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Tém tit: Phuong trinh vi phan cip 2 dong vai trd quan trong trong nhiéu linh vuc
khoa hoc va k¥ thuat, bao gém co hoc, diéntarvay té. Chung dugc st dung dé mé
hinh hoéa cac hé théng dao dong nhu con léc, hé théng 10 x0-khdi lwong, va mach
dién. Bai bao tip trung vao viéc nghién ctru tng dung cu thé ctia phuong trinh vi
phan cép 2 trong viéc kiém soat va giam thiéu rung dong. Muc tiéu cua nghién ctru
1a khong chi tim hiéu 1y thuyét ma con ing dung vao cac bai toan thyc tién trong
k¥ thuat.

Tir khéa: Phuong trinh vi phan cép 2, tng dung ciia phuong trinh vi phan.

APPLICATIONS OF SECOND ORDER DIFFERENTIAL EQUATIONS
IN REDUCING MECHANICAL VIBRATION

Abstract: Second-order differential equations play an important role in many fields of
science and engineering, including mechanics, electronics, and medicine. They are
used to model oscillating systems such as pendulums, spring-mass systems, and
electrical circuits. The article focuses on researching specific applications of second-
order differential equations in controlling and minimizing vibration. The goal of the
research is not only to learn about the theory but also to apply it into practical
engineering problems.

Key words: Second-order differential equations, applications of differential equations.

1. GIOI THIEU nhiing bai toan trong thuc té cude song,
Véi su ra doi cia nganh Giai tich vat ly, khoa hoc, ki thuat dugc giai quyét
toan hoc, dic biét 1a giai tich ham thi nhanh gon va chinh xac. Nganh Giai tich
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toan hoc nghién ctru nhiéu linh vuc nhu
cac lop ham lién tuc, kha vi, kha tich,
phuong trinh vi phan. Mdi linh vuc déu c6
tAm quan trong riéng trong viéc nghién
ctru va ing dung. Trong d6 phuong trinh
vi phan 1a mot phan co ban cta giai tich.
Phuong trinh vi phan xuat hién trén co so
phat trién cua khoa hoc, k¥ thuat va nhiing
yéu cau doi hoi cua thyuc té, nd 1a mot bo
mon toan hoc co ban vira mang tinh ly
thuyét cao vira mang tinh tng dung rong.
Nhiéu bai toan co hoc, vat 1y din dén sy
nghién cltru cac phuong trinh vi phan
tuong ung. Nganh toan hoc nay da gop
phan xay dung 1y thuyét chung cho cac
nganh toan hoc va khoa hoc khac, chinh
vi vay viéc nghién ctru phuong trinh vi
phan dong mot vai trd quan trong trong
toan hoc. Trong bai bao nay chung to6i
nghién ctru, phét trién mé hinh toan hoc:
Nghién ctru phuong phap diéu khién va
giam thiéu rung dong.

2. TONG QUAN NGHIEN CUU

Su phat trién nhanh chong cua Iy
thuyét phuong trinh vi phan va nhing tng
dung ctia chiing trong nhiéu nganh khoa
hoc da va dang thu hat sw quan tdm nghién
ciru cua cic chuyén gia va nguodi hoc
trong cac linh vuc da nganh. Diéu nay da
dat 1y thuyét phuong trinh vi phan & vi tri
dac biét trong toan hoc va khoa hoc ung
dung. Ngay nay, 1y thuyét nay duoc day ¢
nhiéu cap do khac nhau trong hau hét cac
truong dai hoc va vién nghién ctru trén thé
gidi [2], [3], [4]. Tai Vi¢t Nam, viéc
nghién ctru phuong trinh vi phan cap 2 da
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duoc nhiéu nha toan hoc va k¥ su quan
tam, dac biét trong cac linh vuc k¥ thuat
co khi va xay dyng. Theo cac nghién clru
trong nudc, phuong trinh vi phan cap 2 da
duogc sir dung dé giai quyét cac van dé vé
két cau cong trinh va dao dong trong cic
hé thng k¥ thuat.

3. RUNG DONG CO HQC

Pé phan tich cac hién tuong rung
ddng, can phai biéu dién cac chuyén dong
sao cho cac dic diém cua rung dong c6 thé
duoc xac dinh 13 ngiu nhién. Biéu dién
don gian nhét dwoc thuc hién bang cach Iy
tuong hoa cac chuyén dong rung dong cua
n6 nhu mot khdi lwong chuyén dong duoc
hd trg boi mot 16 xo va mot bo giam xoc.

Xét truong hop mot vat nho c6 khoi
lvong m duogc gin vao mot 10 xo dan hoi
6 chiéu dai I, dugc treo trén mot gia do
nam ngang ctng (xem Hinh 1). (Lo xo
dan hoi c6 dic tinh 1a néu no bi kéo cing
hodc nén mot khoang cach Al nho so voi
chiéu dai ty nhién [ ctia no, thi né sé& tac
dung mdét luc phuc hoi ¢6 do 1on kAL
Hing s6 k duogc goi 1 hang s6 10 xo va 1a
thudc do do cung cua 10 x0.) Ngoai ra,
khéi luwong va 10 xo c6 thé dugc nhung
trong mot mdi trudng, chang han nhu dau,
can tré chuyén dong ciia mot vat qua no.
Céac k¥ su thuong goi cac hé thdng nhu
vay 1a hé thong 10 xo-khdi luong-bo giam
x6c hodc 1a dung cu do dia chin, vi vé
nguyén tic, ching twong ty nhu may do
dia chan duoc st dung dé phat hién

chuyén dong ctia bé mit trai dat.



/////////////

Y
12

Hinh 1

e

Hé théng 16 x0-khéi lwong-bo giam
x6¢ ¢6 nhiéu ung dung da dang. Vi duy, bd
gidam x&c trong 6 td cua ching ta la hé
thong 10 xo-khdi lugng-tim dém don
gian. Ngoai ra, hau hét cac vi tri dat sing
hang ning déu dugc gin vao cac hé théng
nhu vay dé giam thiéu hiéu Gng "giat lui"
cta sung. Tinh hitu ich cta cac thiét bj nay
s& tré nén rd rang sau khi chung ta thiét
1ap va giai phuong trinh chuyén dong vi
phan cta khéi luong m.

Khi tinh toan chuyén dong cua khoi
lugng m, s€ thuan ti¢én hon cho chung ta
khi do khoang cach tir vi tri can bang ctia
khéi luong, thay vi diém tya ndm ngang.
Vi tri can bang ciia khéi lugng 1a diém ma
khéi luong sé& treo & trang thai nghi néu
khong co6 Iuc bén ngoai tac dung vao no.
O trang thai can bang, trong luong mg
cua khéi lrgng duoc can bang chinh xéac
boi lyc phuc hoi caa 10 xo. Do d6, & vi tri
can béng cua no, 10 xo da bi kéo gian mot
khoang cach Al, trong do kAl =
Ching ta d¢ y = 0 biéu thi vi tri cin

mg.

bing nay va chiing ta coi hudng xudng 1a
duong. Gia sir y(t) biéu thi vi tri ctia khoi
luong tai thoi diém t. Pé tim y(t), ching
ta phai tinh tong luc tic dung 1én khdi

lugng m. Luc nay 13 tong cta bén luc
riéng biet W,R,D va F.

(i) Luc W =
ctia khdi luong kéo nd xudng dudi. Luc

mg la trong luong

nay 1a lyc duong, vi huéng xudng duéi 1a
hudng y duong.

(ii) Luc R 1a luc phuc hoi cua 10 xo,
va no ty 1¢ véi do gian dai, hoac do nén,
Al + y cua 10 xo. N6 ludn hoat dong dé
phuc hoi 10 xo vé chiéu dai ty nhién cta
n6. Néu Al + y > 0, thi R am, do d6
R = —k(Al+7y), vanéu Al +y <0, thi
R duong, do d6 R = —k(Al + y). Trong
ca hai truong hop,

R=—-k(Al+y)

(ii1) Luc D 1a lyc can, hay luc can
tr, ma moi truong tac dung lén khoi
luong m. (Hau hét cic méi truong nhu
dau va khong khi c6 xu hudng can tro
chuyén dong ciia mot vat thé di qua no).
Luc nay ludn tac dung theo hudng nguoc
v6i huéng chuyén dong va thuong ty 18
thudn véi do 16n cua van toe % . Néu van
tdc duong; tic 14 khéi luong dang chuyén

dong theo hudéng xudng dudi, thi D =

~c% | i néu van tée am, thi D =
dt
dy AR
—CE . Trong ca hai truong hop,
D= —CQ
dt

(iv) Luc F 1a lyc bén ngoai tac dung
vao khdi luong. Lyc ndy hudng 1én trén

hoac xudng dudi, tuy thudc vao viéc F
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duong hay am. Nhin chung, luc bén ngoai
nay s€ phu thudc rd rang vao thoi gian.

Theo dinh luat chuyén dong tht hai

cua Newton
2

d2y=W+R+D+F
dt

=mg—k(Al+y)—c%+F(t)

:—ky—c%JrF(t)

Vi mg = kAl. Do d6, nghi¢m y(t)
ctia khéi luong thoa man phuong trinh vi
phan tuyén tinh bac hai
2

dy dy
+—+ F (1
m— e ky =F (1)

trong d6 m,c va k la cac hang so

khong am. O day chung ta ap dung hé
théng mks cta cac don vi dé F dugc do
bang Newton, y duoc do bang mét va t
dugc do bang gidy. Trong trudng hop nay,
don vi cia k 1a N/m, don vi cua c 1a

N.s/m, va don vi cuia m la kilégam

(2)

Sau khi dua vé phuong trinh vi phan
béac hai, giai phuong trinh thuan nhét va
tim nghiém riéng. Giai phuong trinh
thuan nhéat biéu dién chuyén dong dao
dong tu do va tim nghiém riéng tuong tng
v6i dao dong cudng buc cua khéi luong.

(a) Dao dong tu do

Pau tién ching ta xem xét truong
hop don gian nhét cta chuyén dong tu do
khong bi can trd. Trong trudng hop nay,
phuong trinh (1) dugc rat gon thanh
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hoac letf +wy=0 (2)

trong do w; :ﬁ. Giai phuong
m

trinh (2) ta dugc nghiém la
y(t)=acoswyt+bsinwyt (3)

Dé phan tich nghiém (3), ta dé dang
viét lai né thanh mot ham cosin don gian.
Diéu nay duoc thuc hién bang cach su
dung bo dé sau.

Bo6 dé 1. Bdt ky ham y(t) nao c¢é
dang (3) déu cé thé dwoc viét & dang don
gian hon

y(t) = Rcos(aw,t —0) (4) trong do

= V& T B va s=tan" 2.

a

Chimg minh. Ching ta s€ chung to
rang hai biéu thtc (3) va (4) bang nhau.
Pé thuc hién 1am duoc diéu nay, tinh
R cos(w,t —0) = Rcos w,tcos o

+ Rsin @yt sin o

Va quan sat tir Hinh 2, thay rang
Rcosd =a va Rsind =b . Do do,

Rcos(w,t —9) = acos w,t +bsin ot




Trong Hinh 3, ching ta di vé& do
thi ham s y =R cos(w,t —90). Luuy rang
y(t) ludon nam gita —R va +R, va
chuyén dong cua khéi luong 13 tuan
hoan, no6 1dp lai trong moi khodng thoi
gian c6 d6 dai 21/ w,. Loai chuyén dong
nay dugc goi 1a chuyén dong diéu hoa
don gian; R duoc goi 1a bién d6 chuyén
dong, & 1a goc pha cia chuyén dong,
To = 2n/wy 1la chu ky ty nhién cua
chuyén dong, va w, = Vk/m1a tan sé tu
nhién cua hé théng.

(b) Dao déng tw do bj tat din:

Néu bay gid chiing ta bao gdm hiéu
g tat dan, thi phuong trinh vi phan chi
phdi chuyén dong cua khéi luong 1a

d’y
dt’

m

dy
+c—+ky=0 (5
cdtky (5)

Xét phuong trinh dac trung cua
phuong trinh (5): mr2+cr+k =0 ,

phuong trinh ndy c6 nghiém la

_ —c+N —4km

2m
. —c—A~c? —4km
va r, =
2m
y 2T/ w,

Vi viy, c6 ba truong hop cin xem
xét, tuy thudc vao viéc c¢? —4km la
duong, 4m va bang khong

DPinh ly 1.

i, Néu ¢® —4km > 0 thi moi nghiém
y(t) cua (5) déu co6 dang

y(t) = ae™t + be™t

ii, Néu ?—4km=0 thi

moi
nghiém y(t) cua (5) déu c6 dang
y(t) = (a + bt)e=ct/zm

iii, Néu c¢*—4km<0 thi moi

nghiém y(t) cua (5) déu c6 dang

ct
y(t) = e 2m[acosut + bsinut],u

V4km — c?

2m

Hai truong hop dau tién duoc goi
twong Gng 1a qua giam chin va giam
chin toi han. Ching biéu dién céc
chuyén dong trong d6 khdi luong ban
dau bi dich chuyén dan tré lai vi tri can
bang ctia né. Tuy thudc vao cac diéu
kién ban dau, c6 thé vuot qua vi tri can
bang mot 1an, nhung khéng qua mot lan.
Truong hop thu ba, duge goi 1a chuyén
dong giam chan duéi muc, xay ra kha
thudong xuyén trong cac hé théng co hoc
va biéu dién mot dao dong giam chan.
Dé thay diéu nay, chung ta stt dung Bo
de 1 de viét lai ham
y(t) = e~€t/?™[a cos ut + b sin ut]
thanh dang

y(t) = Re=¢t/?™ cos(ut — 6)
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Do dich chuyén y dao dong giira cac

—ct/2m vy do do

duong cong y = tRe
biéu dién dudng cong cosin cé bién do
giam dan, nhu thé hién trong Hinh 4.

Bay gio, hiy quan sat rang chuyén
dong cua khéi lwgng cudi cung ludn ludn
tait han néu cé sy giam chan trong hé
thdng. No6i cach khac, bat ky sy nhidu
loan ban dau nao ctia hé thong bi tiéu tan
boi lyc giam chén cé trong hé théng. Day
la mét 1y do tai sao hé théng 16 x0-khdi
lugng-bd giam x6c¢ lai hiru ich trong céc
hé théng co hoc: chung cé thé duoc sir
dung dé lam giam bat ky nhidu loan
khoéng mong mudn nao. Vi dy, luc sbc
truyén dén 6 t6 do va cham trén duong
dugc by giam xoOc trong xe ti€u tan, va
dong luong tur luc gidt cia nong sung
dugc hé théng 10 xo-khéi lwong-bo giam

x6c¢ gan vao sung ti€u tan.

-
-
e

Hinh 4. D6 thi ciia Re /2™ cos(ut — &§)
(¢) Dao déng cuéng bikc tat dan

Néu bay gio chiing ta dua vao mot
thi
phuong trinh vi phan chi phdi chuyén

luc bén ngoai F(t) = F,coswr,
dong cua khdi luong 1a
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dzy
d2

Ta tim nghiém riéng cua (6) co

+cf;—+ky F,coswt (6)

dang: w(¢) = Acos wt + Bsin wt

Tu do
v '(t)=—Awsinwt + Bwcos wt; y"(t)
=—Aw’ cos ot — B’ sin ot

Thay  w(@®); w'(®); w"(?)
phuong trinh (6), st dung phuong phéap

vao

dong nhat hé s6 ta duoc

(k—mo)F,
(k—ma*) +c’ o’

cok,

(k—ma*)? +20’
Vay nghiém riéng cua phuong trinh (6) la
i
(k—ma*) +c*a’
— FO
(k—-mo*) +c’w
F, cos(at —0)
[(k—mo*) +c’0’]

(7)

[(k —m®®) cos @t + corsin ot ]

w(t)=

1'% cos(awt — 6)

> [(k—mo®)+c’ o’

1/2

Trong d6 tan§ = cw/(k — mw?).
Do d6, moi nghi€ém y(t) cua (6) phai co6
dang
F, cos(wt —0)
[(k—mw®) +c’w

y(O) =) +y(t) = p(t) +
(8)

211/2
]

Trong do ¢(¢)
phuong trinh thuan nhat

d’y dy
—+—+ 09
m— ety =00)

la nghiém cua

Tuy nhién, ching ta di thay rang
moi nghiém y = ¢(t) cua (9) déu tién téi
0 khi ¢ tién t6i vo cyuc. Do do, dbi véi ¢

16n, phuong trinh y(t) = (t) md ta rat



chinh xéc vi tri ctia khoi luong m, bat ké
vi trf va van toc ban dau ctia né. Vi 1y do
ndy, Y(t) duoc goi 1a phan trang thai 6n
dinh cua nghiém (8), trong khi ¢ (t) duoc
goi 14 phan chuyén tiép ctia nghiém.

(d) Dao dong cudng buc tu do

Bay gid ching ta loai bo su giam
chén khoi hé thong cua ching ta va xem
xét truong hop cac dao dong tu do cudng
btrc trong d6 thuat ngit cudng buc 13 tudn
hoan va c6 dang F(t) = F, cos wt . Trong
truong hop nay, phuong trinh vi phan chi
phdi chuyén dong cua khéi luong m 1a

d’ F,
—2/+a)02y =—coswr,
dt m

w,> =k/m (10)

Truong hop @ # @,; moi nghiém
y(t) cua (10) déu c6 dang

y(t) =c,cosw,t +c, sin w,t
F, , va do d¢6 la
+————-coswt
m(w,” —@")
tong cua hai ham tuan hoan cta cac chu
ky khac nhau. Truong hop thu vi 1a khi
® = w,, nghia 1a khi tan s6 @ cua luc
bén ngoai bang tan s riéng cua hé thdng.
Truong hop nay duoc goi la truong hop
cong huwong, va phuong trinh vi phan
chuyén dong cho khdi luong m 1a
2
d—era)Ozy = 5cosa)oz‘ (11)
dt m

Ta s€ tim mot nghiém riéng (1)
cta (11) 13 phan thuc cua nghiém co gia
tri phtc #(¢) cua phuong trinh

% +w,)y= %e’“’t (12)

Vi e®ot 13 mot nghiém cua phuong
trinh thuan nhaty"+ @,y =0, ta biét
rang (12) c¢6 modt nghiém riéng cua
P(t) = Ate’™", d6i v6i mot hing sd A.
Tinh toan

P"+ w,° ¢ = 2iw, Ae'™

Chiing ta thdy rang
__L K
2iw, 2maw,
Tu day,
—iFt :
P(t) = ——(cos m,t +isin ,t)
2ma,
Ft . . Fyit
= sin @t — i COS @t
2mo, 2mo,

La nghiém riéng cua (12), va

Fyt
2

w(t) =Reg(t) = sin ¢

a)O
La nghiém riéng cua (11). Do do,
moi nghiém y(z) cia (11) c6 dang

Fyt

Y(t) = ¢, cosm,t +c, sinw,t + sin @t

2ma,
(13) dbi voi mdi hang sé ¢, c, duge lya
chon.

Bay gio, tong cua hai s hang dau
tién trong (13) 1a mot ham tudn hoan theo
thoi gian. Tuy nhién, s6 hang thir ba bicu
dién mot dao dong véi bién do ting dan,
nhu thé hién trong Hinh 5. Do d6, s hang

cudng birc F, coswt, néu nd tuong Ung
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v6i tan s6 ty nhién cua hé thong, s& ludn
gay ra dao dong khong gidi han. Mot hién
tuong nhu vay 1a nguyén nhan gay ra su
sup d6 ctia cau treo Tacoma va nhiéu tham

hoa co hoc khac.

AN
\/\/\/

Hinh 5. D6 thi cia f(¢) = A¢sin oyt

y

Néu c6 vat can trong ludng khong khi
hodc chét l6ng, thi mot "con duong xoay"
dugc hinh thanh phia sau chudéng ngai vat,
voi cac xody nude chay tit theo mot chu ky
nhét dinh, phy thudc vao hinh dang va kich
thudc cta cdu trac ciing nhu van tc cia
dong chay (Hinh 6). Nhu mot két qua cua
cac dong xoay tach ra luan phién tir hai bén
cua chudng ngai vat, no6 bi tac dong bdi mot
luc tuan hoan vudng goc véi hudng cua
dong, va c6 do 16n F, cos wt . Hé s6 F, phu
thudc vao hinh dang cia cdu trac. Sy sip
xép hop 1y clia cdu tric cang kém; hé s6 F,

cang 16n, va do do bién dd cua luc cang 16n.

Hinh 6

CAu truc cau treo kém hop 1y 1a
mot van dé khac va that tu nhién khi
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mong doi mdt luc c6 bién do lién s€
duoc thiét 1ap. Do d6, mot ciu trac treo
trong luong khong khi chiu tic dong
cua lyc nay va do d6 chuyén sang trang
thai rung dong cudng buc. Muc dd nguy
hiém tir loai chuyén dong nay phu thudc
vao murc do gan giira tan sé tu nhién cua
cdu tric (hdy nhd rang ciu duogc lam
bang thép, mot vat lidu c6 tinh dan hoi
cao) véi tan sé cua lyc truyén dong.
Néu hai tan s6 giéng nhau, cong huong
s€ xady ra va dao dong s€ c6 tinh pha huy
néu hé théng khong co du lyc giam
chan. Hién nay, nguoi ta di xac dinh
ring dao dong loai nay 1a nguyén nhén
gy ra sy sup d6 cua cau treo Tacoma.

4. KET LUAN

Trong bai bdo nay, chung t61 da ap
dung phuong trinh vi phan cép hai vao
giai quyét cac bai toan vat 1y. Cac két do
da duoc tmg dung cho vi¢c cai thién hi¢u
sudt va do bén cua cac hé théng co khi
bang cac cong nghé méi nham giam rung
dong khong mong mudn.
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