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Tém tit: Trong ba}i bao nay, ghﬁng t6i dé guét va chiing plinh sur h’(f)i tu cua mot thué:[ toan maoi C’Ié
giai bai toan bat dang thirc bien phan hai cap, trong do, cap thir nhat 1a bai toan bat dang thirc bién
phén véi anh xa gia G , 1a mot ham affine, con cép tht hai tuong ing 4nh xa gia ', 1a mot ham
don diéu manh va lién tuc Lipschitz. Trong bai toan nay, mién rang budc d6i véi bai toan cap thi
hai la mot tap an, do do khong the str dung ky thuat chiéu thong thuong dé tim nghi¢m, vi vay, thuat
toan méi sir dung k¥ thuat phan tich DC, két hop mét phép chiéu truc tiép 1én tap C . Day chinh 1a
diém moi trong phuong phép giai cia chiung toi. Mién rang budoc C duge chon la mot tp 16i da
dién va két qua hoi tu cua day lip duoc chimg minh chi tiét trong khong gian R” .

Tir khoéa: bit ding thirc bién phan, ham affine, phép chiéu, gia don diéu, hai cap.

PROJECTION ALGORITHM COMBINED WITH DC ANALYSIS TO SOLVE BILEVEL VARIATIONAL
INEQUALITY PROBLEMS

Abstract: In this paper, we propose and prove the convergence of a new algorithm to solve
the bilevel variational inequality problem. The first level, namely the variational inequality
problem with cost mapping G , is an affine function, while the second level corresponding
to the cost mapping [ is a strongly monotone and Lipschitz continuous mapping. In this
problem, the constraint domain for the second level problem is a hidden set, so it is not
possible to use conventional projection techniques to find solutions; therefore, our new
algorithm uses DC analysis techniques, combined with projection onto the set C . This is a
new factor in our solution method. The constraint domain C is chosen as a polyhedral convex

set and the convergence result of sequence is proven in R" space.

Keywords: variational inequalities, affine function, projection, pseudomonotone, bilevel.

1. GIOI THIEU

Bai toan bat ding thirc bién phan hai cap:

Cho C 1la tap con 16i, dong, khic rdng trong khong gian R". Cho cac anh xa
F,G:C—R", duoc goi 1a cac anh xa gia. Bai toan bat dang thirc bién phan véi anh xa gia
G, ky hi¢u VI (C,G), tic la:
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Tim x" e Csao cho <G(x*),x—x*> >0, VxeC,(1.1)

Ky hi¢u tap nghiém cua bai toan (1.1) la Sol (C,G).

Trong bai bdo nay, chung toi chi xét trudng hop G (x) = Qx +¢, mién rang buoc C la
da dién 16i C = {x eR": Ax < b} , matrdin Q € R”” théa man Q dbi ximg véi cac gia tri
riéng bé nhat 1a 7,(0), 16n nhét 1a 7,(0), vamatran 4 e R™", cacvécto ge R", b e R"
la cac véc to dugc chon sao cho G 1a gia don diéu, tirc 1a (G(x),y—x)>0, ta suy ra
(G(),x—y)<0,véimoi x,y e R".

Bai toan bat dang thire bién phan hai cép, ky hiu 1a BVI(C,F,G) duoc dinh nghia
nhu sau:

Tim x € SOI(C,G)sao cho <F(x*),x—x*> >0, Vx e SOI(C,G). (1.2)

2. TONG QUAN NGHIEN CUU

Bai toan bét dang thirc bién phan 1an dau tién duoc gidi thidu boi Stampacchia va
cong sy nam 1966 [5] va tréd nén noi tieng boi cac tng dung thyuc té cia nd, bao gom bai
todn toi uu, bai toan diém bat dong, bai toan can bang mang giao thong, mo hinh xu 1y
anh va la mot truong hop riéng cua bai toan can bang,... [1, 2]. Bai toan bat dang thic
bién phan dugc phat trién theo hai hudng chinh, hudng nghién cuu dicéu kién ton tai
nghiém va hudng dé xuat cac thuat todn gidi. Nam 2001, khi nghién ctu phuong phap
giai m¢ rong cho bai toan VI(C,G), I. Yamada [12] d4 thay thé mién rang buéc C bang
tap diém bat dong cua mot anh xa khong gian, ké tir d6, mot s6 nha khoa hoc da tap trung
khai thac van dé giai bai toan bat dang thirc bién phan trén tap nghiém cua bai todn khac
[3, 10]. Noi tiép cac két qua do, chung to61 nghién curu giai bai toan bat dang thuc bién
phan hai cap BVI(C,F,G), khi d6 tap rang budc ddi véi bai toan (1.2) 1a tap an
Sol (C,G) chua biét, vi vay, bai toan hai cip 1a vin dé nghién ctru kho khin. Tuy vy,
trong bai bao ndy, chiing téi chon G ¢6 tinh chit gia don diéu, s& dam bao tap SOI(C, G)
161 va dong [11], khi d6 ta c6 thé sir dung mot sé k¥ thuat trong giai tich 16i dé ap dung
cho bai toan (1.2). Chung t6i dya vao k¥ thuat phan tich DC cua L.T.H. An v&i cOng su
[8], két hop phép chiéu truc tiép 1én tap C [1], dé xay dung thuét todn méi giai bai toan
BVI (C JF, G). Cac két qua ching minh dugc trinh bay trong khong gian R” .

3.NQI DUNG NGHIEN CUU
3.1. Thuat toan

Cho 4nh xa gia F :C — R" thoa mén cac diéu kién sau:
(A1) F la  don  diéu  manh  v6i  hé  sb B>0:
(F(x)=F(),x=y) >l x=yl?, Vx,yeC;

(42) F 1alién tuc Lipschitzvéihé s L>0: Il F(x)-F(»)I<SLI x—yl, Vx,yeC
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Thuét toan 1: Budc 1: Chon batki x° € C, 7 >0 va cac tham sé:
ri=1=\1- pp - ul?), ue[O@} ake(o,%} 2 =%, 2 <o,
L ML - k=0 k=0

13
LI QI L+~ 3) —2TI(Q)(,82+L2)} (13)
s ’ B

17 > max {—671(Q),

Budc 2: Tinh
R

Y= argmm{5<Qx,x> +{(g,x) +g lx—x"N":xe C}, (1.4)

tim: x*' = Pr,. [yk —,uakF(yk)]. (1.5)

Budéc 3. Bat k =k +1, quay lai Buoc 2.

Chu y. Trong cong thuc (1.4), theo thuat toan DC [8], ta [udn tim dugc nghiém tdi wu
duy nhét y*.

3.2. Su héi tu

Dinh ly sau chi ra sy hoi tu cuia day 1ap trong Thuat toan 1.

Pinh ly 3.1.

Du6i diéu kién (A1) va (A2), day {x"}, {y*} trong Thudt todn 1 héi tu manh vé nghiém
duy nhdt x* cia bai toan (1.2).

Sau day 1a cac b dé can thiét cho chimg minh sy hoi tu.

o : 1

B6 dé 3.1. [4, trang 834] Xét bai toan min { f(x)= 5<Qx, x)+{g,x):xe C}. (1.6)

Diém x 1a diém diém KKT (Karush - Kuhn - Tucker) ciia bai toan (1.6) khi va chi khi
x € Sol (C , G) .

B0 d3.2.[7,b6 d2 3.1 Cho p >0 va Sol(C,G)# . Khi d6 ton tai hai s6 € >0va
S >0 sao cho

d(x, Sol(C,G)) < 3

3

x—Pr, {x—l(Qerq)}
Yo,

véimoi xeC, ma <e, va o day,

x—Pr, {x—l(Qerq)}
0

d(x,50l(C,G)) =min {Il x=yl: y € Sol(C, G)} .

B6 dé 3.3. [4, bd d& 2.2] Cho cac tap S,,...,S, 1a ho hitu han tit ci » tap lién thong
cua SOZ(C,G) , € N . Khi d6 ta c6 cac tinh chit sau:

a, Sol(C,G) = U;l S,
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b, m&i S, 1 hop hitu han ctia cac tap 16i da dién;

c,cactap S.(i=1,...,) rdinhau, tirclatontai & >0 saochonéu i # j thi d(x, §)2z06
voimoi x€S,.

d, ham f trong (1.6) la hang s6 trén cac tap S, .

Bo dé 3.4. [9, ménh dé 4.4] Cho {ak} la mot day s6 thuc duong. Gia sur réng v61 moi
s6 tu nhién 1, tdn tai mot sd tu nhién p sao cho pzmvaa, < a,, - Cho k, 1a mot $6 tu
nhién théa mén @, <a, ., vavéimoi k >k, dat:

0 0

7, =max{ieN:k,<i<k,a,<a,},

khido 0<a, <a,,  v6imoi k>k,. Hon nita day {r(k)}mo 1a khong giam va tién
dén +oo, khi k — 0.

Chirng minh sw héi tu.

Ta chirng minh sy hoi tu ciia ddy lap sinh boi Thuat toan 1 thong qua cac khang dinh
sau:

Khing dinh 1. Ta co

[ e e Al |

That vay, néuma tran Q c6 gia tri riéng 7, (Q) thoaman 77 > —27,(Q) =0 thi bai toan
(1.4) 13 161 manh, c6 nghiém duy nhat y* [8], thoa man bat dang thirc bién phan don diéu
manh sau:

(O +q+ny" —nx", x—y")>0, VxeC. (1.7)

Tt x° 1a nghiém duy nhdt cia bai toan  BVI (C,F,G), «c¢ob
(Ox" +q,y—x)20, V yeC, doGla gia don diéu trén C va tr y* eC, ta cb
(OY" +¢,y" —x")>0. Tathay x bang x" € C vao bat dang thic (1.7), ta co:

2n¢y* =x", ¥ = x") (O +q,x" ") <0,

két hop diéu nay va dang thirc sau:

(a,b) :%(u al> +1 b1 =l a—bI)., Va.beR’

tacod

n(yk—xk,yk—x*>=%(ll P2+l =TI =l X =X 1) <0.
T gia thiét 7 >0, ta co
[ | e | |l

Khéng dinh 2. (Xem [6]) Cho anh xa S, :C > R" | dugc cho béi cong thirc
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S, (x) =x—po, F(x), VxeC. Khido, S, laanhxa co
IS, (x)=-S,(WI<A-ra)l x-y I, Vx,yeC,

§day, 7:=1—\1-u(2f—pl?).
Khing dinh 3. Ta co

2
e B0 | | el R e Ll P ey D] o
T

That vy, do hinh chiéu Pr,. 1a khong gian, két hop véi Khang dinh 2 va béat dang thirc
tam giac, ta co
I X" =" M=l Pr[y" — o, F(y)]-x7
<AS, (VH)-S,(x)—pe, F(xH (1.8)
<(I-za)l y* —x" Il +pe, I F(XHI. (1.9)
Két hop voi Khdng dinh 1, ta chira
I 1P<[ (=@ )y —x W pa | FGONT

2
<(U-ze)[Ixt =x 12 =1y —x* 1P+ ZE 0 P
T
Khéng dinh 4. Néu ton tai 4= llfim Il x* —x" I’< oo thi hai diéu sau day lubn ding:
(4a) }{im Il x* —y* II=0;

(4b) {x*},{y"} hoituvé X € Sol(C,G).
That vay, tu thfng dinh 3, ta suy ra

a i1’

* * %

Iy  —x* 12<l X" =" 12 =X =X 1P + 21 F(x) P
T

0
Vi Y} <o va A=limll x* —x"I’< o0 taco lime, =0, dodo, limll x* =y =0
k k—0 k—>0

k=0 —0

T (1.7), diém »* 1a nghiém duy nhédt cua bai toan bat ding thic bién phan
VI(C, (O+nDx+q-nx* ) , 0 day, I 1a ma tran don vi. Vay, »* 1a diém bt dong ctia 4nh

1
xa Prc{x——[(Q+771)x+q—77xk]} .Te >0 va n>-7,(Q) véimoi k 20, tacod
n

k k 1 k k
y =Prc{y —;[(le)y +q-nx ]} (1.10)

Twr (1.10), ta suy ra
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+ + 1 + +
Iy =" ll= I Prc{yk 1—;[(Q+771)yk "+ g—nx 1}}

—Pr, {yk —%[(Q+ nDy" +q—nx* ]} |

+ 1 + + 1
< |y 1—;[(Qﬂﬂ)y" L+ gt 1}—y“r;[(QHﬂ)yk +q—77x"]‘
1ol
ON e kg (1.11)
n
Vivay, Iy =y s —L 1 x5 —xk 1l (1.12)
71Ol

St dung Khang dinh 2, x* € C va X' = Pr.[y" — pa, F(y)], ta co x* = Pr.(x*) va
I X —x" = ”Prc[yk — ua, F(y")]-Pr. (xk)” < ”yk —ua, F(y*)—x* ”
<[y = x|+ e, M FGHI
Lay gioi han hai vé& khi k — o, sir dung tinh bi chan ciia {y*} va (4a), suy ra
lim Il X' —=x* 1=0. Tur (1.12), ta co lim I Y —* 1= 0. Két hop véi (1.10) va tinh

k—o

khong gian cia Pr,, ta dugc

| Pr, {y" —%[(Qﬂﬂ)yk +q—nx"]}
vt =Pr, {y" —;(Qy" +q)”=

P, {y" Loy q>}
n

<

» —%[(QH?I),V" +q-nx* |- y* +%(ka +q)H

=l y* —x* 1. (1.13)

: . 1
Tir lim | Y =x"I1I=0 va (1.13), suy ra lim ‘yk - Pr. [y —— (O +q)]H:0.
—>®0 —0 77

Vé6imbi € >0, ton tai s6 ty nhién &, € N = {1,2,...} sao cho

y* = Pr, {yk —l(ka +q)} <e€, Vk=k,.
n

Tu Bé dé 3.2 ton tai s6 [ >0 dé
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d(y*,Sol(C,G)) < I , Vk >k,

1
v =Pr {y" —;(Qy" +q)}
< Iyt =Xt
— Okhi k> .
Do Sol(C,G) la tap dong, khic rdng, nén ton tai z' e Sol(C,G) sao cho
d(y*,S0l(C,G)) =l y* —z" Il . Suy ra lim I y* =z 1=0.
Str dung (1.11), ta c6
I B [ | [ Yl | A=Al

1ol
< sy N e e e
"

— 0khik — 0.

T G 14 gia don diéu, ta cod Sol(C,G) 1a tap 16i va dong. Do d6, Sol(C,G) c6 duy nhat
1 thanh phan lién théng. Tir Bo dé 3.3 va 11{133} I 2" ~Z"11=0, ton tai s6 k, va ¢ sao cho
2 e Sol(C,G), va f(z")=c, Vk>k,, véi ham f trong bai toan (1.6), St dung
lim | yh—x* I=lim | yE—Z"l=0va f(z")=c, Vk>k,, taco f. lagiatri cuc tidu cia bai
toan min{ f(x):x € C}, sao cho %i_r)lgof(xk) = f.. Tu day {xk} hoi tu, kéthquédéil, ton tai
¥ € S0l(C,G) va limll x* =X 1=0. Vi vdy, ca hai diy {x*} va {y} cing hoi ty vé
X € Sol(C,G).

Khing dinh 5. Cic day{x"} va {y*} hoi tu vé& nghiém duy nhat x" cta bai todn
BVI(C,F,G).

That vay, ta chi ra sy héi ty trong hai truong hop sau:

Trwong hgp 1. Ton tai 6 k, € N sao cho {Il x* —x" I’} khong ting.
Suy ra ]11_1)2 Il x* —x" I°= A4 < +o0. Diing budc lap 4, ta co llcl_rgj I x* =y I1=0, {x*} va
{y*} hoituvé X € Sol(C,G) . Khi do,
lim(y* —x', F () = lml(y* —x F(A) = FO) +(0F = F ()
zmo[ﬁ Iyt =217+ =" F(x)) |
= BA+lim(y* —x',F(x'))> B420.(1.14)

Dé chi ra sy méau thudn, ta gia sit 4> 0, chon € = %ﬂA , tir (1.14), ton tai k, >k, sao

cho (3! —x", F(*)) 2ﬂA—e:ﬁA—%ﬂA=%ﬂA>0 dting v6i moi k > k, . Khi d6, ta chi

ra bit ding thirc sau:
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I xk+1 _x* "2:" Prc(yk _‘uakF(yk))—PrC(x*) ||ZS" Xk —X* "2 —'uakﬁA-l-a,fM 5
aday, M =sup{u* | F(Y*)I*k=0,1,..} <oo. Vi thé,
Ix = 1P < x* =x" 17 —pe, fA+ oM, Vk =k,

k k
A1 L2 vk 2 2
Taviét lai, | x™" —x IIF =1 x" —x |l +,u,BAZOcj SMZaj.

J=ki J=ki

0 0
Lay giéi han khi kK — o, sir dung Za,f <00, ta cd Zak <oo. Mau thuan véi gia
k=, k=,

thiét D o, = ciia (1.3). Nhu vy, taco 4=0, x* > x" va y' > x".
k=1

Truomg hgp 2. Gia st khong ton tai s &, € N sao cho ddy s {ll x* —x" I’} khong ting.
biat a, =ll x* —x" I, Ta lam theo k¥ thuat cua Maingé, trong B dé 3.4. Dit
r(k)=max{ieN:i<k,a,<a,},

khi do,

%im t(k)=o, 7(k)<71(k+1), Ay S Ay 0<aq, < A, pyirs Vk 2k, (1.15)

Tu thfng dinh 3, ta chira

2
I = x2S 1=z ) [t —x 1 =1y —x 17 ]+ S5 P2
T
) 1.16
o ] F(x)llz} (1.19)

2
T

< max {II X =x"1
Do d6, ddy {x“} bi chan. Tir day con {a,,,} khong ting, két hop véi tinh bi chan
cua diy {x*}, ton tai gi6i han lima,, <+o=5. Két hop v6i (1.15), Khang dinh 1 va

(1.16), ta c6

2
¢ * a /’l s
Aoy S ryn S [I_Taf(k)] Iy @ —x" 17 + =2 F(x)I1?
a. i
<[1-ror Ja, + =21 FGHIE.

Chuyén qua giéi han khi k—>o va st dung liglar(k):o’ ta co

limll y® —x" I’=B.

k—0
Tix Khang dinh 4, ta ¢6 lim Il x*™® — "™ I=0 va ca hai day {x"®} va {y"®} ciung

hoi tu vé % € Sol(C,G) . Tir (1.8) va Khdng dinh 2, ta chira
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Ix* —x"1P<l S, () =S, (x) — e F(xHI°
<(l-ra)l x* —x" 1" 2ua, <F(x*),yk —x" = po [F(y") —F(x*)]>
+ il N F(xXHI7.
Khi do,
iy S ey
< (1= 701, = 2061, (F (6 ),y =" = paat,  [F(7 ) = F(x)D
+,uzaf(k) I F(x )2,

Suy ra
a,, < 2u(F(x), y" —x" — pa,  [F(y") = F( ) + e, ) | F(xHI7 .
Nhic lai rang,
lim(F (), ™ =x" = pa  [F(y" ) = F(x)) = (F(x),£=x") 20 !

xeSol(C,G).

Cho k — o0, taco %imar =0.
—>®0

(k)
Tu (1.16) va a;, <a,,),, , véi moi k, ta co /1(152 Ayyn = Pgloak =0. Vi vay, hai day

{x*} va {y"} cung hoi tu vé nghiém duy nhat x" cua bai toan BVI(C,F,G). (Piéu phdi
chung minh).

4. KET LUAN

Trong bai bao nay, chiing toi da dé xuét va chuing minh sy hoi tu cua thuat toan mai la
su két hop gitra k¥ thuat phan tich DC véi phuong phap chiéu, dé giai bai toan bat dang thirc
bién phén hai cip, trong truong hop 4nh xa gia G 14 ham affine, thoa man tinh chat gia don
diéu, con F 1a 4nh xa don diéu manh va lién tuc Lipschitz. Bai toan BVI(C,F,G) cua
chung t6i 1a sy mo rong cua bat dang thirc bién phan, ching han nhu, cho G (x) =0, khi do
tap nghiém So/ (C , G) =C, bai toan quay vé truong hop thong thudng.
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