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Tém tit: Dya trén viéc nghién ctru sy phu thudc gitra ing sut va bién dang cling nhu mbi
lién hé giira cac moment va tmg sudt cta vat lidu di hudng, ta di xay dung phuong trinh vi
phan ctia mot tm true hudng bi udn dudi tac dong ciia cac img luc phirc tap bao gdm ca cac
{mg suat phan phéi doc theo cac canh ciing nhu i trong tép trung 1én mt phing cua tm.
Bai bao ciing nghién ctru cac diéu kién bién ddi vé6i cac canh cua tAm trong cac diéu kién
chiu lién két khac nhau, tir 46 dé xuét cac giai phap lién quan dén bai toan 6n dinh cia cac
tAm tryc hudng. Nghién ctru ndy ciing dua ra 101 giai chi tiét dbi voi truong hop tAm chiu lién
két ban 1& duéi tac dong ctia img luc nén doc theo hai canh. Pong thoi, ta ciing di x4c dinh
gia tri to1 han cua ing lyuc tac dung 1én tam tryuc hinh chit nhat, va n6 phu hop véi cac két qua
da duoc cong bd dbi voi vat liéu dang hudng.

Tir khoa: Vit liéu di hudng, vat liéu truc hudng, tai trong t6i han, chu tuyén, phuong

trinh vi phan, lién két ban 18.

THE PROBLEM OF STABILITY ANALYSIS FOR ANISOTROPIC PLATES

Abstract: Based on the study of the dependence between stress and deformation as well
as the relationship between moments and stresses of anisotropic materials, the differential
equation of an orthotropic plate bending under the influence of complex stresses is
considered. In the paper, the author also studies the boundary conditions for the edges of
the plate under different connection conditions, since then, the solutions related to the
stability problem of orthotropic plates are proposed. This study also gives a detailed
solution for the case of a plate subjected to hinge connections under the impact of
compressive stress along two edges. The critical value of the stress acting on a rectangular
orthotropic plate is determined, which is consistent with published results for isotropic

materials.

Key words: Anisotropic materials, orthotropic materials, critical load, circumferential,

differential equations, hinge connections.
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1. GIOI THIEU

Trong k¥ thuat co khi hién dai nhu
dong tau, san xuat may bay, cong nghé vii
try..., vat liéu di huong & dang tam dugc
su dung rong rai, dac biét 1a cac tAm
composit truc huéng, co ba mit phang d6i
xtng. Trong nhiing diéu kién nhét dinh,
hoat dong cua cac két cau co khi di kem
v6i sy xuat hién Ung sudt nén ¢ bé mit
gilta cia cac tam c6 trong két cau, co thé
dan dén su mat 6n dinh va kha ning chiu
tai cia chung. Vi vay, muc ti€u cua nghién
ctru ny 1a xdy dung cong thirc dé xac dinh
gi4 tri cua tai trong té1 han tdc dong lén
cac tam 1am bang vat liéu noi trén.

2. TONG QUAN NGHIEN CUU

Cho dén nay, viéc nghién ciru sy 6n
dinh trén cic tdm dang hudng co dang
hinh chit nhét da duoc thyuc hién trong d6i
day di boi cac nha khoa hoc 16n trén thé
gidi véi nhiéu phuong phap khac nhau.
Nhitng nghién ctru sdu rong nhat c6 thé ké
dén cac tac pham cua Timoshenko S.P [6]
va Alfutov N.A [1].

Viéc x4c dinh tng suat t6i han doi
v6i cac tAm 1am tir vat lidu di hudng gip
nhiéu kho khin do sé luong cac tham sb
ctia mdi vat liéu dang nay 1a kha 16n (ddi
v6i vat lidu true hudng va ddi véi vat lidu
di hudng téng quat). Do do, nhitng nghién
ctru d6i v6i loai vat liéu nay nhin chung
chua duoc quan tam ding muc. Viéc dua
ra biéu thirc toan hoc dé tinh toan gan nhu
chua dat duge. Mot s6 nghién ctru dugc
thyc hién cta tac gia Nguyén S§ Toan [4]
chi dua ra két qua dang bang cho vat liéu
soi Carbon va thuy tinh hiru co.
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Phan tich tai liéu [3, 6] cho thdy
Dinh luat Hooke cho tim tryc hudng duoc
viét dudi dang:

o,=Eé +E ¢,
10, =E¢, +EE, (1)

Ty = G}/xy

trong 46 E, — moédun dan hdi theo
phuong x, E, — modun dan hoi theo
phuong y, E — hang s6 dan hdi lién két
hai phuong x va y trong mit phing toa
d6, G —modun cit cua vat liéu truc hudng.

Cac moment uOn va moment xoan
duoc xac dinh béi:

h
2
M, = .[ o,.zdz
h
2
h
2
My = _[ Gy.ZdZ (2)
h
2
h
2
M,, = .[ Tyy-2dz
h
2

DPoi v6i mot tim 1am bang vat lidu
nhu vay, ta gia sit rang cac phan tir tuyén
tinh vudng goc voi bé mit giita cla tAm
van vudng goc voi bé mit nay sau khi bi
udn. Trén co s¢ do, chung ta c6 thé biéu
dién cac thanh phin cta tensor bién
dang nhu sau :



g o
y ay2
o*w

=2z
T = oy

trong 46 w — ham thé hién d6 vong cua
tim. Thay vao (1) ta x4c dinh duoc cac
thanh phan Gng suét twong tng [5, 6] :

. 0%w " 02w
o,=—z| E
X X ze ayz
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ox oy
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Thay thé cac thanh phan Gng suat
trong (3) vao cac biéu thirc moment twong
ung trong (2) ta dugc :

2
[ Exﬁvzv Eavzvdz
2 ox oy
= Ih Pw o2
5=-| D, S +D
ox oy
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L E"a ;v+E;Ca VZV dz
2 Ox oy
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2
;ZZZGsawdz
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, E R 4@#
trong d6: Dy=——; D, = T
"3 3 "73
D:Eh ; ny:Gh ; Dx:Exh ;
12 12 12

h — chiéu day cta tim.

Phuong trinh vi phan cho sy uén
phtrc tap ctia mot tim triyc hudng dudi tac
dong cua cac tng lyc 1én bé mat giira va
luc tac dong theo phuong nam ngang s&
dugc viét dudi dang sau:

0°M,, 62M
X 49 Y _

Gxéy 8)/2
2 2
— 4+ N 8_60 + ZNX 6_(0
ot Vo Y oxdy

Ny, N,.N,,

(5

trong do: — cac ung luc
tac dung 1én bé mit trung binh theo céc
phuong twong ing; p — tai nam ngang.
Két hop (4) va (5) ta duogc:
0w o
D, T+ 2H lid
ox ox? 8y
0w o
5 2 +2N,,

p+N¥——+N
trong d6 H =D+ 2ny

4
Z%QT:
Oy
o*w

Y axdy (6)

o

Bai toan 6n dinh cua tim duoc quy
vé viéc tinh todn tai trong t&i han trong
tung truong hop cu thé, phu thudc vao
nhiéu yéu t6 nhu cac hing sd dic trung
cho vat liéu cua tim, cac diéu kién bién
khac nhau khi tAm & céc trang thai lién két
khéc nhau.
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3. CAC PIEU KIEN BIEN

Xét mot tim & dang hinh chir
nhat, cic canh cia no c6 thé chiu cac lién
két khac nhau, theo d6 dicu kién bién dbi
voi ham thé hién d6 vong ciing khac
nhau. Cu thé:

3.1. Canh chiu lién két ban 1&

Néu mot canh cta tim chiu lién
két ban 1é thi d6 vong doc theo canh dé
phai bang khong. Pong thoi, canh nay
c6 thé xoay tu do, tic 1a s& khéng c6
moment uén doc theo canh nay. Néu
cho rang canh d6 trung véi truc Ox thi
ta c6 diéu kién:

(W),, =0

( o*w 62w] (7
Vi, + =0
y=0

o

3.2. Canh chiu lién két ngam

Néu mot canh nao d6 cua tim bi
ngam chit thi d6 vong doc theo nd bang
khong va mit phang tiép tuyén véi bé mat
vong doc theo canh nay trung véi vi tri
ban dau ciia mit phang gitta cua tim. Néu
ta léy cac truc toa do theo hai canh cua
tAm, trong d6 canh bi ngam trung voi truc
Ox thi:

3.3. Canh tu do

Néu mét canh cia tim hoan toan
ty do, thi c6 thé khang dinh ring sé&
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khong ¢6 moment udén hoic xoan doc
theo nd, va ciing khong cé luc cit doc
theo canh do. Tuc 1a néu ta dat tim vao
hé truc toa do Oxy sao cho canh ty do

nay trung véi truc Ox thi ta co thé biéu

dién diéu kién bién twong ing nhu sau:

(M,),,=0
(M, )y =0 (P ) aMxyj o
(Nx)y:O = O y=0

(M,),,=0

22, 22)
o ax2 » ayZ -
O*w O’w
D,——+(D+4D,)—| =0
ox xoy” )
)=

trong doé Vi la hé so Poisson, dac

trung cho su co lai theo hudng cuia truc

x va kéo dai theo hudng cia truc y.

Viéc xac dinh cac di€u kién bién
cho cac canh con lai cua tam duoc thuc

hién theo cach hoan toan tuong tu.

4. Tinh toan tai trong téi han

doi véi tam chiu lién két ban 1€

Dé giai phuong trinh vi phan (6)
trong truong hop tdm chiu lién két ban
1& doc theo chu tuyén, ta sir dung chudi
lugng gidc kép. Theo do, ta gid su tai

nam ngang co6 dang:

p(x,y)= ZZamn sin 77X gin nz'y
a

(10)

m=1 n=1

Ham thé hién d6 vong ctia tam duogc

xac dinh tuong tu:



sm@
b

w(x,y) = Zmen sin 2
m=1 n=1
(11)

Trong cac cong thuc (10)va(11), a
va b 1an luot 1a chiéu dai cic canh cua
tAm hinh chir nhat tuong (mg vai cac canh
duoc gin vao truc Ox va Oy cua mat
phang toa do.

C6 thé dé dang kiém tra ham thé
hién do vong (11) thoa man cac diéu kién
bién (7) cta tdm chiu lién két ban 18 theo

ca bon canh. Tuc la:

trong d6 v, 1a h¢ so Poisson, déc trung

cho su co lai theo hudng cua tryc y va
kéo dai theo hudng cua truc x.

Sau khi thay cac chudi (10) va (11)
vao phuong trinh vi phan (6) véi gia thiét

rang ny =0 ta co:

m*z? m*n?® n*n?

D +2H
, x4 2 b2

mn
4_4 2 _2 2.2
n'w m-r n°w
D + N

— +N
X
y f4 2

i y b2
=a,,, (12)

Trong truong hop khong cé tai nim
ngang, tic 1a p(x,y)=0 hay hé sb
a, = 0.Sumatondinh clia thm s& tuong
mg v6i vé phai cua biéu thirc (12) bang
khong. Tuc la:

m*r? m?? n’r?
Dy—g—+2H———— (13
a a b
4 4 2 2 2 2
no m-r n°r
+Dy 4 +Nx—2+Ny—2:0
b a b

Phuong trinh (13) c6 thé duogc sir
dung dé xac dinh tai trong toi han trong
nhiéu truong hop tai khac nhau nhu:

1) Chi nén (hoic kéo) tdm boi tng
luc N, ;

2) T4m bi nén (hodc kéo) bai cip
tng lyc N, va N, ;

3) Tdm bj nén véi tmg luc N, dong
thoi bi kéo boi tmg luc NV, hodic nguoc lai.

Trudng hop chiu tai du tién 1a mot
vi du phé bién thudng gip trong thuc té,
theo do6 mot tam tryc hudng chiu lién két
ban 1& doc theo ca bon canh cua nd, bi nén
boi Gng luc theo hai canh d6i dién. Tuc 1a
chi c6 tng lyc nén N, tac dung lén bé

mit trung binh cta tim nhu trong hinh 1.
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Hinh 1. So db tdi ciia tam bi nén theo hai canh déi dién

Trong truong hop nay, biéu thirc
(13) c6 dang:

4 4 2.2 22
m'r mer- nrw
D, ——+2H— >
a a b (14)
ntrt m2r?
Dy 2 -N, > =0
b a

Trong biéu thirc (14), s6 hang cudi
cung & vé phai mang diu am vi day 1a tmg
lwe nén, trong truong hop nguoc lai, néu
N, la tng lyc kéo thi s hang nay sé&
mang dau duong. T biéu thirc ndy gia tri

to1 han cua tmg luc N, dugc xé4c dinh boi

cong thuc:
2 2 2 2
m- n°rm
(Ny), =Dy —5—+2H—
a b (15)
2 42
op,
b"m

Trong phuong trinh (15), m va n
tuong tng véi s6 nira bung séng clia song
hinh sin trong qua trinh tim mat 6n dinh

theo hudéng x va y tuong Ung.
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Piéu can quan tAm gid tri tdi thiéu
cuia tai trong toi han, tir hé thire (15) c6 thé
thiy rang ing luc N, dat gia trj nho nhat
khi tdm bi bién dang doc theo mot nira
song duy nhét theo huéng cua truc Oy,
tac la n=1. Trong truong hop nay,
phuong trinh (15) c6 thé viét ¢ dang don

gian hon.
2 2 2
m-w T
(Nx)th =D, = +2H —
(16)

722a2

D) =

b'm

Gia tri nho nhit cua luc toé1 han
dugc xac dinh tir diéu kién bang khong
cua dao ham riéng theo m[2], tirc la:

o(N
—( ) =0 (17)
om

Theo d6, ta hiy 1ay dao theo m tir
biéu thuc (16):

4 4 4
o(Ny), _, 2Dy —Dbm s



So sanh cac biéu thic (17) va (18)
ta dugc phuong trinh:
4 4 4
»Dya =Db’m
a*b’m’
Sau khi bién d6i phwong trinh (19),

ta xac dinh duoc gia tri cia m tuong ung

2 =0 (19)

v6i gia tri nho nhét cua tai trong toi han:
g 8 20
D, b (20

Sau khi thé gia tri biéu thirc cia m
(20) vao h¢ thuc (16), ta thu duoc gia tri

cua tai trong tdi han toi thiéu:

B , H+ /Dny

(Nx)th—Zﬁ 2

(21)

Vit liéu dang hudng 1a truong hop

dac biét cua vat liéu di hudng, ma tai do
D.,=D,=H=D .Co thé thay rang két

qua thu dugc phu hop véi tai trong tdi han
dbi v6i tAm dang hudng khi bi nén theo
mot hudng [5, 6]:

D
(N,),, :47z2b—2 (22)

X

5. Két luan

Tt két qua nghién ctru cho phép
chung ta rat ra dugc nhimg két luan sau:

- Xay dung phuong trinh vi phan
dbi véi cac tim truc hudng bi udn béi cac
g luc phtrc tap bao gdm ca cac ng suat
phan phdi doc theo cac canh ciing nhu tai
trong tap trung 1én mit phang ciia tm tir
viéc phat trién cac mo hinh.

- Nghién ctru cac diéu kién bién d6i
vGi cac canh cua tAm chiu cac lién két
khac nhau.

- Thu dugc phuong trinh co ban giai
quyét bai toan 6n dinh cua tAm truc huéng

trong cac dic€u kién chiu tai khac nhau.

- Pua ra duogc cong thirc toan vé
gia tri to1 han ctia ung luc nén tac dong
1én mot tAm truc hudng chiu lién két ban
1& doc theo chu tuyén va né phu hop véi
cac nghién ctru trude d6 dbi voi vat lidu
ding huéng.
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