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TOM TAT

Cho fla mot ham thudc I6p (' trén mot tap mé khdc rong trong khong gian
Hilbert H. Goi M 1a héng 6 Lipschitz cla gradient Vf . Vi mot diéu kién cta f téc
gid chiing minh ring

1 M
mHVf(x)—Vf(y)Hz £f(x)—f(y)—(Vf(y),x—y)S?Hx—sz.
Tirkhéa: C'-ham, dinh Ii thdc trién Whitney.

ABSTRACT

Let f be a C""-function on a nonempty open subset of the Hilbert space H.
Denote by M the Lipschitz constant of the gradient Vf . With an added condition
of f, author prove the following inequalities

ﬁ\Vf(x)—Vf(y)Hz Sf(x)—f(y)—(Vf(y),x—y}S%Hx—sz.
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1. GIGI THIEU

Gia st H la mét khoéng gian Hilbert véi tich vé hudng
dugc ki hiéu bdi (,) Mét ham thuc trén H dugc goi la
thudc I6p C' néu n6 kha vi va gradient ctia n6 la mot ham
dong lién tuc Lipschitz. Goi E la mot tap con clia H. Mdi cép
ham f:E— R,G:E —Hdugc goi 1a mot 1- jet. Trong [4],
Gruyer chiing minh rang, diéu kién can va du dé mot 1-jet (f,
G) c6 thé thac trién 16p C'' 1én toan H la:
f(a)—f(b)+(G(a),x—a)—(Gl(b),x —b)

Ja=x]" +[la—xI

2supsu

xeH a#beE

TU két qua trén Gruyer cling dat dugc mot ma réng clia
Pinh li thac trién Whitney [2, 3, 4, 5] cho cac ham thuéc 16p
c.

Theo [1], 14jet (f, G) dugc goi la théa man diéu kién CW'!
trén E néu ton tai hang s6 M > 0 sao cho
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2

1
f(x) — fly) —(Gly), x —y) > —]||G(x) G
(x)—f(y)—(Gly),x—y) 2MII (x)—Gly)|

véimoi x,y eE.

Cing trong cong trinh do6, Azagra va Mudarra ching
minh dugc rang néu f la mét ham 16i thudc 16p C' trén H
thi (f,Vf) théa man diéu kién CWU.

Muc dich cl@ia bai bdo nay la dua ra mot chan trén cho
f(x)—f(y)—(G(y),x—y) déi vai ham thudc lop C' trén mot
tdp M3 thudc H va mé rong két qua ctia Azagra va Mudarra
[1] t6i trudng hgp ma & do6 diéu kién vé tinh 16i dugc giam
nhe.

2. KIEN THU'C CHUAN BI

Trong phan nay, tac gia dua ra moét s6 khai niém va két
qua lién quan.

Cho (H,(.,.)) la mot khéng gian Hilbert. Poan thdng néi
hai diém x, y thudc H, ki hiéu béi [x, y] 1a tap cac diém
z=tx+(1-t)y véi te[0,1]. Kihiéu H" la khong gian déi ngau
cta H. Pinh |i biéu dién Riesz khdng dinh rdng anh xa
¢:H —H" cho bai dX)y) = <x,y> la mét ddng cdu bdo toan
chuén.

Xét E la moét tdp md khac rong trong Hva f:E— R 1a mét
anh xa kha vi, véi dnh xa dao ham

f:E>H.

Gradient Vfcla f la anh xa tU E vao H dugc cho bdi
Vi=¢"of".

Do dé, v8i mbi x €E, Vf(x) la phan t& duy nhat ctia H
théa man <Vf(x),y>=f'(x)(y) vGi moi y e H.

Do ¢ lién tuc, nén néu f thudc I6p C' thi Vfla anh xa
lién tuc.

Anh xa f dugc goi la thudc 16p C'' néu f thudc I6p C' va
Vf doéng lién tuc Lipschitz.

Dao ham theo huéng heH cla f tai x E dugc dinh
nghia béi
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f(x +th)—f(x)

Df(x,h) =lim

t—0

Néu f kha vi tai x thi f c6 dao ham theo moi huéng tai x
va Df(x,h)=f'(x)(h).

3. KET QUA CHiNH

Pinh li 3.1. Cho E la mot tdp ma khac réng trong khéng
gian Hilbert Hva f:E— R la mét ham thuéc I6p C' Goi M
la hang s6 Lipschitz caa Vf. Khi do:

a)  [f0)—fly)—(VHly)x—
cho doan thdng [x; y] thudcE.

y>| £%||x - y||2 v6i moi x,y sao

) ﬁ"vﬂx)_w(y)"zSf(X)—f()’)—Wf(y),x—y) véi moi

X, y thudc E sao cho tén tai day cac s6 duong {td hoi tu dén
0 thoa man tx+(1-t)yeE va
ftx+ (-t )y) <t fx)+ (-t )f(y).

Chitng minh:

Cac két luan cda dinh Ii 13 hién nhién dung trong trudng
hop x =y. Sau day ta xét trudng hgp x va y phan biét.

a) Taco

1

f(x)—f(y) = j %f(tx +(1-t)y)dt= j (V(tx+ (1-t)y),x —y)dt.
0 0

Mat khac: (Vi(y),x—y) = [(Vf(y),x—y)dt.

0

Do do:

f(x)—f(y)—(Vf(y)x -y :I (VE(tx +(1-t)y) - V(y),x —y)dt
0

Tu do, ta co:

[f00—f(y) ~(VF(y), x—y)| < [|(VFtx+ (1-t)y) = Vf(y) x -y k.
< [[[Wftoc+(1-tyy) - VEy) -y dt

b 2. M 2
SIMt"x—y" dt:3||x—y|| )
0

b) C6 dinh x, y thda man diéu kién trong két luan b). Xét
ham h:E — R xac dinh béi:

hiz) = %(f(z) —fy)— (VEy),z—y)).

Ta cé:

hiy) =0 va hix) == (00 )~ (¥F(y) x )

Ta cling co:
Vf(z) - Vf(y)
M

Do d6 Vh(y)=

Vh(z)=

P& chiing minh két luan, ta gia st diéu nguoc lai:
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ﬁ"vf(x) - Vf(y)||2 > f(x)—fly) - (VE(y),x-y)

va chi ra diéu mau thuan.

TU gia thiét nay va nhing diéu trén ta cé:
1 2 1 2
—|Vh =——|Vf(x)-Vf
onoft = 1o vty

f(x)—f(y)—(Vf
>
M

(y)x-y)

=h(x)
Ta co:
h(t,x+(1-t,)y) =

&(f(th+(1—tk )~ fly)— (Vi) t, (x—y)))

< &(tk(f(x) ~fy (V. t,x-y))
:tmk (f00 = fly) = (VEyhx—y)) = th).

Do Vh(y) =
triét tiéu. Do do:

0 nén dao ham theo phuong x -y ctia h taiy

h(y +t,(x—y))

k

< lim B
k—0 tk

=h(x).

0=Dh(y,x-y)= !(im

Ké&t hgp cung (2) ta dugc ||Vh(x)|| >0.

Vh(x)
IVhi]

h(x + tv).

Pat a=|Vh(x)|>0,b=h(x)>0 va v=—

Xéthamsé ¢ :R — R cho béi o(t) =
Ta cé:
9(0)=b,¢'(0)=(Vh(x),v)=-a.
Hon nifa, do v ¢6 chudn bang 1, Vf ¢ hdng s6 Lipschitz
bidng M nén t (1) ta cling co:
|(p'(t)—(p'(s)|:(Vh(x+tv),v>—<Vh(x+sv),v>
=(Vh(x+tv) = Vh(x +sv),v)
_<Vf(x+tv)—Vf(x+sv) v>
" ,
VE(x+tv)—Vf
g" (X +tv) (X+SV)"£|t—s|.
M
Vay ¢’ c6 hdng s6 Lipschitz khéng vuot qua 1. Ap dung
Pinh li Lagrange, ta cé:

[o()-b-+at] = [t~ (9(0)+ @'(0)| <~

Mat khac, tur (2) ta co b< 2a Do do:

2

h(x+av) = ¢(a) < —a’ +b+a?<0.

Dét x'=x+av. Doh(y)=0nén x'#y. Tacd
hit,x+(1-t,)y) :ﬁ(ﬂth# (=t )y)—F(y) —(VE(y)t, (<= y)))
< {60~ Ty)— (V) (x-)

:tmk(f(x') —fly)~(VF(y),x'—y)) = t,h(x).
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Do Vh(y) =0 nén dao ham theo phuong x’'-y ctia h taiy
triét tiéu. Do do:
0=Dh(y,x'-y)= !(im—h(ert"(X =)

—>0 K
< IIjm@ =h(x")=h(x +av).
—0 K

Ta dan tGi diéu mau thuan. T d6 ta c6 diéu phai ching
minh.
4, KET LUAN

Trong bai bao nay, tac gia da dat dugc moét s6 danh gia
sai phan tai dia phuang. Ching t6i hy vong rang trong cac
nghién ctu tiép theo, bai toan thac trién sé dugc mad rong
tuong ung.
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