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Abstract:

This paper presents a robust sliding mode control (SMC) strategy based on an exponential reaching law
for a two-degrees-of-freedom (2-DoF) planar robotic manipulator. The proposed controller is designed
to achieve fast and accurate convergence of tracking errors while mitigating the chattering effects
typically associated with conventional SMC approaches. By incorporating an exponentially decaying term
into the reaching law, the controller enhances the smoothness of the sliding motion and improves the
transient performance of the system. The dynamic model of the robotic manipulator is derived using the
Euler-Lagrange formulation to capture the system's nonlinear and coupled dynamics. A Lyapunov-based
stability analysis is employed to establish the asymptotic stability of the closed-loop system. To evaluate
the controller’s effectiveness, extensive simulation studies are conducted under various scenarios,
including nominal conditions, the presence of external disturbances, and significant variations in link mass
parameters. The simulation results confirm excellent trajectory tracking performance and strong
robustness, thereby demonstrating the controller’s adaptability to both ideal and uncertain environments.
These results underline the potential of the proposed control scheme for practical applications in
advanced robotic systems.
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Toém tat:

Bai bdo nay trinh bay mdt chién lugc diéu khién trugt (SMC) bén viing, dua trén luat ti€p can ham
mi, 4p dung cho canh tay robot phdng hai bac tu do (2-DoF). B diéu khién dugc dé xudt nhdm dam
bao kha ndng hdi tu nhanh va chinh xac cla sai s6 bam quy dao, dong thdi giam thi€u hién tugng
rung (chattering) von thudng gap trong cac phuong phap SMC truyén théng. Viéc tich hgp thanh phan
ham mii suy gidm vao luat tiép can gilp cai thién dd muot cla chuyén ddng trugt va nang cao dap
(ng qua do cua hé thdng. Mo hinh dong hoc cua robot dugc xay dung dua trén phuong phap Euler—
Lagrange nhdm phan anh chinh xac cac ddc tinh phi tuyén va tuong tac gitta cac khdp. Phan tich 6n
dinh dua trén ly thuyét Lyapunov dugc si dung dé chirng minh tinh &n dinh tiém cén cta hé théng
kin. Cac nghién cltu mo6 phong dugc thuc hién trong nhiéu diéu kién khac nhau, bao gom diéu kién
dinh mdrc, cd nhiéu ngoai, va sai léch I6n vé thdng s6 khéi lugng clia cac khau. Két qua cho thay bd
diéu khién dat hiéu ndng bdm quy dao cao va do bén vitng manh mé, khang dinh tinh hiéu qua va
kha nang thich 'ng ctia phuang phap dé xuat trong ca méi trudng ly tudng va bat dinh.

T khoa:

Luét ti€p cdn ham mi, Diéu khién trugt, Robot ndi ti€p hai bac tu' do, Bam quy dao, Diéu khién bén
virng.
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1. INTRODUCTION

The precise control of robotic
manipulators remains a fundamental
challenge in modern automation systems
[1],[2], [3]. In both academic research and
industrial applications, manipulators are
expected to execute complex tasks with
high precision, rapid response, and strong
robustness against environmental
uncertainties. Among various
configurations, the  two-degrees-of-
freedom  (2-DoF)  planar  robotic
manipulator has been  extensively
investigated due to its nonlinear, coupled
dynamics and its ability to represent the
core behaviors of more complex robotic
systems [4], [5], [6], [7]. Controlling such
nonlinear systems demands advanced
methodologies capable of guaranteeing
both stability and performance in the
presence of model uncertainties, external
disturbances, and parameter variations.

Over the past few decades, various
nonlinear control strategies have been
applied to robotic manipulators, including
feedback linearization, adaptive control,
backstepping, and fuzzy logic control.
Among these approaches, Sliding Mode
Control (SMC) has attracted significant
attention due to its inherent robustness and
its capability to handle model uncertainties
without  requiring  precise  system
knowledge [8], [9], [10]. The core concept
of SMC is to steer the system trajectories
toward a predefined sliding surface and
maintain their motion along this surface,
thereby ensuring convergence to the
desired trajectory. Once the sliding
condition is met, the system dynamics
reduce to a lower-order, stable form that is
highly resistant to certain classes of
disturbances and parameter variations.

Despite its advantages, classical
Sliding Mode Control (SMC) methods

suffer from a significant drawback:
chattering. This undesirable phenomenon
results from the use of discontinuous
control signals (e.g., the sign function),
which can induce high-frequency
oscillations, cause excessive wear on
mechanical actuators, and even lead to
instability in systems with unmodeled
high-frequency dynamics. To mitigate
chattering while preserving robustness,
numerous strategies have been proposed,
including boundary layer techniques, high-
order SMC [11], fuzzy-tuned SMC [12],
and modifications to the reaching law.

One promising approach to mitigate
chattering is the implementation of an
Exponential Reaching Law (ERL), which
incorporates a decaying exponential term
into the switching component of the
control law [13], [14]. The ERL facilitates
rapid convergence during the initial phase
of motion and progressively decreases the
switching effort as the system nears the
sliding manifold. This adaptive behavior
effectively reduces steady-state chattering
without compromising the reaching
performance, making ERL a highly
practical and robust solution for practical
control applications.

In this study, an Exponential Reaching
Law-based Sliding Mode Controller
(ERL-SMC) is designed and implemented
for a two-degrees-of-freedom (2-DoF)
planar robotic manipulator. The controller
is developed using a model-based
approach and ensures the asymptotic
convergence of tracking errors through a
rigorous Lyapunov stability analysis. The
exponential reaching law incorporated into
the control design introduces a time-
decaying term that enhances transient
response while reducing control effort as
the system approaches steady-state.

To validate the effectiveness of the
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proposed method, extensive simulation
studies are conducted under a variety of
operating scenarios. These include ideal
tracking without disturbances, tracking in
the presence of bounded external
disturbances, and conditions with varying
link masses to emulate modeling
uncertainties. In all cases, the ERL-SMC
exhibits excellent tracking accuracy and
strong robustness, consistently
maintaining  system  stability = while
effectively suppressing chattering.

The main contributions of this paper
are as follows:

+ A sliding mode control strategy using an
exponential reaching law tailored for
nonlinear robotic manipulators.

+ A comprehensive stability proof using
Lyapunov theory to guarantee global
asymptotic stability of the closed-loop
system.

+ Simulation-based validation under both
nominal and challenging conditions,
including external disturbances and
significant mass variations.

The rest of the paper is organized as
follows: Section 2 presents the dynamic
modeling of the 2-DoF planar robot.
Section 3 details the controller design and
stability analysis. Section 4 discusses
simulation results that illustrate the
robustness and tracking performance of the
proposed controller. Finally, Section 5
concludes the paper and suggests
directions for future research.

2. MATHEMATICAL
MODELING OF 2-DOF PLANAR
ROBOT MANIPULATOR

This section presents the detailed
mathematical model of the two-degrees-
of-freedom  (2-DoF) planar robotic
manipulator used in this study. The 2-DoF
planar robot manipulator considered in this
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study consists of two rigid links connected
by revolute joints. The motion of the robot
is confined to a horizontal plane, and the
dynamic model is derived using the Euler-
Lagrange formulation, which takes into
account both the kinetic and potential
energy of the system.

T2

Figure 1. Schematic diagram of the 2-DoF
planar robotic manipulator.

2.1. Kinematics and Generalized
Coordinates

The schematic diagram of the robot is
shown in Figure 1. Let 8, and 8, denote the
angular positions of the first and second

links, respectively. The generalized

coordinate vector is defined as :

_[6

7= o] ()
Each link has the following

parameters :

l;, I, : lengths of link 1 and 2.

m4, m, : masses of link 1 and 2.

I;, I, : moments of inertia about the center
of mass.

11, 15 : distances from the joint to the center
of mass of each link.

The forces acting on the system
include gravitational forces m; g and m,g.
Although the configuration is restricted to a
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horizontal plane, gravitational effects still
influence the joint torques as a function of
the angular positions.

2.2. Dynamic Model Using
Lagrangian Approach

The dynamics of the robot are derived
using the Euler-Lagrange method, which is
based on the difference between the kinetic
and potential energy of the system. The
Lagrangian is given by: The Lagrangian £ is
defined as:
L=T -V Q)
where T is the total kinetic energy and V is
the total potential energy.

Using the Euler-Lagrange equation, the
equations of motion are expressed as:
d (6L) oL
dt \odq; aq; = T
A3)
where 7, and 7, are the torques applied at the

joints. The system dynamics can be
expressed in matrix form as :

M()j+C(q.q)q+G(q) =7

“4)

where:

M(q) € R?*2 : inertia matrix.

C(q,q) € R¥*2: coriolis and centrifugal
terms.

G(q) € R?*1: gravity vector.

=1, 2

7 € R?*1 : vector of control torques.

2.3. Explicit Expressions with
Parameters

The inertia matrix M(q), coriolis matrix
C(q), and gravity vector G(q) are derived as
follows:

M(q) =

[al + 2a,cos(,) as+a, cos(Gz)] 5
as + a, cos(6,) as )
Clg. 9 . o

B [—bl sin(6,) 8, —b sin(8,) (6, + 92)]
B b, sin(8,) 6, 0

(6)

_[g1cos(6;) + g, cos(6; + 65)
Gl@) =" 921505(921 + 92)1 i ]
(7)

These expressions capture the nonlinear
coupling and dynamic behavior of the
robotic system. The coefficients in the
corresponding matrices depend on the
physical parameters of the manipulator, as

detailed below. The parameters
a,,a,,as, by, g1, g, are defined as:

a = L+L+mi’+m, (112+r12)

a, = m,lr,

a, = L +m,r

b = myl,r

g = mgr; +mygl,

& = m,gr,

(8)

Here, g denotes the gravitational

acceleration. These parameters encapsulate
both the mass and geometric properties of
the manipulator.

3. CONTROLLER DESIGN USING
EXPONENTIAL REACHING LAW-
BASED SLIDING MODE CONTROL

This section presents the formulation of
a robust sliding mode control (SMC)
strategy, augmented by an exponential
reaching law (ERL), for a two-degrees-of-
freedom (2-DoF) planar robotic
manipulator. The primary control objective
is to ensure accurate tracking of predefined
joint reference trajectories under a range of

operating conditions, including model
uncertainties, parameter variations, and
external disturbances. Although

conventional SMC guarantees robustness
and finite-time convergence, it typically
suffers from chattering effects caused by
discontinuous control actions. To address
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this limitation, the proposed exponential
reaching law introduces a smoother
convergence mechanism, thereby reducing
chattering while preserving robustness.

3.1. Tracking Error and Sliding
Surface

To formulate the control law, we first
define the trajectory tracking error as:

e(t) = q(t) — qa(t) )
é(t) =q@) — qa(®) (10)
where q(t) € R? is the actual joint position
vector, and q4(t) € R? is the desired
trajectory vector. These quantities are
assumed to be continuously differentiable.

The sliding surface s(t) is subsequently

constructed to encapsulate both the position
and velocity tracking errors:
s(t) = e(t) + Ae(t) (11)
where A = diag (A4, 4,) is a positive definite
diagonal matrix, with its elements selected to
achieve a desirable dynamic response. The
purpose of this sliding surface is to enforce
error dynamics that converge exponentially
to zero when the system operates in sliding
mode.

3.2. Exponential Reaching Law

The reaching phase plays a critical role
in sliding mode control (SMC), as it
determines how the system states converge
to the sliding surface. Traditional reaching
laws typically employ a discontinuous sign
function, which often induces undesirable
chattering. To enhance system performance
and reduce chattering effects, an exponential
reaching law is adopted in this study:

s(t) = —ks(t) — asign(s(t)) +
Be Ytsign(s(t))
here:

(12)

+ k > 0 is a linear feedback gain promoting
proportional decay.

+a >0 sets the magnitude of the
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discontinuous term for robustness.

+ B > 0 and y > 0 define the exponential
modulation term.

The advantage of this reaching law lies
in its dynamic adaptability: it applies strong
corrective action during the early stage of
error evolution and gradually reduces
switching intensity as the system stabilizes.
This approach preserves robustness while
minimizing chattering, which is highly
desirable for practical implementation in
robotic systems.

3.3. Control Law Derivation

The dynamic model of the 2-DoF
manipulator is written as:

M@G+CqPq+6@=1t+d  (13)
where M(q) is the inertia matrix, C(q,q)
accounts for Coriolis and centrifugal effects,
G(q) is the gravity vector, and 7 € R? is the
control torque vector and d is the bounded
external disturbance.

To ensure that the sliding surface
dynamics obey the exponential reaching
law, we design the control input 7 as:

T=Teq + Tow (14)
The equivalent control 7., compensates

for the known nominal dynamics of the

system:

Teq = M(Q)(Qd —Aé) + C(QJQ)Q +G(q)

(15)

The switching control component tg,,
imposes the exponential reaching behavior:
Tow = M(q)(—ks — asign(s) +
Be tsign(s)) (16)

Thus, the total control law becomes:
7= M(q)(§q — Aé — ks — asign(s) +
pe tsign(s)) + C(q.9q+G(@)  (17)

This structure ensures that the robot
follows the reference trajectory with
robustness and reduced chattering, even in
the presence of unmodeled dynamics or
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parameter variations such as changes in link
mass.

3.4. Stability Analysis
To analyze the stability of the closed-

loop system, we consider the Lyapunov
candidate function:

V(s) = %STS (18)
Taking the time derivative:

V(s) =sTs (19)

= —kllslI* — allsll, + Be™"*lIsll;  (20)
It is evident that:

+ The term —k||s||? ensures quadratic decay.
+ The term —a||s||; ensures robustness via
the sign function.
+ The final term Be~"t||s||; is bounded and
vanishes as t — oo.

By choosing @ > 8, we guarantee that:
V(s) <0 Vs#0 (1)

This implies that the system is globally
asymptotically stable. As the sliding surface
converges to zero, both the position and
velocity tracking errors asymptotically
converge to zero as well. The control
structure for the proposed method is
presented in Figure 2.

The proposed exponential reaching
law-based sliding mode control (ERL-SMC)
framework combines the robustness of
classical SMC with enhanced convergence
characteristics and mitigated switching
effects. The control law is designed to
compensate for the known system dynamics
while maintaining robustness against model
uncertainties and external disturbances.
Theoretical analysis confirms the global
asymptotic stability of the closed-loop
system, which will be further validated
through simulation results presented in the
following section.

4. SIMULATION RESULTS
To evaluate the effectiveness of the

proposed exponential reaching law-based
sliding mode control (ERL-SMC), simulation

studies were conducted using a two-degrees-
of-freedom  (2-DoF)  planar  robotic
manipulator model. The controller was
implemented in MATLAB/Simulink as seen
in Figure 2, and its performance was assessed
in terms of trajectory tracking accuracy,
robustness to external disturbances, and
resilience to model uncertainties such as mass
variations.

The physical parameters of the robot are
as follows: the mass of link 1 is m,; =
5.25 kg and that of link 2 is m, = 3.00 kg.
Both links have a length of [; = [, = 0.3 m.
The gravitational acceleration is set to g =
9.81 m/s?. These values were used to derive
the robot’s dynamic model matrices,
including the inertia matrix, Coriolis matrix,
and gravity vector.

The desired end-effector trajectory is a
circular path in the horizontal plane, defined
in Cartesian space by:

xq(t) = 0.3 4+ 0.1cos(ft) (22)
ya () = 0.3 + 0.1sin(ft) (23)
xq4(t) = —0.1fsin(ft) (24)
ya(t) = 0.1fcos(ft) (25)

This trajectory describes a circle of
radius 0.1 m centered at position (0.3, 0.3)
meters. The parameter f represents the
angular frequency of motion and was selected
to control the speed of the desired path.

For controller implementation, the
desired position and velocity in Cartesian
space were mapped into joint space using
inverse kinematics and Jacobian-based
velocity transformations.

The initial conditions of the robot were
intentionally chosen to deviate from the
reference trajectory of the controller. The

initial joint angles were set to 6;(0) = g
and 6,(0) = —=, while the initial joint

velocities were 6,(0) = 0 and 6,(0) = 0.2
rad/s.
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Figure 3. Simulink simulation.
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The simulation was conducted under three
representative scenarios:

o First, the system was tested under nominal
conditions, with no external disturbances
or parameter variations. This scenario
serves as a baseline to evaluate the tracking
performance of the controller in an ideal
operating environment.

e Second, external disturbances were
introduced to evaluate the robustness of the
ERL-SMC and its ability to maintain
accurate trajectory tracking in the presence
of perturbations.

o Third, to evaluate robustness against
modeling uncertainties, the masses of both
links were increased while keeping the
controller unaware of these changes.
Specifically, the parameters were set to
my=7kgm, =4kgli=1,=0.3m
This scenario simulates the presence of
unmodeled payloads or inaccurate mass
estimations, which are common In
practical robotic applications.

The simulation results for all three test
scenarios are presented and analyzed in Figures 4 to

10. These figures demonstrate the effectiveness of
the proposed ERL-SMC controller in terms of joint
angle tracking accuracy, disturbance rejection, and
robustness against mass variations.

Figures 4 and 5 present the joint angle tracking
results for @4 and 8, under nominal conditions, i.e.,
in the absence of external disturbances or parameter
variations. The reference trajectories (dashed red
lines) are compared with the actual joint responses
(solid blue lines), clearly demonstrating the high
tracking accuracy achieved by the proposed
controller.

In Figure 4, the tracking response of 84 begins
from an initial angle of approximately 1. 05 radians
and rapidly converges to the desired sinusoidal
reference trajectory. The proposed controller
achieves accurate tracking with minimal overshoot.
The peak and minimum values of @, reach
approximately 1.94 radians and 1.10 radians,
respectively, both closely matching the reference
signal. The transient response 1is short
approximately 1.5 seconds after which the
trajectory stabilizes with negligible steady-state

crror

I |
6 8 10 12

Time (s)

Figure 4. Joint angle tracking result for 01 under nominal conditions.
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Figure 5. Joint angle tracking result for 0, under nominal conditions.
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Figure 6. External disturbance.
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Figure 7. Joint angle tracking for 04 under external disturbance.

Figure 5 illustrates the tracking performance of
the second joint 0,. Starting from an initial position
of approximately —1.05 radians, 0, closely
follows the desired periodic trajectory. During its
motion, the joint reaches a minimum of
approximately —2.05 radians and a maximum of
about —1. 05 radians. The actual response exhibits
excellent agreement with the reference signal, with
no observable phase lag or steady-state error.

In this scenario, the actual joint trajectories of
the robot closely follow the desired trajectories,
highlighting the excellent convergence properties
of the proposed controller. The transient phase is
brief, and the system rapidly settles into a stable
periodic motion that accurately corresponds to the
desired circular trajectory in task space. These
results confirm that the ERL-SMC provides smooth
and precise tracking performance under ideal
operating conditions.

81



TAP CHi KHOA HOC VA CONG NGHE NANG LUONG - TRUONG DAI HOC DIEN LUC

(ISSN: 1859 -4557)

6, (rad)

I I
0 2 4

6 8

Time (s)

Figure 8. Joint angle tracking for 0, under external disturbance.
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Figure 9. Tracking result for 01 under parameter variation (increased mass).
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Figure 10. Tracking result for @y under parameter variation (increased mass).

Figures 7 and 8 show the tracking performance
of joints 8, and 8, under the influence of external
disturbances (Figure 6) applied during the
simulation. In Figure 7, the response of 84 remains
stable and closely follows the desired trajectory.
Small oscillations appear along the actual
trajectory. However, these oscillations are bounded
and do not significantly degrade the tracking
quality. The maximum deviation from the reference
remains within +0.05 radians, and the overall
shape of the trajectory is preserved. This indicates
that the exponential reaching law contributes to

effective disturbance rejection while maintaining
robust convergence. Figure 8 presents the
performance of joint @, under similar disturbance
conditions. The trajectory exhibits more visible
high-frequency ripples compared to the nominal
case, particularly near peak positions. However, the
main trajectory is still tracked accurately, with
minimal phase lag. The controller maintains a tight
bound on the tracking error, and the oscillations do
not accumulate over time, confirming the inherent
robustness of the sliding mode framework.
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Despite these perturbations, the controller
maintains stable operation and only shows minimal
deviations from the reference trajectory. The
tracking errors remain bounded, and the system is
able to recover quickly, confirming the robustness
of the sliding mode controller enhanced with the
exponential reaching law. Figures 9 and 10
illustrate the tracking performance of joints 84 and
0, when the robot operates under parameter
variation conditions, specifically with increased
link mass. In this scenario, the actual masses of the
links were increased over 20%, while the controller
was still operating based on the original nominal
model. This test simulates modeling uncertainties,
such as the presence of unknown payloads or
parameter estimation errors. As shown in Figure 9,
joint 84 continues to track the reference trajectory
accurately, with only a slight initial deviation
during the first few seconds. The trajectory
stabilizes quickly and closely follows the sinusoidal
reference with minimal steady-state error or phase
lag. The smooth convergence of the actual
trajectory to the desired path confirms that the
proposed ERL-SMC controller is robust against
moderate modeling uncertainties. Similarly, Figure
10 shows that the tracking performance of @,
remains excellent even with the increased mass.
The joint responds smoothly, and the actual
trajectory overlaps the reference signal throughout
the simulation duration. No significant oscillations,
overshoot, or delay are observed. This behavior
indicates that the controller maintains high accuracy
despite not being retuned for the modified system
parameters.

Overall, the simulation results validate that the
proposed ERL-SMC control scheme offers
excellent performance in terms of fast and accurate
convergence in the nominal case, robustness to
external disturbances, and strong resilience to
modeling uncertainties such as mass variation.
Moreover, the exponential reaching law contributes
significantly to reducing chattering, leading to
smooth control actions and stable joint torques
throughout all test scenarios.

5. CONCLUSION

This study proposed an exponential reaching
law-based sliding mode control (ERL-SMC)
scheme for a two-degrees-of-freedom (2-DoF)
planar robotic manipulator. The controller was
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developed to enhance robustness and mitigate
chattering by incorporating an exponentially
decaying switching term into the reaching law.
Lyapunov-based stability analysis established the
global asymptotic convergence of the tracking
error. Comprehensive simulation results conducted
under nominal conditions, external disturbances,
and parametric uncertainties validated the
effectiveness of the proposed method in achieving
accurate trajectory tracking, rapid convergence, and
strong robustness, even in the presence of mass
variations and external perturbations.

Future work will involve implementing the
proposed controller on a physical robotic platform
to validate its effectiveness in real-world
environments. Potential extensions include the
integration of adaptive or intelligent gain-tuning
mechanisms, as well as the application of the
control strategy to higher-degree-of-freedom
manipulators and cooperative multi-agent systems.
Moreover, analyzing energy efficiency and actuator
effort under the ERL-SMC framework may offer
valuable insights for performance optimization in
practical deployments.
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