mindlin plates on elastic 
foundation can now be written as Huang 
[7]

d d d d dT b T s T T T
fw k w� G � G � G � G � G

� : � : � : � : � :

� : � � � : � � � : � � � : �  � :� ³ � ³ � ³ � ³ � ³D D u mu u b����� N � N � J � J
                                     

(2)
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where �� ��, 0 0
T

b x y� � ª � º� ¬ � ¼b ���� �L�Q�� �Z�K�L�F�K��
�� ��,b x y  is the distributed load applied 

on the plate; m�� �L�V�� �W�K�H�� �P�D�W�U�L�[�� �F�R�Q�W�D�L�Q�L�Q�J��
the mass density of the material �U and 

thickness t; bD  and sD  are the material 
matrices related to the bending and shear 
deformations. 

Figure 2. Positive directions of displacement w and
two rotations x�E , y�E  

in Mindlin plate

Formulation of the CS-MIN3 for 
Mindlin plates on elastic foundation

FEM formulation for Mindlind 
plates on elastic foundation [7]

�1�R�Z�����G�L�V�F�U�H�W�L�]�H���W�K�H���E�R�X�Q�G�H�G���G�R�P�D�L�Q��

�:  into eN �� �¿�Q�L�W�H�� �H�O�H�P�H�Q�W�V�� �V�X�F�K�� �W�K�D�W��

1

eN

e
e� 

� : �  � :��  and i j� : � ˆ � : � z � ‡����i j�z ���� �W�K�H�Q�� �W�K�H��

�¿�Q�L�W�H�� �H�O�H�P�H�Q�W�� �V�R�O�X�W�L�R�Q��
Th

x yw � E � E� ª � º� � ¬ � ¼u

of a displacement model for the Mindlin 
�S�O�D�W�H�V���L�V���H�[�S�U�H�V�V�H�G���D�V��

1

( ) 0 0

0 ( ) 0

0 0 ( )� 

� ª � º
� « � »� � � « � »
� « � »� ¬ � ¼

�¦
n

IN
h

I I
I

I

N

N

N

x

u x d Nd

x
  (3)

where nN  is the total number of nodes 

of problem domain discretized; ( )IN x  is 

shape function at node I; [   ]T
I I xI yIw � E � E� d

is the displacement vector of the nodal 

degrees of freedom of hu  associated to 
node I�����U�H�V�S�H�F�W�L�Y�H�O�\����

The bending and shear strains can be 
�W�K�H�Q���H�[�S�U�H�V�V�H�G���L�Q���W�K�H���P�D�W�U�L�[���I�R�U�P�V���D�V��

I I
I

� �¦ B d�N
��������������������

s
I I

I

� �¦ S d�J
                  

(4)

where

,

,

, ,

0 0

0 0

0

I x

I I y

I y I x

N

N

N N

� ª � º
� « � »

� � « � »
� « � »� ¬ � ¼

B

  

,

,

0

0
I x I

I
I y I

N N

N N
� ª � º

� � « � »
� ¬ � ¼

S (5)

 
in which ,I xN  and ,I yN  are the derivatives 
of the shape functions in x-direction and 
y���G�L�U�H�F�W�L�R�Q���� �U�H�V�S�H�F�W�L�Y�H�O�\���� �7�K�H�� �G�L�V�F�U�H�W�L�]�H�G��
system of equations of Mindlin plates 
on elastic foundation using the FEM for 
�W�U�D�Q�V�L�H�Q�W���D�Q�D�O�\�V�L�V���W�K�H�Q���F�D�Q���E�H���H�[�S�U�H�V�V�H�G���D�V��              

                 � � �  Md Kd F����                         (6)

where K �L�V�� �W�K�H�� �J�O�R�E�D�O�� �V�W�L�I�I�Q�H�V�V�� �P�D�W�U�L�[��
given by

                 
d d dT b T s T

w f wk
� : � : � :

�  � : � � � : � � � :� ³ � ³ � ³K B D B S D S N N
                                            

(7)

in which �> �@1 2 30 0 0 0 0 0� N
T

w N N N ; F ���L�V���W�K�H���O�R�D�G���Y�H�F�W�R�U���G�H�¿�Q�H�G���E�\



Static and free vibration analyses of plates on elastic foundation
using a cell-based smoothed three-node mindlin plate element (CS-Min3)32

d bp
�:

�  � : � ��³F f�1
                            

(8)

in which bf is the remaining part of F
�V�X�E�M�H�F�W�H�G�� �W�R�� �S�U�H�V�F�U�L�E�H�G�� �E�R�X�Q�G�D�U�\�� �O�R�D�G�V����
and M ���L�V���W�K�H���J�O�R�E�D�O���P�D�V�V���G�H�¿�Q�H�G���E�\

d
�:

� �:�³ TM N mN
                                 

(9)

Formulation of CS-MIN3 for 
Mindlin plates on elastic foundation

�,�Q�� �W�K�H�� �&�6���0�,�1���� �>�����@���� �W�K�H�� �G�R�P�D�L�Q��
discretization is the same as that of the 
MIN3 using nN  nodes and eN  triangular 
elements. However in the formulation of 
�W�K�H���&�6���0�,�1�������H�D�F�K���W�U�L�D�Q�J�X�O�D�U���H�O�H�P�H�Q�W��e�:  
is further divided into three sub-triangles 

1�' ���� 2�'  and 3�'  by connecting the central 
point O���R�I���W�K�H���H�O�H�P�H�Q�W���W�R���W�K�U�H�H���¿�H�O�G���Q�R�G�H�V��
as shown in Figure 3

�,�Q���W�K�H���&�6���0�,�1�������Z�H���D�V�V�X�P�H���W�K�D�W���W�K�H���G�L�V�S�O�D�F�H�P�H�Q�W���Y�H�F�W�R�U��eOd  at the central point O 

is the simple average of three displacement vectors 1ed ���� 2ed  and 3ed ���R�I���W�K�U�H�H���¿�H�O�G���Q�R�G�H�V��

                                          
�� ��1 2 3

1
3eO e e e�  � � � �d d d d

                                                          
(10)

Using the MIN3 method for the sub-triangle 1�' �����W�K�H���E�H�Q�G�L�Q�J���D�Q�G���V�K�H�D�U���V�W�U�D�L�Q�V��1�'�N

and 1�'�J ���F�D�Q���E�H���D�S�S�U�R�[�L�P�D�W�H�G���E�\

                        

(11)

where 1�'b  and 1�'s ���D�U�H�������U�H�V�S�H�F�W�L�Y�H�O�\�����F�R�P�S�X�W�H�G���V�L�P�L�O�D�U�O�\���D�V���W�K�H���P�D�W�U�L�F�H�V��B  and S 

of the MIN3 [11]. Substituting eOd ���L�Q���(�T�����������������L�Q�W�R���(�T�������������������Z�H���R�E�W�D�L�Q

�> �@1 1 1 1 1 1 1

1

1 2 1 3 1 1 2 3

1 1 1
3 3 3

T

e e e e

�'

� ' � ' � ' � ' � ' � '� '� ª � º�  � � � ��  � « � »� ¬ � ¼
B

b b b b b d d d B d
�	�������������
��������������

�N

                                               

(12)

�> �@1 1 1 1 1 1 1

1

1 2 1 3 1 1 2 3

1 1 1
3 3 3

T

e e e e

�'

� ' � ' � ' � ' � ' � '� '� ª � º�  � � � � �  � « � »� ¬ � ¼
S

s s s s s d d d S d
�	�����������
������������

�J

                                                  

(13)

Figure 3. Three sub-triangles ( 1�' , 2�'  and 3�' ) created from the triangle 1-2-3 in
�W�K�H���&�6���0�,�1�����E�\���F�R�Q�Q�H�F�W�L�Q�J���W�K�H���F�H�Q�W�U�D�O���S�R�L�Q�W���2���Z�L�W�K���W�K�U�H�H���¿�H�O�G���Q�R�G�H�V�������������D�Q�G����

 sub-triangle

�'

1

2
3

central point

O
1 �' 3

�' 2
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�6�L�P�L�O�D�U�O�\���� �E�\�� �X�V�L�Q�J�� �F�\�F�O�L�F��
�S�H�U�P�X�W�D�W�L�R�Q���� �Z�H�� �H�D�V�L�O�\�� �R�E�W�D�L�Q�� �W�K�H��
bending and shear strains j�'�N ���� j�'�J
and matrices j�'B ���� j�'S ���� 2,3j � ���� �I�R�U�� �W�K�H��
second sub-triangle 2�'  (triangle O-2-3) 
and third sub-triangle 3�'  (triangle O-3-
���������U�H�V�S�H�F�W�L�Y�H�O�\��

�1�R�Z���� �D�S�S�O�\�L�Q�J�� �W�K�H�� �F�H�O�O���E�D�V�H�G�� �V�W�U�D�L�Q��
�V�P�R�R�W�K�L�Q�J���R�S�H�U�D�W�L�R�Q���L�Q���W�K�H���&�6���)�(�0���>�����@����
the constant bending and shear strains j�'�N  
and j�'�J ���� 1,2,3j � �� �D�U�H���� �U�H�V�S�H�F�W�L�Y�H�O�\���� �X�V�H�G��
to create a smoothed bending and shear 
strains e���N and e���J  on the element e�:  such 
as: 

                   (14)

where e
���% and eS��  are the smoothed bending 

and shear strain gradient matrices given by

3

1

1 j

je
je

A
A

�'
�'

� 

� �¦��� % � %
  
; 
  

3

1

1 j

je
je

A
A

�'
�'

� 

� �¦S S��

   
(15)

�7�K�H�U�H�I�R�U�H���W�K�H���J�O�R�E�D�O���V�W�L�I�I�Q�H�V�V���P�D�W�U�L�[��
of the CS-MIN3 are assembled by 

              1

eN

e
e� 

� �¦K K� � � �
                             

(16)

where  is the smoothed element 
stiffness for plate given by

ˆd d d

ˆ     d

e e e

e

T b T s T
e w f w

T b T s T
e e w f w

k

A A k

� : � : � :

�:

�  � : � � � : � � � :

�  � � � � � :

� ³ � ³ � ³

�³

K B D B S D S N N

B D B S D S N N

� � � �� � � � � �
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Note that for convenience in 
�Q�X�P�H�U�L�F�D�O�� �F�R�P�S�X�W�D�W�L�R�Q���� �W�K�H�� �I�R�X�Q�G�D�W�L�R�Q��
�V�W�L�I�I�Q�H�V�V���F�R�H�I�¿�F�L�H�Q�W��fk  in Eq. (17) can be 
derived from the following equation ref in 
Huang [7] 

            
4/fk KD B�                          (18)

where K is the non-dimensional elastic 
�I�R�X�Q�G�D�W�L�R�Q�� �F�R�H�I�¿�F�L�H�Q�W�� B is the shorter 
dimension of the plate; and �� ��3 / 12(1 )D Et� ���Q

 is the bending stiffness of the plate.

Numerical results

Free vibration analysis of Mindlin 
plate on elastic foundations

Figure 4. Model of a plate on elastic foundation

 

y 
x 

kf kf kf kf kf kf 

Consider the free vibration analysis 
of a rectangular plate rested on the elastic 
foundation with the non-dimensional 
�H�O�D�V�W�L�F�� �I�R�X�Q�G�D�W�L�R�Q�� �F�R�H�I�¿�F�L�H�Q�W�� �J�L�Y�H�Q�� �E�\��

100K � . The dimensions of the plate are 
given by length L=�����P���� �Z�L�G�W�K��B=10m 

and thickness t=0.5m as shown in Figure 
4. The boundary conditions of plate are 
simply supported along four edges of 
plate and the density of plate is given by 
�U= 2500 kg/m3.
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Figure 5. Five lowest frequencies of the plate on elastic foundation discretized by mesh 
1���î��

�)�L�J�X�U�H���������6�L�[���O�R�Z�H�V�W���H�L�J�H�Q�P�R�G�H�V���R�I���W�K�H���S�O�D�W�H���R�Q���H�O�D�V�W�L�F���I�R�X�Q�G�D�W�L�R�Q�����P�H�V�K�������î���������E�\���W�K�H��
CS-MIN3. (a) Mode 1; (b) Mode 2; (c) Mode 3; (d) Mode 4; (e) Mode 5; (f) Mode 6

              

(a)                                                                     (b)

                                     

(c)                                                             (d)

                      
(e)                                                               (f)
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�)�L�J�X�U�H�������S�O�R�W�V���¿�Y�H���O�R�Z�H�V�W���I�U�H�T�X�H�Q�F�L�H�V��
of plate by CS-MIN3 methods for the 
meshes 15×5. It is observed that the results 
�R�I�� �&�6���0�,�1���� �D�J�U�H�H�� �H�[�F�H�O�O�H�Q�W�O�\�� �Z�L�W�K�� �W�K�H��
�U�H�I�H�U�H�Q�F�H���V�R�O�X�W�L�R�Q���>���@�����,�Q���D�G�G�L�W�L�R�Q�����)�L�J�X�U�H������
�S�O�R�W�V���W�K�H���V�K�D�S�H���R�I���V�L�[���O�R�Z�H�V�W���H�L�J�H�Q�P�R�G�H�V���R�I��
plate on the elastic foundation using the CS-
MIN3. It is seen that the shapes of eigen-
modes reveal the real physical modes.

Static analysis of Mindlin plate on 
elastic foundations

�1�R�Z���� �W�K�H�� �V�W�D�W�L�F�� �D�Q�D�O�\�V�L�V�� �R�I�� �W�K�H�� �S�O�D�W�H��
on the elastic foundation is considered. The 
model of plate in Figure 4 is still chosen 
�W�R�� �D�Q�D�O�\�V�L�V���� �K�R�Z�H�Y�H�U�� �L�Q�� �R�U�G�H�U�� �W�R�� �F�R�P�S�D�U�H��
the results with those of reference solution 
�>���@���� �W�K�H�� �G�L�P�H�Q�V�L�R�Q�V�� �R�I�� �W�K�H�� �S�O�D�W�H�� �D�U�H�� �U�H�V�H�W��
into the length L=�����P���� �Z�L�G�W�K��B=�����P����

thickness t=0.02m and the non-dimensional 
�H�O�D�V�W�L�F�� �I�R�X�Q�G�D�W�L�R�Q�� �F�R�H�I�¿�F�L�H�Q�W�� �L�V�� �J�L�Y�H�Q��
by 1000� K ���� �,�Q�� �D�G�G�L�W�L�R�Q���� �W�K�H�� �S�O�D�W�H�� �L�V��
subjected to a concentrated load �3=1000N 
at the center of plate. The plate is free 
along two longer edges and is simply 
supported along the two remaining edges. 
�,�Q�� �D�G�G�L�W�L�R�Q�����<�R�X�Q�J�¶�V�� �P�R�G�X�O�X�V�� �R�I�� �P�D�W�H�U�L�D�O��

is given by 9 231 10 N/m� �uE  and Poisson’s 
ratio of material is also given by v = 0.2. 
Four uniform discretizations of plate 
�F�R�U�U�H�V�S�R�Q�G�L�Q�J�� �W�R�� �������� ���������� �������� �D�Q�G�� ��������
elements are used. 

�7�K�H���F�R�Q�Y�H�U�J�H�Q�F�H���R�I���G�H�À�H�F�W�L�R�Q���L�V���¿�U�V�W��
studied. Figure 7 compares the convergence 
�R�I���F�H�Q�W�U�D�O���G�H�À�H�F�W�L�R�Q��2/( )w wD PB�  of plate. 
It is seen that the solution of the CS-MIN3 
is the closest to the reference solution.

�)�L�J�X�U�H���������&�R�Q�Y�H�U�J�H�Q�F�H���R�I���F�H�Q�W�U�D�O���G�H�À�H�F�W�L�R�Q��2/( )w wD PB� 
of plate on the elastic foundation

�1�H�[�W�� �W�K�H�� �H�I�I�H�F�W�V�� �R�I�� �S�O�D�W�H�� �G�L�P�H�Q�W�L�R�Q��
ratio B/L are studied by keeping the plate 
width B=�����P���¿�[�H�G�����Z�K�L�O�H���W�K�H���S�O�D�W�H���O�H�Q�J�W�K��
L���L�V���F�K�D�Q�J�H�G�����)�L�J�X�U�H�������V�K�R�Z�V���W�K�H���G�H�À�H�F�W�L�R�Q��
of the middle-line along the longitudinal 
�D�[�L�V�� �X�V�L�Q�J�� �W�K�H���&�6���0�,�1���� �Z�K�H�Q���W�K�H���O�H�Q�J�W�K��

L of plate is changed. It can be seen that 
when the length L���L�Q�F�H�D�V�H�V�����W�K�H���U�H�J�L�R�Q���R�I��
�G�L�V�W�U�L�E�X�W�L�R�Q�� �R�I�� �G�H�À�H�F�W�L�R�Q�� �L�V�� �Q�D�U�U�R�Z�H�U���� �,�Q��
�D�G�G�L�W�L�R�Q�����W�K�L�V���U�H�V�X�O�W���L�V���T�X�L�W�H���V�L�P�L�O�D�U���W�R���W�K�D�W��
in Huang and Thambiratriam [7].
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Conclusion

The paper presents an incorporation 
of the original CS-MIN3 with spring 
systems for treating more complicated 
static and free vibration analyses of 
Mindlin plates on the elastic foundation. 
The plate-foundation system is modeled 
as a discretization of triangular plate 
elements supported by discrete springs at 
the nodal points representing the elastic 

foundation. The accuracy and reliability 
�R�I�� �W�K�H�� �S�U�R�S�R�V�H�G�� �P�H�W�K�R�G�� �D�U�H�� �Y�H�U�L�¿�H�G�� �E�\��
comparing with those of others available 
numerical results. 
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