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Tém tat: Trong bai bao nay, chiung t6i gidi thiéu phuong phéap tai tao mau Bootstrap-
1a phuong phap tao mau méi tir mot mau gde. Trong trudng hop phan b cua bién ngiu
nhién gbc hoan toan chua biét, cung voi viée tai tao mau Bootstrap, st dung két qua
ctia Luat s6 16n, mot s6 cach wdc lugng tham s tong thé dugce dé xuat: khoang tin ciy
chuan, khoang tin cdy Student hda; viéc danh gia do chéch cua ude lugng ciing duoc
néu ra ¢ ddy. Tuy nhién, trong truong hop mau goc nho, nhd viée tai tao mau nhidu
1an, chiing t6i d& xuat phuong phap udc luong st dung phan vi - dua truc tiép vao cac
gia tri udc luong thu duogce tir cic miu Bootstrap. Bang viée st dung dung phdn mém
R dé mo phong cho truong hop miu nho, chung toi nhan thy viéc wdc luong bang
phuong phap st dung phan vi dya trén mau tai tao Bootstrap kha hiéu qua, cac khoang

tin cdy gan sat v6i khoang tin cy thuc.

Tir khéa: tai tao mau, Bootstrap, phan bd gbc, udc luong, phan mém R.

BOOTSTRAP METHOD AND ITS APPLICATIONS FOR ESTIMATION PROBLEMS

Abstract: In this paper, we introduce the Bootstrap method which generates a new
sample from an original one. In the case that the distribution of the original random
variable is completely unknown, along with using the Bootstrap method and the results
of the Law of Large Numbers, several estimation methods for population parameters
are proposed, such as standard confidence intervals, studentized confidence intervals;
the assessment of the bias of the estimators is also presented. However, in the case of
a small original sample, depending on repeated resampling, we propose an estimation
method that uses quantiles derived from the estimators obtained through Bootstrap
samples. By using R software to simulate small sample, we found that the quantile-
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based estimation method using Bootstrap resampling is quite effective and the

confidence intervals closely approximate the real ones.

Keywords.: Resampling, Bootstrap, population distribution, estimate, R software.

1. Giéi thi¢u

Trong thong ké truyén thdng, dé
kiém dinh hodc udc lugng mot tham sé O
cta tong thé, ta thuong dwa vao cac gia
dinh vé bién ngau nhién gbc dé tim ra
phan bd cua mot thong ké nao dé chua
tham s6 O . Tuy nhién khong phai lic nao
gia dinh vé bién ngiu nhién gbc ciling
dugc thoa man. Khi do, nguoi ta 1ap lai
mau nhiéu 1an & uéc lugng tham sd O va
sai s6 tiéu chuan cta no. Song vi¢e 1ap lai
mAu nhiéu 1an ciing khong d& thyc hién,
trén thuc té, c6 nhiéu trudng hop, ngudi ta
chi c6 mot mau, mau ndy goi 1a mau gdc.
Dé lay duoc nhiéu miu, ngudi ta thyc hién
viéc tai ldy mau tir mau gbc do. Viée 1am
nhu trén goi 13 14y mau Bootstrap.

Xét
(X1, X5,...,X,,) lay tir tong thé c6 phan

mdt mau ngau nhién

bd F, chta tham s6 0 =t(F), co udc

luong diém 12 0 = £(X,,X,,.... X, ). Khi

A

d6 phan bd xac suit cia O s& phu thudc
vao n va F. Khi ho phan bd F da biét, viée
tao ra nhiéu mau c6 thé thuc hién duge
bang cach md phong sb liéu nhiéu lan. Tir
d6 co thé chung to rang viéc ude luong
tham sb O va sai sd tiéu chuan co thé thuc

hién dugc thuan lgi va dang tin ééy.

Trong truong hop ho phin bd F
hoan toan chua biét, ta s& tao ra mau bang
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cach mo phong tir phan bd thuc nghiém
F= F, - 12 ham phan b6 x4c suét roi rac
ma mdi quan sat X1,X9,000 Xy déu co
xac sudt xdy ra bang 1/n. Nhu vy, ham

phan bo F xéac dinh tir bang x4c suat cta

bién ngau nhién X:
P I/n I/n . I/n

Dé udc luong tham s6 0 = t(F), ta
sit dung phuong phap don gian dé wdc
luong tham s tir mau dugc xac dinh nhu
sau [2, 3].

Dinh nghia 1. Dbi véi ham phan bd
F, udc lugng rap khudn (plug-in estimate)

cho tham s6 0 = t(F) 1a é = '[(15)

Dé thuan tién, udc luong sai so tiéu
chuan cua uéc lugng cho tham sb
0 =t(F) bat ky dwa trén miu quan sat

X =(X[,X9,..,X,) duoc ki hiéu la
é:s(x),

Dinh nghia 2. Mau tii tao
Bootstrap (mau Bootstrap ) 1a mau ngau
nhién ¢& n duoc ldy ngiu nhién c6 hoan
lai  cac tr  mau

phan tu gbe

X =(X[,X9,..,X,), ki ~hiéu la

X =(XT,X;,...,X:).



Nhu vy, mau tai tao Bootstrap 1a
mau dugc lay tir bién ngiu ngau nhién goc X

c6 c4c gid tri X{,X,...,X,, va phanbd F.

Khi d6, tr mau Bootsrap X , udc
lugng cho tham s6 O duogc tinh boi
0" = s(x") - dugc goi 1a wéc luong
Bootstrap.

2. Tong quan nghién ciru

Pé dam bao céac tiéu chuin udc
lwong tham s tong thé, trong [3] dd chira
dd chéch cua udc luong é = S(X) cho
tham s6 O duoc xac dinh boi biéu thic:

biasp = biasg (6,0) = Ex[s(x)]—t(F)
Vi d0 chéch trén phu thudc vao
phén bd F nén ta ¢ thé udc luong boi
bias; =E[s(x")]-t(F).
Bang viéc sit dung mau Bootstrap,

udc luong Eﬁ[s(x*)] va sai s tiéu chuan

cho se; (s(x")), dugc tién hanh theo thu
tuc sau:

Buée 1. Lay mot mau ngau nhién c6
gia tri quan sat x tir tong thé c6 phan bd F,
coi d6 1a mau géc.

Buée 2. Sinh ra B mau Bootstrap
X (1),x°(2),...,x (B) tr miu gbc x .

Buée 3. V6i mau thte b (ky hiéu 1a
X" (b)) tinh uéc lugng 0% (b) = s(x* (b))

Buée 4. Tinh trung binh, sai s6 tiéu

chuin miu SEB cua B gia tri

0*(1),6(2),...,6"(B):

B ~
200
" = b=l
B
Br. - 2
Z[e*(b)—e*}
sep = {22
B-1
Khi d6 Ex[s(x")] dugc xép xi boi
B ~
200
0 :ZIT va do chéch duogc udc

luong 1a biasg = 0" — t(lA:) . Cac uébc
lugng dua vao mau Bootstrap duoc goi la

ude lugng Bootstrap.

Dinh nghia 3. Giéi han cua SCB
khi B — 00 la wéc luong Bootstrap ly

tuéng  cua SeF(é) , tc  la:
lim sep =sep, = seﬁ(e*) .
B—ow

Nhu viy, gid tri SEB sé tién dén gia
tri S€ khi B — o0, hay la sai s tiéu

chuan thyc nghiém tién téi sai s6 ti€u
chuan tong thé khi s 1an tai lay mau 16n.
“Tong thé” ¢ day ta hiéu la tap cac gia tri
Ak A e X A A A ”
0" . Cu thé, véi mau goc gom n phan tu

khac nhau thi s mau Bootstrap phan biét
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thue su 1a Cy,_;, luc d6 “tong thé” & day
s& gdbm C5,_; phan tir.

Nguoi ta  chi rang:
2 . 2 2
EpseB =Epsex va VpseB = Vpsew .

duoc

Trong [1] d3 chi ra sd luong méiu
Boostrap B can thiét nhu sau:

- Ngay khi s6 mau Bootstrap nho,
B =25 ciing da du dé udc luong seF(é)
, voi B =50 thuong la di tot.

- R4t hiém khi ta phai dung dén mot
luong 16n mau Bootstrap ( B < 200). Trur
khi tim khoang tin cy thi can s lan tai
tao mau lén (B =1000).

bé danh gid do chéch ta xét can bac

hai ctia sai s6 binh phuong trung binh cta

ude lugng O cho 0 1a \/EF[é—G]Z . Ta

co,

E[0-6]°

= JEL[(6—E)+(EO—0)]

_ 2 /A -2 /A
_ \/seF (8) + bias? (6,0)

, 2
=sep (é). 1 +(blaSF j

S
1/2
. 2
=Ssep (é) 1+ [blasF j
sep
bu [D25E| < 05
Se
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thi y/Ep[0—0]> <1.03sex(0).

U6c luong Bootstrap 1y tuéng cho

do chéch 1a bias,, = bias;. Dé xac dinh
u6c lugng do chéch biasg, ta dd woc

lugng EF(é*) boi 0 , theo két qua ciia

Luat so 16n,

0.95NPF{‘6 —EF(G )
seB

= P —
F{ @}
_p. lbiass — bi sep
_PF{‘blaSB blaSoo‘<2.\/§}.

3. Két qua nghién ciru

SCB
<2.—&—
)

(676 (46 -0)| <2

Gia sir ta c6 mot mau quan sat x
1ay tir tong thé phan bd F (chua biét)
chtra tham s6 0 =t(F) chua biét, tirc

la F—>x=(x{,X,,...,X,). Ubc lugng

rap khuon twong ung 0 =1t(F) 1a mot
wéc luong diém cua nd va ude luong

cho sai sé tiéu chuin cia © la se.
Véi @6 tin cay 1—a, trong [1], khi
kich thuéc mau du 16n, bing viéc su
dung két qua cta Luat sé 16n, udc
luong cho Odugc xdy dung bang
phuong phap khoang tin ciy xap xi
chuan, khoang tin cdy Stdent hoa.

Trong truong hop kich thudc miu gbc



nho, chung téi dé xuat phuong phép
udce lugng phéan vi.
3.1. Khoang tin ciy x4p xi chuin
Khi kich thuéc mau n 16n thi phan

b cta wde lwong O xap xi chuan, tic la:

7=97ErO® N
S€
hay Z = 2= 97018 o1y |
S€

Vi @ chéch biasr va se chua biét
nén ta co thé xdp xi boi udc luong
Bootstrap. Khi d6, vdi viéc dung B mau
Bootstrap theo thu tuc & trén, ta thu dugc
khoang tin ciy cho O :

6 — biasp — u,/,-S€p;

2.1)

0 — biasp + u, /.S
trong d6 u,, la gia tr1 t61 han muc
o/ 2 cta phan bd chuén tic.

RO rang, khoang tin cay trén chi
mang tinh x4p xi boi ta da xap xi phan
bd cua Z dya trén luat sb 16n va xap xi
do chéch thong qua udc lugng Bootstrap
cua no.

Trong trudng hop kich thudc mau
khong du 16n thi ta co thé st dung mot
phan b tét hon cho Z, d6 1a phin b
Student, cu thé,

Tuong tu cach xdy dung nhu trén,

khoang tin cay dugc xap xi

6 — biasp — tff/gl)seB; 22)
6 —biasp + tff/gl) Sep

Nhin xét. Khi 6 1a udc luong

khong chéch cho O thi (2.1) va (2.2) dugc

viét lai la

(G—ua/zseB; 9+ua/2se]3)
(A=) AL (0]
va (9 tyn SeB; O+t , seB
3.2. Khoang tin cay Student hoa
bay la phuong phap xay dung
khoang tin cdy dua vao udc luong phan
bd cua Z, véi viée tim céc phan vi cua
phan bd Student dua truc tiép vao mau
Bootrsap. Thu tuc tién hanh nhu sau
Buéc 1. Sinh ra B mau Bootstrap tir
mau gdc.
Buée 2. T mdi mau tinh gia tri
0" (b)-0

*

se (b)

7 (b) = L véi 0% (b), se (b)

la gia tri va sai s0 cia © & mau Bootstrap
thur b.

Buéc 3. Phan vimuc o cua Z (b)

dugc udc lugng boi gia tri f(a) sao cho

B
>l
SN2 b))

B
Khi do, khoang tin cay Student hoa

~

la (9 —~ %(l—oc/2) se; 0 f(a/z)se),
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3.3. Khoang tin cay phan vi

Viéc xay dung khoang tin cay & 3.1
vé 3.2 van duoc dya trén Luat sb 16n, & do
phan b duoc xap xi boi phan bd chuan va
phan bd Student. Viéc lam nay chua cho
thdy hiéu qua ctua phuong phap Bootstrap.

Thay cho viéc dua vao phéan bd cua
7= (é — 9)/ se , ta nghién ciru truc tiép
phén bd Bootstrap cta 0 .

Giasir 0 1a mdt ude luong diém cua
O va se 1a sai sb tiéu chuin cua no. Viéc
xdy dung khodng tin cdy duya vao phan vi
mic o/2va 1—a /2. Xét mdt mau
Bootstrap X duoc sinh tir phan bd F vaco
udc lugng Bootstrap 0 = s(x").Giasx G
1a phan b6 tich liy ciia ©* . Khi d6 khoang
tin cay phan vimuc 1 —a dugc xac dinh boi
phanvimac o/ 2 va l—a /2 cua G la

(élo,éup):(G‘l(a/z),é‘l(l—a/z))
, tir vide xac dinh G (a./2)=60" (a./2)

1 phan vi mic o/2 cua phan bd
Bootstrap, ta c6 thé viét khoang tin cay phan

vila
(élo,éup)z(é* (a/z),é*(l—a/z)).

bé uoc luong duoc cac phan vi trén,

ta tao ra B mau Bootstrap doc lap

*] *B N , ,
(x yeers X ) va tinh cac udc lugng
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Bootstrap 0" (b)= S(X*b) . Khi d6 xac
dinh O1®) 1 i tri thir B, trong B gia tri

sép xép c6 thtr tw cua cac 07 (b), khoang

tin cdy phan vi mic 1—o xdp xi 1a
(elo,eup):(eg(a/z),eg(l—a/z)).

3.4. Nghién ctru mo6 phong

Theo dinh ly giéi han trung tam
khi n da 16n, thi biéu d6 Bootstrap c6
dang diéu cua phan bd chuan, tuy nhién
khi kich thudc mau nho thi né khong co
dang diéu chuan. Khi d6, uéc luong
bang khoang tin cdy phan vi la mot giai
phap. Pé xem xét cac khoang tin cay
trén s& khac nhau thé nao va tinh hiéu
qua cua udc luong phan vi, ta s& tién
hanh mé phong- thuc hién bing phan
mém R - 13 ngdn ngit 14p trinh thong ké
sang lap boi nhém tic gid "R
Development Core Team" tai dai hoc
Auckland, do Ross Thaka va Robert
Gentleman khoi xudng va phat trién. R
trd thanh ngdn ngir rat phd bién trong
thong ke, xur 1y s6 liéu, do mi ngudn mé
va viéc cai dat don gian tr web http://r.

can-project.org.

Cu thé, véi mau nho, ta moé phong
dé tao ra mot mau gdc kich thude n = 10
tir phan bd chuan héa N(0,1)va udc
luong tham s6 0 = . Khi d6, wdc luong
dya trén mau géc la X va gia tri chan thuc
12 0. Code R cho viéc tai tao B mau tinh

toan thuc hién nhu sau:



> dx=function(B)
+ {x=rnorm(10)
+ print(x)
+ {for (iin 1: B)
+ {s=sample(x, 10, replace=TRUE)
+ m[i]=mean(s)}
+ print(mean(m))}
+ print(sd(m))
+ a=quantile(m, 0.025)
+ b=quantile(m, 0.975)
+ print(a)
+ print(b)}
Két qua tra vé:
[1] 0.2009353
[1]0.2811288
2.5%
-0.3494263
97.5%
0.7243752

Dua trén viée ti tao B = 1000 mau
Boostrap, ta thu dugc khoang tin cdy phan

vi 95% cho © 1a(-0.3494; 0.72437).

Ngoai ra, nhdo viéc tinh duogc
0" =0.2009 va sai s tiéu chuin 1a se
=0.2811 nén néu dung khoang tin ciy dua
vao phan bd chuan, ta dugc khoang tin cay
twong Ung la (—0-35;0-7518). RO rang,
hai khoang tin cdy la kha twong dong.

Dé tiép tuc, ta so sanh khoang tin
cdy phan vi véi khoang tin cay Student

hoa véi Code trong R

> St=function(B)

+ {x=rnorm(10)

+ print(mean(x))

+ print(sd(x))

+ {for (iin 1: B)

+ {s=sample(x, 10, replace=TRUE)

+ m[i]=(mean(s)-mean(x))/sd(s)}

+ a=quantile(m, 0.025)

+ b=quantile(m, 0.975)

+ print(a)

+ print(b)} }

Két qua tra vé

[1]0.5170109

[1] 0.8552643

2.5%

-0.915104

97.5%

0.5731135

Dua trén viéc tai tao mau véi B =
1000, khoang tin cay 95% khi do la
(0.02688; 1.2996). Trong truong hop

ndy, rd rang két qua tra vé khong t6t bang
phuong phap tai tao mau Bootstrap.
4. Két luan

Véi truong hop mau 16n, bang viée
st dung Luat s6 16m, cac phan bd gi61 han
da dugc chi rd, nhung diéu nay khong con
dung voi mau nho. Bang viée stir dung R
dé mo phong ude luong trong trudng hop
mau nho, chung ta thu duogc két luan khé
wu viét vé viée str dung phuong phap tai

tao mau Bootstrap dé udc luong bang
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phan vi. V& mat 1y thuyét, phuong phap

nay c6 diéu kién ap dung kha rong rai khi

khong can yéu cau vé phan bd cua bién

ngdu nhién gdc; trong trudng hop mau

nho, n6 cho két qua kha twong dong khi

biét phan b cua bién ngiu nhién gdc.
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