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Tém tat: Trong bai bao nay tac gid
dung ly thuyét day dua vé dam [3] va
phuong phap méi - Phuong phap dung
hé so sanh d& nghién ctu noi luc va
chuyén vi cia hé dam, chiu uén cé xét dén
bién dang trugt ngang do luc cat Q gay ra.
P& lam séng té nodi dung phuong phap,
tac gid trinh bay cac vi du tinh toan cu thé
nhu tinh toan dam mét nhip dam lién tuc
nhiéu nhip.

T khéa: Phuong phap so sanh, Bién
dang trugt, Anh hudng cuia bién dang trugt
ngang, Dam so sénh.

Abstract: In this article, the authors use
the full theory of beams [3] and new methods
— Comparative method is used for studying
the internal forces and displacements of
the beam systems, bending considering the
transverse shear deformation caused by Q
cut forces. To clarify the method content,
the author presents examples of specific
calculations such as calculating one-span
beams, continuous-spans beams.

Key words: Comparative method, shear,
the effects of transverse shear deformation,
comparative beams.
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Viéc xac dinh noi luc va chuyén vi cla
két cau chju uén da dugc nhiéu tac gia trong
va ngoai nudc quan tam nghién cuu, k€ ca
bai toan c6 xét dén luc cat ngang Q. Trong
cac nghién ctiu dé cac tac gid da st dung ly
thuyét dam truyén thong, ly thuyét dam Euler
- Bernoulli (Ly thuyét khéng day du vé dam,
b6 qua thanh phan bién dang trugt ngang
do luc cit Q gay ra) dé xay dung bai toan. Khi
xay dung cdc cong thuc tinh todn ndi luc va
chuyén vi, gia thiét Bernoulli - gia thiét tiét
dién phéng (ti€t dién dam trudc va sau khi
bién dang van phang va vudng goc véi truc
trung hoa) dugc chap nhan, tuc la goc truot
do luc cat Q gay ra da bi bd qua, quan niém
tinh todn nay lam dnh huéng khéng nhd téi
d6 chinh xac cia két qua cac bai toan. Mot s6
tac gid nhu X.P.Timoshenko, O.C. Zienkiewicz,
JK. Bathe, W.T. Thomson ciing da dé cap t6i
anh hudng cda bién dang truot khi phan tich
két cau chiu uén, nhung van dé thudng dugc
b6 ngd hodc khong dugc gidi quyét mot cach
triét € ké ca trong cac 15i gidi s6. Vi vay trong
bai bdo nay, tac gid st dung phuong phap so
sanh va ly thuyét day da vé dam [3] dé tinh
toan chuyén viva néi luc cia dam, nham khéc
phuc nhiing ton tai, nhan dugc két qua chinh
xac clia cac bai toan.
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PHUONG PHAP NGHIEN cUU

Tac giad st dung phuong phap Nguyén
ly cuc tri Gauss [1] va st dung hé so sanh dé
nghién ctu nédi luc va chuyén vi ctia hé dam
c6 xét dén anh hudng clia bién dang trugt
ngang do luc cit Q gay ra.

Phuong phap st dung hé so sanh

Chuyén vi thuc ctia ddm hodc khung
dugc tim tu cuc tiéu lugng cudng buc Z
dugc viét nhu (1):
(M, =Mz,

1

+(0i =00, (1
Trong céng thuc trén diu téng lay theo

z=y

i=l

dx — Min

cac doan i ctia dam va khung, dau tich phan
I3y theo chiéu dai 7, ciia doan thuri, »,. v,. 0 la
momen udn, d6 vong va luc cat clia doan
thi i cha hé can tinh; M, y,. 0, la momen
uén, dé véng va luc cat cta doan thi i cla
hé so sanh cung chiu lyc ngoai giéng nhu
hé can tinh. Néu nhu cdc ham thoa man
cac diéu kién bién thi tir diéu kién cuc tiéu
cla Ztheo (2):
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I F)
b= J[M, =M, (G )d =0

0 aa,
a,(i=0+n)

T, -, )2

=M, =M |—(x,)dx+

/. J[; i 0 B (z,)
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I lo - QU,]a—ﬂ,(x )dx = 0;

P.(i=0+n)
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sé nhan dugc hé phuaong trinh dai s6 dé xac
dinh cac dn a;, B, . Nhu trén da trinh bay,
a;, f;c6 thé la cac hé s8 clia da thiic xap xi,
chuyén vi va géc xoay clia phan td hitu han
khi diing phuong phap phan t& hiu han,
hodc chuyén vi tai cac nat cta phuong
phap sai phan hiru han. Cac chuyén vi va
bién dang theo phuong phap nguyén ly
cuc tri Gauss phai dugc xem la déc lap déi
véi luc va Uing sudt (chuyén vi va bién dang
40). Cac phuong trinh nhan dugc tu diéu
kién (2) la cac phuang trinh dai s6, khong
phai 1a cac phuaong trinh vi phan, biéu thi
diéu kién can bang luc ctia két cau. Bai vi
giai hé phuang trinh can bang nén bai toan
luén c6 nghiém va nghiém la duy nhat.

Néu nhu cac ham y, chua thod man
day du cac diéu kién bién thi ta phai dua
cac diéu kién bién chua théa man do6 vao
diéu kién rang budc ctia bai toan (1). Gia st
c6 k diéu kién bién chua théa man ta ¢6
k diéu kién rang budc. Cudi cing bai toan
dan vé tim cuc tri cta (1) vai k diéu kién
rang budc dé.

Pua bai toan tim cuc tri (1) véi k diéu
kién rang budc vé bai toan tim cuc tri
khong cé rang budc bang cach xay dung
phiém ham ma& réng F nhu sau:

F = Z+§gk/1/; — Min @)

Trong dé: A, la cac thura s6 Lagrange
va cling la cac &n clia bai toan. Tu diéu kién
cuc tri cia bai toan (3), ta c6 hé cac phuong
trinh dai s6 (4).

0

i
b= [[M, =M, ] = e+
0 oa,

. @
— g4 =0, o (i=0+n)
Oa, iwt

i i
I (A AT

o

= 28+
da, i=

, . N
I [0.-0, ]57(% )dx =0;

B,(i=0+n)

Gidi hé (4), ta s& nhan dudc cac &n can
timla a;, B, va 4,.

KET QUA VA THAO LUAN

1. Dam hai dau ngam

Xac dinh ndi luc va chuyén vi clia dam siéu
tinh trinh bay & hinh 1a. Chiéu dai dam |, d6 cliing

uén EJ khéng déi, taiphanbé déu ¢ .
7
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Hinh 1a. D4m cdn tinh
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1 Hinh 1. Dém sosdnh
Pudng d6 vong ¥, va Q1 cla dam dugc
tim theo ham da thuc:

Yy =a,x+a,x’ +ax’ +
a,x* +a,x’ (@)
O, =b, +bx+b,x* +

byx® +b,x*

Cachésé a,(i=1+5), b (b=0+4) lacac
an can xac dinh. Hdm can théa man thém
cac diéu kién rang budc sau: Diéu kién goc
xoay tai ngam & hai dau va chuyén vi tai
dau phai dam bang khong:

B dy, a

e R
82 =V 0
dy, «a
=D& 0
& & GF 0, .

Bién dang udn ¥, va bién dang trugt
X1 cGa dam bang:
_d'y @ dO

dx’? GF dx ' (C)
b a0

" dx  GF
M6 men uén clia dam bang:

X=

M, =EJy, =
2,
EJ,d{\Jri@ (d)
dx*  GF dx

Chon dam tinh dinh cting chiu luc phan
bo déu ¢ 1am hé so sanh (hinh 1b).
Momen udn va luc cit cilia dam so sdnh
xéc dinh theo céng thurc:
_al 4

x-Lx?
2

)

ql
0, :Y_qx

(e)

Hai phan lyc g6i tua trai R, va phai R, clia
dam so sanh khéng c6 tac dung 1én dam can
tinh, cho nén tu biéu thic (1) lugng cuéng
buic Z ctia dam dugc viét nhu sau

"
gk o

n 2
Z=[(EJy, - +
{( -

}:(Q, —q?l+ qx)y, = Min
Khi tim cuc tiu cta Z con phai thda
man diéu kién rang budc (b) cho nén, theo
phuong phép thira s6 Lagrange, viét phiém
ham mé& rong:
S ()
F=Z+YA4g, —> Min
k=1
Gday A (k=1,2,3) lacécthiasé

Lagrange cling la cac &n cia bai toan, Z xac
dinh theo (g). TU diéu kién cuc tiéu cla biéu

thuic (g) ta nhan dugc hé phuong trinh sau:
11 a
h, =I[M|—M01]—(Zl)dx+
0 0a,
0 @ .
284 =0; a(i=1+5)
oa, k-1
- ; (h)
/i :,([[MliMl)l]aib’(Zl)dx+
o 2
aiqgg‘ﬂ‘ +
/l[ ] a dx 0
£Q1_Q01 67}7,(71) Y

b(i=0+4)

Gidi hé phuong trinh (h) gom 13
phuongtrinh a,(i=1+5); 4,, 4,,4,,
a,(i=1+5) va tatim dugc 13 &n s6. T d6
tim dugc:

- Ham dudng d6 vong ctia dam can tinh

3 2

! gl X+ ¢! x’

10000000 EJ 24EJ]
gl s, 4 s
12ET 24FEJ

y(x)=

14
-Tai x=0.5%* ¢6: Y(X) 0 = 3;4EJ

- Tai x=0.5*%1 cé:
- Ham momen uén va ham luc cat cla
dam can tinh

2
M(x)= —%+q?lx—%x2

- Ham luc cit cila dam can tinh
!
0(x) =T~ ax

- Bi€éu d6 mémen udn va luc ct trong
trudng hop khéng xét bién dang trugt co
dang nhu, hinh 2.

_ﬂr_:r[- -

Trs
i L AT

~4;uJ_§i:_lE_if

Hinh 2. Biéu d6 Mva Q ctia dd@m hai ddu ngam

2. Dam lién tuc hai nhip
Xac dinh néi luc va chuyén vi cia dam
lién tuc hai nhip, d6 ciing uén EJ=Const, chiu
tai M va P nhu hinh 3. Tiét dién dam chir nhat,
c6 chiéu cao &, hé s tng suat trugt a =1.2.

. Ayt
@ |1—;\—”:F—1Ta—l 3
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Hinh 3. Dam lién tuc hai nhip
Chia dam thanh bén doan véi cac doan

c6 chiéu dai tuong ung la |, =1,=I,=l,=1/2.
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Gia thiét duong dd vong y,, v,, 3, v, va
dudng luc cat 9, 0, Qs 0, cla dam c6
dang da thuc nhu sau:

Y, =ax+a,x’ +a,x’ +a,x*;
0, =b, +bx+b,x* +b,x°

y,=c, e x+e,x’ +ext +e,xt;| (@)
0,=d,+dx+d,x* +d,x’
yy=ex+e,x’ +ex’ +e,xt;
0, =iy +i,x+i,x* +i,x°

_ 2 3 4
Yy =V HVXHV, X VX v,

_ 2 3
O, =W, +W,Xx+W,x" +W,x

Trong do6:  ai(i=1-+4), bi(i=0+3),
ci(i=0+4), di(i=0+3), ei(i=1+4),
ii(i=0+3), vi(i=0+4), wi(i=0+3),

Ia cdc &n cla bai toan. Bién dang truot y,,
V2 V3 V4 9OC x0aYy 64, 62, 03, 64; bién dang
uén X1 X2 %3 %4, va momen uén M, M.,

xI’
M, 5 M, tuong Uing véi cac doan 1,2, 3 va

x4
4, cuthé la:
_90 .
GF '
0 -Di_, D 0 .
dx dx GF
(i=1+4)
g =02, a4
dx*  GF dx
M, =-EJy, =
P, .
dx’ GF dx
Trong d6: o la hé sé xét sy phan bé khong
déu clia Uing sust cét tai truc dam; G = g F= 6}‘?

GF la dd cling ct clia dam
Chon haidam tinh dinh chiumémentap trung
Mvalyctaptrung P lam hé so sénh tuong tng cho
hai nhip ctia dam lién tuc can tinh (hinh 4b).
Mémen udn va luc cit clia hai ddm so sanh

xac dinh theo cong thuic:
My —— Mx - ~M(l, - x)
(, +1, ) - (I, +1,)
M M (b)
R RVEESRvat
My, = Pl _Phlim0),
U+ T
(A —Pl,
0u =00, ="

(l+l)

G+l

Phan lyc g6i tya trdi R, va goi tua phai r,,clia

hai dam so sanh khong gay mé men [én dam

lién tuc can tinh, cho

nén tur biéu thuc (1) lugng

cudng buic Z clia dam dugc viét nhu sau:

zZ= [[L‘Jl, s

#J[ 0+ 1]

*T[EJ)(: + (.

(I, +1,)

5
+]'(EJ,(1— Plyx
s +1)

R j[g gt +v14)},,¢v

Mx
)

=)
'7'7d7
(1+1)]"”

+f(Q M ——— )y, dx +

y,dx +

— Min

Ham d¢ vong i phai thoa man cac diéu
kién rang budc sau:

& =
B -2,
dx*”

dy a0
dx  GF )|

=0;

_a 49,
GF dx

_[dy, a0,
. Laxar )|

-0

Ky =Vals &a=0l, =0
&8s =

dy, a0, _(dys Qs

dx GF - dx GF o
& =

Ay a0\ (a0,

dx GF iy dx GF o
81 = Vsl,yy = Vil 38 = Val Ly =
8y =
Eil -4, @ O

x> GF dx )|

Dua bai toan tim cyc tri (c) véi cac rang
budc (d) vé bai toan cuc tri khéng rang
budc bang cach xay dung phiém ham mé
réng Lagrange F nhu sau:

F= Z+Z g2, —> Min (o)

véi Ak=1+9) la cac thira s6 Lagrange
cling 13 céc an cla bai toan. Nhu vay cé
tong cong414n (4héséa, 4hésé b ,4hé
s6¢,,4hés6d, ,4hésé e 4hés6 i,4hé
s6 v, 4hés6w va9thiiass A ,).

Phuong phap nguyén ly cuc tri Gauss
xem cac bién dang uén la doc lap véi
momen tac dung cho nén diéu kién cuc tri
ctia phiém ham mé& rong F la:

:}[Mn _Mm]i(%)d)f*

aizagm 0 a(i=1234)

i

[M MOI]E(Z!)dx+

o D

g
b g(gk/l )+

QI Qm]
b.(i

[s3}

|

(7 =0;

o

(f)
=02, 3)

I F)
k = j[M«z _Moz]ai()(z)d’”'
0 C;

0 2
> (8 4)=0;
Oc, ix1

¢, (i=0,1,2,3,4)
lz[ a
=[[M, -My,|—(x,)dx
{ X2 02 ad, (2,)dx+
o 9
i;<gm+
I[Q Q..,] (7,)dx = 0;
d.(i=0]1,2, 3)
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i 2
hy, :j[sz_Mm ai(lz)dx"'
0 el
L 02)=0 e=1234)
Oe, k=1
s 0
fu :I[M Mm]g(ls)d)ﬁ‘
0 i
N ()
Tz gl‘l )+
0, k=1
o, -0u = i=0,

i,(i=0,1,2,3)
Iy )
km = I[MXA —M(,4]—()(4)dx+
d o,
0 2
TZ(ng):O;Vt(ﬁO,L 2,3,4)
v, k=1

= I.f [M x4

_MOA]i(Zzt)dx"'
0 ow,
A+
Jo.- Qm] () =0;

w,(i=012, 3)

nhan dugc 41 phuong trinh bac nhat
dé xac dinh 41 &n s6. Gidi cac phuong trinh
trén ta nhan dugc két qua tinh dusng d6
véng y;j, moomen uén Miva luc cat Q
nhu sau:

ql’
x)=-0.0677—x +
»i(x) £
019279
£

4 3
1,(x) = 0.00989 + 0.0768 9L
: EJ EJ

2
—021099 2 40192791
EJ EJ

3
() = 0.01049 ¢ 1 0.07819 12
: EJ EJ

—0.1004-9L ¢
£
—0.01119" 40,0065
EJ EJ

- 0.0859ix2 + 0.()573q—lx3
EJ EJ
M, =-1.1562qlx; O, =-1.1562¢!
M,, =0.4219¢1* —1.1562glx ;
0, =-1.1562g!
M, =-0.1562¢1% +0.6562qlx ;
0, =0.65624l
M, =0.1719g1* —0.3438lx ;
0, =-0.3438¢!
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Viéc xdc dinh néi luc va chuyén vi cda két cdu chiu uén da dugc nhiéu tdc gid quan tém nghién ciu

KET LUAN VA KIEN NGHI

Tac gid da xdy dung dugc phuong
phap so sanh dé nghién ctu noi lyc va
chuyén vi cGa hé dam cé xét dén bién
dang trugt ngang do luc cit Q gay ra.
Cach ddt bai toan don gian va nhan dugc
két qua chinh xac. Khi khéng ké dén bién
dang truot ngang nhan dugc két qua
trung khop véi két qua giadi bang cac
phuong phép khac. Bai toan xac dinh noéi
Iuc va chuyén vi ctia hé dam c6 xét dén
bién dang trugt ngang to ra rat don gian
Vi c6 thé so sanh ca hé phuc tap véi mot
hé don gidn. Hiéu qud clia cach lam nay
cang cao khi hé can xét cang phuec tap.

Phuong phap giai bai toan két cdu bang
céch st dung hé so sdnh ma ra kha néng
nhan dugc di liéu thuc nghiém clia mot
két cdu tu viéc nghién ctu thuc nghiém
két cau khac - mot phuong phap méi va
cé hiéu qua.

Pay la mot phuong phidp mdi va
dung nén cé thé dung né nhu mot céng
cu phuc vu céng tac gidng day va hoc
tap. Phuong phap cho phép nhan dugc
gilrliéu thuc nghiém tu viéc thuc nghiém
két cdu khéc nén c6 thé ting dung trong
viéc xdy dung mo6 hinh mé phong. Dung
ly thuyét da xay dung & trén dé nghién
ctu ndi luc va chuyén vi cla cac két cau

chiu uén khac nhu tdm, vd vv..cod xét
dén bién dang trugt ngang do luc cat Q
gay ra.
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