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ABSTRACT

$ FHOO EDVHG VPRRWKHG WKUHH QRGH OLQGOLQ ¢

proposed to improve the performance of the existing three-node Mindlin plate element

0,1 IRU VWDWLF DQG IUHH YLEUDWLRQ DQDO\VHV R
MIN3 is incorporated with spring systems for treating more complicated static and free
vibration analyses of Mindlin plates on the elastic foundation. The plate-foundation
system is modeled as a discretization of triangular plate elements supported by
discrete springs at the nodal points representing the elastic foundation. The accuracy
DQG UHOLDELOLW\ RI WKH SURSRVHG PHWKRG DUH Y
available numerical results.

Keywords: 6PRRWKHG ¢ QLWH HOHPHQW PHWKRGV 6 ){
FHOO EDVHG VPRRWKHG WKUHH QRGH OLQGOLQ SODW
elastic supports

Introduction vibration of structures on elastic foundation

Plates on elastic foundations caff\ PDQ\ UHVHDUFKHUV )RU H
be found in several types of engineerinfft] studied vibration of anisotropic plate
structures and real life applications such &ssemblies with Winler foundation. Raju
EDVHPHQW IRXQGDWLRQ[¥] discussed e efloct ofwnode | shape
KLJKZD\V DLUSRUW UXQ@brige i Wwhe stability problem and

In the analysis of plates resting oryiPration behaviour of simply-supported
HODVWLF IRXQGDWLRQ @RafropicHectapggylaynipies enustartin u
used the Winkler elastic foundation model RXQGDWLRQ ORUH UHFHQW(
and different numerical methods werdvestigated the vibration and stability of
DGRSWHG VXFK DV ¢ QL WHtckrptateisPod elagtieipundetRIG Huagy
ERXQGDU\ HOHPHQW PHWKR [3] studied paieGeRiWy KiH &Jagtic
method [3]. A large amount of researctiV XSSRUWY DQG HODVWLF IR
has been conducted on analysis of frestrip method.
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In the other frontier of developing Weakform for Mindlin plates on
DGYDQFHG ¢(¢QLWH HOHP HIgste fantd&&isQ RORJLHY /L X

and Nguyen-Thoi [8] have applied a strain  consider a Mindlin plate on elastic
smoothing technique of meshfree methodgyngation as shown in Figure 1. The
by Chen [9] into the conventional FEMg|astic foundation is modeled by springs

using linear interpolations to formulate &7 | WKk IRXQGDWLRQ YWLIIQHV
VHULHV RI VPRRWKHG ¢QLWH HOHPHQW PHWKRGYV

(S-FEM)including the cell-based smoothedFigure 1. Model of a Mindlin thick plate
FEM (CS-FEM) [10] which shows some on elastic foundation
interesting properties in the problems of
VROLG PHFKDQLFV ([WHQGLQ
&6 )(0O WR SODWH VWUXFWXU
et al. [11] have recently formulated a cell-
based smoothed three-node Mindlin plate y
element (CS-MIN3) for static and free @ p—————™——— -
vibration analyses of isotropic Mindlin + ki s ke ke K kf# ki :
plates by incorporating the CS-FEM with w

the original MIN3 element [12]. In the

&6 0,1 HDFK WULDGQJXO D UThe orifgley gnautrd). eudace of

EH GLYLGHG LQWR WKUBPBate xhBosgnhuasptae) eference ppue

LQ HDFK VXE WULDQJOH thavd¢cttpiésrai@nhainL Ri @s 6hdwn

is used to compute the strains. Then the Figure 2. Lew EH WKH GHAHFWL
strain smoothing technique on whole the’ >0y @ EH WKH YHFWRU R

triangular element is used to smooth the, . o E E are the rotations of the
strains on these three sub-triangles. The e plane aroung-D[LV D:DEL V

numerical results showed that the CS v SHEWLYHO\ ZLWK WKH S
MIN3 is free of shear locking and achievess; 4 . O HG DV VKRZ QL LIXUH

WKH KLJK DFFXUDF\ FRPSDURG WR WKH HTD.F

VROXWLRQV DQG RWKHUYV JFEVW'L”S)"T HEFPP 1Ph Wikge | o
the literature. LQGHSHQGHQW ¢(HOG YDUL

the problem domain of the Mindlin plates
7KLV SDSHU KHQFH ool MWkl Yo WiKH £ The
y— -’

X

triangular plate element CS-MIN3 forbending and shear straimsand y of the

static and free vibration analyses of plateg H AHFWHG SODWH DUH GH o)
on elastic foundation. The plate-foundation
k=LpB ; vy=Vw+p (1)

system is modeled as a discretization

of triangular plate elements supportegihere ' >/ w /Wy@ and L, is a

by discrete springs at the nodal point&s LI |HUHQWLDO RSHUDWRU P|
representing the elastic foundation. Thgglerkin weakform of the transient
accuracy and reliability of the propose@nalysis of Mindlin plates on elastic

PHWKRG DUH YHUL¢(HG flndatoR 8dn Wdvidbt whitidM Ks Huang

those of others available numerical resultgz]

DE

x'Dhed : 3GN'Dyd: u'mud J3Gwkwd: ubd 2)
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where b b xy O @.T LQ ZKthiEkKesst: D* and D® are the material

b xy is the distributed load appliedmatrices related to the bending and shear
on the platem LV WKH PDWU LdefdfriRa@oisD LQ L Q J

the mass density of the material and

Figure 2. Positive directions of displacement and
two rotations £, £ in Mindlin plate

Formulation of the CS-MIN3 for degrees of freedom ofi" associated to

Mindlin plates on elastic foundation nodel UHVSHFWLYHO\
FEM formulation for Mindlind The bending and shear strains can be

plates on elastic foundatiofi] WKHQ H[SUHVVHG LQ WKH PD

1RZ GLVFUHWL]H WKHNERBdQGHE gRADLQ ()

into N, ¢QLWH HOHPHQWY VXFK WKDW
" and 0zt iz WKHQ Wre

e J

¢QLWH HOHPHQW \[R:'QTXWLRQ
of a displacement model for the Mindlin 0N, ©O°

« le NI 0a
SODWHV LV H[SUHVVHG @BV 0 0 N, S " , N«(5)
0 I\Il,y NI,x(—(| " -

n Y N'éx) No 8 j‘d Nd in which N, , and N, , are the derivatives
N N () «! ) of the shape functions ix-direction and
0 0 Nk y GLUHFWLRQ UHVSHFWLYHO
system of equations of Mindlin plates
on elastic foundation using the FEM for

whereN, |sthetotalnumberofnodesW UDOVLHOW DQDO\WLY WKHOQ
of problem domain discretizedy, (x) is

_ Md Kd F 6
shape function at noded, [w £, ©

is the displacement vector of the nodé[l’_herebK LV. WKH JOREDO VWLII
given by

K B'DBd 3 S'D°Sd N, kN, d3 (7)

inwhichN, N, 0 0 N, 0 0 N, 0 OGF LV WKH ORDG YHFWRL
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,Q WKH &6 0,1 > @ WKH
discretization is the same as that of the
in which f°is the remaining part oF MIN3 using N, nodes andN, triangular
VXEMHFWHG WR SUHYVF UdlemnenG. However Ghlithée\foBRIdi@G\of
andM LV WKH JOREDO PDVWKGH&QHGLE\HDFK WULDQJXC
is further divided into three sub-triangles

., ', and ', by connecting the central

pointO RI WKH HOHPHQW WR WHEK
as shown in Figure 3

Fo3pad f° (8)

M 3N MmN d 9)

Formulation of CS-MIN3 for
Mindlin plates on elastic foundation

Figure 3. Three sub-triangles (*,, ', and ',) created from the triangle 1-2-3 in
WKH &6 0,1 E\ FRQQHFWLQJ WKH FHQWUDO SRLQW 2 ZL

central point

,Q WKH &6 0,1 ZH DVVXPH WKDdJ), amhkerte@hNEG@DFHP I
is the simple average of three displacement vedigrsl,, andd, R1 WKUHH ¢HOG

d d, d, d, (10)

e0

Using the MIN3 method for the sub-triangle WKH EHQGLQJ DG VKH
andd: FDO EH DSSURI[LPDWHG E\

deO deO
 =[bY by by | d, |=bYd; vV =[s) s sy ] d,, |=sVa® (11)
| 1d —x|d

b2 el s el

whereb* ands* DUH UHVSHFWLYHO\ FRPSXWHWGSVLPLO

of the MIN3 [11]. Substitutingl,, LQ (T LQWR (T ZH REWD
1 1 P TN : :
A 2bt by bt byt by Bl do, d.@ B d, (12)
1 1 L1 2y : .
9SS s Y ¥ S8SE 6 k@ S (13)

s't
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6LPLODUO\ E\ XVLQJ F\FNIE(QLF
SHUPXWDWLRQ ZH HDVLO\ REWDLQ WKH®
bending and shear straing\! J' _
and matricesB’ S’ | 23 IRU W Kk Yyhere K, is the smoothed element
second sub-triangle , (triangle 0-2-3) Stifiness for plate given by
and third sub-triangle’, (triangleO-3- K, B'DBd 3 S'D'Sd N, kN, d ¢
UHVSHFWLYHO\ BD'BA STD'SA 3 Nk N,d

1RZ DSSO\LQJ WKH FHOO EDVHG VWUDLQ
VPRRWKLQJ RSHUDWLRQ LQ WKH &6 )(0 > @ @7
the constant bending and shear strafis Note that for convenience in
andy' j 1,23 DUH UHVSHFWXPHOLFOWHERPSXWDWLRQ
to create asmoothedbending and shear VWLITQHVV K- RHEY ¢ (BT id@ Ve
strains®y andy] on the element ., such derived from the following equation ref in
as: Huang [7]

k,=Bd, ; 7,=S.d, (14) k, KD/B* (18)

b

wheremy ands, are the smoothed bendinthere K is the non-dimensionatlastic

and shear strain gradient matrices given bP/R XQGDWLRQ BFIR the; shartQ W

dimensionoftheplate;amd Et*/ 12(1 Q

LA 5 s ? As (19) isthe bending stiffnes# the plate.

s L1 1
Al Al

Numerical results

7TKHUHIRUH WKH JORED OFN&Wibrhfibhl ¥ndlyBid W Mikdlin
of the CS-MIN3 are assembled by plate on elastic foundations

Figure 4. Model of a plate on elastic foundation

Consider the free vibration analysisand thicknes$=0.5m as shown in Figure
of a rectangular plate rested on the elastic The boundary conditions of plate are
foundation with the non-dimensionalsimply supported along four edges of
HODVWLF IRXQGDWLRQ pidetng fnetdendity of pétd (3 giten by
K 100. The dimensions of the plate arec= 2500 kg/m.
given by lengthL,.= P ZL G¥LGn
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Figure 5. Five lowest frequencies of the plate on elastic foundation discretized by mesh
117

JLIXUH 6L ORZHVW HLJHQPRGHV RI WKH SODWH RQ HO
CS-MINS. (a) Mode 1; (b) Mode 2; (c) Mode 3; (d) Mode 4; (e) Mode 5; (f) Mode 6

(@) (b)

() (d)

(€) (f)
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JLIXUH SORWYV ¢YH ORREniessW).02onHaimdx e Qantdidnénsional

of plate by CS-MIN3 methods for theHODVWLF IRXQGDWLRQ FRH
meshes 1%5. It is observed that the resulthy K 1000 ,Q DGGLWLRQ WKH
RI &6 0,1 DJUHH H[FHOQbfededto aLbweftratédIbael 000N
UHIHUHQFH VROXWLRQ > g@®the Qefdp GfLpldte RTe platdXd)free
SORWYV WKH VKDSH RI VL [alehg 4wbVIghgtrLeddgés PaRds id \Sinkply

plate on the elastic foundation using the CSupported along the two remaining edges.
MIN3. It is seen that the shapes of eigen:Q DGGLWLRQ <RXQJYV PRG>
modes reveal the real physical modes.

is given by E 31 1@ N/nf and Poisson’s
Static analysis of Mindlin plate on ratio of material is also given by= 0.2.
elastic foundations Four uniform discretizations of plate

1RZ WKH VWDWLF DQI&WYH VEEIRW Gk Qslo WARH
on the elastic foundation is considered. THiements are used.
model of plate in Figure 4 is still chosen 7KH FRQYHUJHQFH RI GHA
WR DQDO\VLV KRZHYHU bt(@idd Figuldy coigareRH2 Sdakeryence
the results with those of reference solutioR 1| FHQW UD® GH(RE)PIEIAR.Q
> @ WKH GLPHQVLRQV RItisNdeh thatGhe ¥éidtioD bf the CH-MHB/
into the lengthL= P ZL @& KP is the closest to the reference solution.

YLIXUH &RQYHUJHQFH RW FMPOREY DO GHAHFWLRQ
of plate on the elastic foundation

1H[W WKH HIITHFWV RL & p@aaNsthagddHtXx@whlbR en that
ratio B/L are studied by keeping the platevhen the lengthh. LQFHDVHY WKH U
widthB= P ¢([HG ZKLOH WK IEIS\ODWHE OWORORQY KRI GHAHFWL
L LV FKDQJHG )LJXUH VBRBBWLWIKRHQG MAKHFWWLRMXOW L\
of the middle-line along the longitudinalin Huang and Thambiratriam [7].
DLV XVLQJ WKH &6 0,1 ZKHQ WKH OHQJWK
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JLIXUH '"HAHFWLRQ RI WKH PLGGOH OLQH DORQ.
D[LV E\ WKH &6 0,1 ZKHQ WKH SODWH OHQJWK L

Conclusion foundation. The accuracy and reliability
The paper presents an incorporatior'f2 I WKH SURSRVHG PHWKRG

of the original CS-MIN3 with spring comparing with those of others available

systems for treating more complicatefumerical results.
static and free vibration analyses of  Acknowledgements
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