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Tém tit: Trong bai bao nay, ching to1 dé xuat mot thuét toan kha don gian duoc thuc
hién trong khong gian Hilbert dé giai bai toan bat dang thirc bién phan hai cip, cu thé
13 bai toan bat dang thirc bién phan don diéu trén tap nghiém cua bat dang thic bién
phan hdn hop. Phuong phap chung toi dé xuat 1a su két hop giita phuong phép chiéu
va ky thuat Xé.p xi nhét. Déng thot viéc chung minh sy hdi tu manh cua day 1ap cling
duoc chung t6i thyc hién mét cach chi tiét dudi cac gia thiét théng thuong. Thudt toan

cling c6 thé dugc ap dung cho mot s6 mo hinh toan hoc vai cac rang budc bo sung.

Tir khéa: Phuong phéap chiéu duéi dao ham, ki thuat xap xi nhét, bai toan bt dang
thirc bién phan hdn hop.

PROJECTED SUBGRADIENT METHOD AND TECHNIQUES APPROXIMATION VISCOSITY
FOR SOLVING BI-LEVEL VARIATIONAL INEQUALITIES PROBLEM

Abstract: In this paper, we propose a fairly simple algorithm implemented in Hilbert
spaces to solve some classical bi-level variational inequality problems especially the
monotone variational inequality problem over the set of solutions of mixed variational
inequalities. The proposed method combines two strategies: projected sub-gradient
techniques and viscosity-type approximations. The involved step-sizes are controlled
and a strong convergence theorem is established under very classical assumptions. The
algorithm can be applied for instance to some mathematical programs with

complementarity constraints.

Key words: Projected sub-gradient method, viscosity approximations techniques,

mixed variational inequalities.
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1. GIOI THIEU
Cho H la mdét khong gian Hilbert thuc, C 1a tap con 101, dong, khac rSng cua
Hva F lamdtanh xa tor C vao H . Xét bai toan:

Tim x e C sao cho <F(x*),x—x*>20 VxeC. (1)

Bai toan trén duoc goi 1a bai toan bat dang thirc bién phan, ky hiéu VI(C, F),
anh xa F duoc goi la anh xa gia vatap C duogc goi la tap rang budc. Bai toan nay duoc
gi6i thiéu 1an dau tién boi Stampacchia va cong sy [3] vao ndm 1966 cho tap rang budc
C 1a mot tap hién (¢ dang tudng minh). Tuy nhién do yéu cau ctia cac ing dung thuc
té nhu mo hinh diéu khién cong suat mang CDMA, cic bai toan vé kinh té, phan ludng
mang giao thong ... dan dén phai xét Bai toan (1) voi tap rang budoc C 1a mdt tap an,
ching han 13 tp diém bat dong, tip nghiém ctia bai toan tdi wu, thim chi 13 tp nghiém
ctia mot bai toan bt dang thirc bién phan khac. Trong bai viét nay ching toi xét tap C
1a tdp nghiém ctia mot bai toan bat dang thirc bién phan hdn hop. Cu thé bai toan duoc
phat biéu nhu sau:

Tim x" €S sao cho <F(x*),x—x*> >0 VxeS.(2)

O day, S 1a tdp nghiém cta bai toan bat dang thirc bién phan hdn hop sau:

Tim xeC sao cho <T()_c),y—)_c>+h(y)—h()_c) >0 WyeC,(3)

trong d6 7' la mot anh xa tt H vao H va hla mot ham thyc léy gia tri trén
(=00, +0] c6 thé khong can kha vi. Thoi gian gan ddy, bai toan trén dugc quan tan
nghién ctru bai nhiéu tac gia ([3, 6, 7, 11, 13]) béi tinh tng dung sdu rong cua né.

Sau day, chung t61 nhéc lai mot s6 khai niém va mot sd két qua da biét s& duoc
str dung trong bai viét:

® Phép chiéu metric: V&i xe H. Khi d6 P.(x) :=argmin {H y—x|: yeC}
duoc goi 1 phép chiéu metric cia H 1én C.

® Du6i vi phan, dwéi vi phdn xdp xi: véi mdi x° € C, £ > 0thi

o of (x") :{p eR": f(¥)=(p, y—x"Y+ f(x°), Vye C}, duoc goi 1a dudi vi
phan cua f tai x°.

0 0,f(x")={peR": f(»)2(p, y—x")+ f(x")-&, VyeC|, dugc goi I

dudi vi phan xap xi cia f tai x°.
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® Nura lién tuc duoi: Mot ham g : C — R duoc goi la ntra lién tuc dudi trén C
néu véi moi x, € C, tacod
liminf g(x) > g(x,)
X=X

e Para-don diéu: Anh xa T: H — H duogc goi 1a para-don diéu trén Cnéu T

don diu trén Cva
(Vx,y eC), <Tx—Ty,x—y>=0 =>Xx=y
® Dong yéu: T duoc goi la dong yéu trén C néu moi diy {x } = C,

x, —~ x, va Tx, —~ w, kéo theo w, =Tx,.

B6 dé 1.1 ([1]) Cho x,yeC,re H va y=P.(x—r). Khi d6
i1 |y-x|<r,

2, Vq e C.

(i2) 2{x—q, ) <5 +|x =g -y -q

B d 1.2 ([5)) Gid sit z la mot nghiém ciia Bdi toan (3) véi dnhxa T :H —> H
para-don diéu trén C, h:C — R sao cho C c domh va ;/e C . Khi d6 hai khdng dinh

sau la twong duong

(i) y la nghiém cia (2);
(i2) <T}, 2—}) +h(z)—h(y) 0.

B @& 1.3 ([14]) Cho ¢ la mot ham dwge xic dinh boi (x)=(Tx, X=q) trong
dé qe H va T:C — H don diéu, déng yéu trén C va lién tuc Lipschitz trén tdp con

bi chan cua C. Thi ¢ nuwa lién tuc duoi yéu tren C.

B dé 1.4 ([10]) Cho @, la ddy cdc sé thuc khong am. Gid sir voi moi s6 tw
nhién m, ton tai sé tw nhién p sao cho p>m va a,<a,,. Goi n, la s tw nhién

sao cho a, <a Vi moi so tw nhién n > n,, ta xdc dinh

ny+1°

vn =max keN:n <k<na <a_, .4

Khidé v n ., laday khong giam thoa man imT n = oo va cdc bat dang

>
nzn n—00

thirc sau day la dung
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aﬂ,’ n S aﬂ,« n+1? an S aﬂ, n +1

Vn > n,. (5)

B6 dé 1.5 ([10]) Cho A A8 la cdc day s6 dwong théa man

DA, =40, Y A <40, Y A B, <+
n n n . (6)

Khi do,
Bt 1B fim /5, =0

(il) Tén tai déy con sao cho %=

, _ lim 8, =0
(i2) Néu véi moi 0, Pra =By SO i v .

2. TONG QUAN NGHIEN CUU

Mot trong nhiing thuat toan dau tién dé giai bai toan bat dang thiic bién phén hai
cap phai ké dén 1 cong trinh ciia Yamada [15], tac gia da st dung thuat toan lai ghép
duodng dbc va ching minh sy hdi tu manh cua day lap vé nghiém duy nhét cta bai toan
bét dang thtrc bién phén trén tap diém bat dong. K¢é thira cac két qua cua Yamada, Ding
[4] ndm 2007 di dé xuét thuat toan ba budc ndi 16ng, va ching minh sy hdi tu manh
cua day lap. Tiép d6 nam 2008, Lin [8] da dé xuét va chimg minh sy hdi tu manh cua

day lip sinh boi thuat toan lai ghép do ddc giam dan, ap dung cho bai toan nay ...

Tuy nhién, cac thuét toan di duoc dé xuét cho bai toan hai cap néi chung va bai
toan bat dang thic bién phan trén tp nghiém ctia bai toan bat dang thirc bién phan hdn
hop thuong phai str dung it nhat hai phép chiéu tai mdi budc lip. Nhu ching ta da biét
trong truong hop tap rang budc C phtic tap thi chi phi cho viéc tim hinh chiéu trén d6
1a rat dat, cy thé 13 mat nhiéu thoi gian tinh toan va tén nhiéu bd nhé may. Piéu nay
gay ra cac kho khan cho chay s6 trén may tinh khi bo dit liéu 16n. Thoi gian gan day
nhiéu tac gia quan tim nghién ciru dé xuat thuat toan véi nhimng cai tién dang ké [2, 19,
12] bang viéc két hop giita phép chiéu va mot sé ki thuat nhu quén tinh, lai ghép, gian
két, chiéu co,...Ké thira nhitng phuong phap di c6 trong bai viét nay ching toi dé xuat
thuat toan vi mot phép chiéu két hop voi ki thuat xap xi nhdt (xdp xi gan két).

3. KET QUA NGHIEN CUU

Pé giai Bai toan (2), trong muc nay chung toi dé xuat thuat toan vi mot phép
chiéu tai mdi bude lap.

3.1. Thudt toan
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Khéi tao: Lay cic diy {a,}, {4 }.{e,} trong [0, +OO), ﬂE(O, +00). Chon
x, €Cvagan n:=0.

Vong lap:

Budc 1. Tinh u, €0, h(x,) (8)

Buodc 2. Tinh

d =u, +Tx +a, Ax,;
9
o ©

n, = max { U,
Buwoce 3. Tinh

xn+1 :PC ('xn _&dnj’ (]0)

Buée 4. Gan k= k +1 quay vé Budc 1.

3.2. Phan tich sw hgi tu cua thudt todn

Cac gia thiét dat 1én ham gia va tham sd:

(H1) h: H — (-, + 0] 161, nita lién tuc duéi trén H véi C < domh , sao cho
0,h: H — 2" bi chan trén tip con bi chdn cua C véimoi £ >0. (11)

(H2) T:H — H para-don diéu, dong yéu trén C va lién tuc Lipschitz trén tap
con bi chdn trong C .

(H3) Tap S= .
(H4) A:C - H p -don di€u manh va o -lién tuc Lipschitz.

(HS) 4 €(0, +) va {a,}, {4}, {¢,} 1a cac day sd thye duong thoa mén
YA, =0, ) A <o (12)

lime, =0, Zan =00, Zanﬁn =0, (13)

{¢,} 1a day khong tdng va théa man &, < ud . (14)
Trude hét ta co cac khang dinh sau:
Khing dinh 1. Gia s {x,} tao ra tir Thuat toan 3.1. Khi do,

(i1) voimoi n >0,
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ta co

126

<Z,.(15)

xn+1 - 'xn

(i2) Néu {g !, {4} théamin &, < uA thi véi moi phantir ¢ € Svamoi n>0

Qn+1 _Qn +2(ﬁn &J < 2[an ﬁj(xn _q’Axn>+7ﬂ‘n2’ (16)

n n

x,—q| va B, =(Tx,, x,—q)+h(x,) - h(g).

Chitng minh (il). Tt (10) két hop véi (il) ctia B6 dé 1.1 ta c6

Trong d6 O, =

xn+1 _xn < /?“n -
m,
oy d,
Mat khéc 7, :max{,u, dnH} =|d, ||<7n, hay —= <1.
m,
Tir d6 suy ra ||X,,, = X,[< 4, .

Chitng minh (i2). Ap dung (i2) cua B6 dé 1.1 cung véi (10) ta co

5(& dn ] +Qn _Qn+1 22(&J<xn _q’ dn>’ (17)
m, n

n

d,

Str dung <1, vad =u, +Tx, +a,Ax, tathu dugc

52:+0,-0,., zz(ﬁj«xn —q,u, +Tx,)+a,(x,—q,4x,)). (18)

Tir u, €8, h(x,)suy ra {#,,%, =) > h(x,)=h(g) -,
Béng cach dat B, =(Tx,, x, —q)+h(x,)—h(g) . Khi d6 ta thu dugc
<xn —-q,u, +Txn> > <xn —q,Txn>+h(xn) -h(q)-¢,

Két hop diéu nay véi (18) ta co

0,.,-0, +2[ﬁﬁnJ 32(£8nj—2(£anJ<xn —q,A4x,)+547. (19)
77}1 77}’!

n

TRUONG DAI HOC HAI PHONG



d

n

Laico ¢, <ud van,= max{ U,

A
} suy ra A, > %1 Do do g, L <A, thay
77)1 77’1
diéu nay vao (19) ta thu duogc (16).
Khiing dinh 2. Néu S # ¢, anh xa 4 don diéu manh va cc thamsb ¢, 4, u

théaman ¢, < ud, va Zﬁf <+00 thi ddy {x,} sinh ra tir Thudt toan 3.1 la bi chan.

Thét vdy, Lay g € Sva dat O, =[x, —¢

*, B, =(Tx,, x,~q)+h(x,)~h(g) . Khi
do tir (16) va B, > 0 ta thu duoc

(20)

n o

0,.-0,+ 2[& anj<xn —q,Axn> <TA?

n

Hay tuong duong voi

a,, —a, +2(£aﬂ}<xﬂ —q,Axn> <0, (21)
m,

j-1
trong d6 a, =0, —722,3 :
k=0

Trwong hop 1. Ton tai s6 tw nhién n,sao cho diy {a,},,, Kkhong tang. Nghia la

n—1
7 J4 2 J4 . ~ ~ . -
voi n>n,,taco O, —7 E A =a, < a, .Dodé O, bichansuyra {x,} cling bi chdn.
k=0

Truong hop 2. Ton tai ddy con {a, } cua {a,} saocho a, <a, , voimoi k20

. Ap dung B6 dé 1.4 ta co
Ay S Ay Gy Sy s V2R, (22)
trong do 7(n):max{j: ny<j<n,a, Saj+l}_
Tu (21) va (22) suy ra
<xy(n) —-q, Axy(n)> <0.(23)

Két hop (23) véi tinh p -don diéu manh cua 4 din dén

puxy(n) _QHZ < <x7(n) -q, Ax,, _Aq> = _<x7(n) 4 Aq>‘

TAP CHI KHOA HOQC SO 69 Théng 01/2025 | 127



y(n)

~ s X _ 2 _
Suy ra ddy {x,,}bichan.Ma a,, =0, . _721 Qa1 = ny(n)+1 —q|, do
k=0

d6 {a, .} ciingbi chin, két hop diéu nay véi (22) dan t6i {a,} bi chin trén. Dén day

y(n)+
ly luan tuong ty truong hop 1 suy ra {x, } cling bi chan.

Khing dinh 3. Cho S # @, anh xa T para-don diéu, dong yéu trén C va lién
tuc Lipcshitz trén mot tp con bi chin cta C, ham 7 161, lién tuc trén C . Néu x 1a
mot diém trong S va {z,} 1a mot day bi chén trong C théa man

lim

n—®

<Tzn,zn —}> +h(z,)—h(x)|=0, (24)

Thi moi diém ty ctia {z,} déu thudc vao S .

Thét vdy, Vi mdi phan tr y e C , ta dit o(y) = <Ty, y —)_c> +h(y)—h(x). Tirtinh
don didu ciia T va xS, ta cé o(y)> <T)_c, y—)_c>+ h(y)—h(x)>0. Gia sit {z, } Ia
mot ddy con cua {z,} sao cho z, —ze€ H suyra z cling thugc C. Do A ntra lién tuc
dudi yéu trén C kéo theo ¢@cing nita lién tuc dudi yéu trén C, tic 1a
0<g(z)<liminf,  ¢(z,). Mat khiac tr gia thiét (24) suy ra
liminf, ,, ¢(z, )=1lim, ,, ¢(z,)=0 hay ¢(z)=0. Ap dungBodé 1.2 suyra ze S .

Khing dinh 4. Gia sir rang S # ¢, {x,} 1a mot ddy sinh ra boi Thuat toan 3.1,
anh xa 7 lién tuc Lipschitz trén tdp con bi chan trong C, cac tham s6 g,, A,, 1 thoa
man ¢, < uA, va {g }1a day khong tang. Thi mo1 phan tor g € S, ludn ton tai hang s6
duong v sao cho:

B =B, <v4,, (25)

Trong d6 B, = <Txn, X, —(]>+h(xn)_h(Q)-

Thdt vdy, Theo dinh nghia cua S, suy ra

IBn+l _ﬁn < (<Txn+l’xn+1 _q> _<Txn7'xn _(’I>) + (h(xn+l)_h(xn)) 5 (26)

Mat thac theo Budc 1 cua Thuét toan thi u

n+l

€0, h(x,,) dodo

h(xn+l) - h(xn) < <un+l’ ‘xn+1 o xn> + gn+1 » (27)

Két hop (26), (27) va tinh khong ting cua {¢,} ta thu dugc
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ﬂn+1 _ﬂn S<Txn+l +un’xn+1 _‘xn>+<Txn+l _Txn7‘xn _q>+8n s (28)

Tt tinh bi chdn cta {x,} va tinh lién tuc Lipschitz cia 4nh xa T dan téi ddy {7, }

ciing bi chan va |Ix,,, = Tx, | < L|x,., —x,||. Két hop didu kién (11) suy ra {u, } bi chan.

Do d6 bat dang thire (28) co thé viét lai nhu sau

IBn+1_ﬂn Sp

xn+1 - 'xz

I/

té,,

Trong d6 p 1a mdt hang s6 nao do. Lai co |X,,; —X

ASA, va e, < ud suy ra
B...— B, <(u+p)i =vi , trong d6 v =pu+ p. Vay Khang dinh 4 hoan toan dugc
chirng minh.

Két qua hoi tu cta thuat toan duoc phat biéu thong qua dinh 1y sau

Pinh Iy 3.1 Day {x,} sinh ra tir Thudt todn 3.1 héi tu manh vé nghiém duy nht
ciia bai todn (2) dudi cdc diéu kién tir (H1) dén (HS).

Chirng minh. Gia stt {x }, {u,} 1a cdc ddy dugc sinh ra tir Thuant toan 3.1 va x’

2

la moét nghiém cua Bai toan 1. Ta dat Q, :Hxn—x* va

B, = <Txn,xn —x*>+ h(x,)—h(x") . Khi do, theo Khing dinh 2 suy ra diy {x } bi chan

kéo theo cac day {Tx, }, {Ax }, {u,}, {B, } cling bi chan. Lai c6 77, = max { M, ||d

\ } voi
d, =u, +Tx,+a,Ax, suyra {n,} cling bj chin. Do d6 ton tai s duong & sao cho
Vn>0, u<n,<o.(29)

Tt Khang dinh 1, ta c6

0,.—0,+28, [ﬁjwan (ﬁj@ —x, Ax,) <74, (30)
7,

n

Tuong duong véi

a,,—a,+2p, [ﬁj +2a, [ij <xn -x, Axn> <TAZ,
m, M,

j-1 j-1
Trong d6 a, =0, + Y (4B /n)- D A . (31)
k=0 k=0

Dan téi1
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w12
‘xn+1 - X

n

x, =X+ (2,8, /n,)<722, (32)

N 2 A . * A © N
ma Zl,, <0 nén 11m”xn —-X H ton tai va
n

n—

D (4B, /1) <% (33)

n

Két hop véi (29) suy ra
LA, <0 (34)

Mit khéc theo Khang dinh 4

Boa =B, <vA4,, (35)

Trong d6 v 1a mot hing s6 duong. Khi d6 theo (34), (35) cling véi cac gia thiét
Zﬂnz <o, Z/ln =0 va B dé 1.5, ta thu duoc lim 8, =0 . Theo Khang dinh 3 suy

n—0
ra cac diém tu cia {x,} thudc vao tap S .

Tu (31) suy ra

Z%<xn—x*,Axn><oo. (36)

Aa X X
"1 = +o0. Piéu nay két hop

Mit khic, (29) va gia thiét Y 4,2, =% suyra
n n nn

véi (36) dan toi

liminf (x, -x", Ax,)<0.(37)

n—0

Tu tinh p -don di¢u manh cua anh xa A4 suy ra

X, —x*Hz < <xn —x*,Axn>—<xn —x*,Ax*>, (38)

yo,

Do d6
liminf oy, -] < liminf (x, - ', Ax, ) ~liminf (x, ', 4x") . (39)

Thay (37) vao (39) ta duoc

|2 * *
liminf [x, x| <=1/ p)liminf (x, -x", 4x"). (40)

n—»0 n—w
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- * N\ s oqs A A P , A A
Laico <xn —x ,Ax > bi chan, nén ton tai ddy con {x, } cua {x,} hoituvé ue
sao cho

liminf (x, —x", 4x") = liminf (x, —x", 4x") = (u—x", 4x7) 2 0.

n—»oo k—o

Két hop diéu nay voéi (40) suy ra liminf Hxn - x*H = 0. Mat khac theo (33) gidi han

n—0

lim|x, x| ©n tai. Do d6 lim|x, —x|=liminf|x, ~x|=0 hay x, >x" khi

n—>® n—>0 n—

n—+o0. O

4. KET LUAN

Trong bai viét tac gia da dé xuat mot cach tiép can méi dé giai bai toan bat ding
thirc bién phan véi rang budc 14 bai toan bat dang thirc bién phan hdn hop. Do 1a két
hop gitra phuong phap chiéu duéi dao ham va ky thuat nhét (hay con goi 1a k¥ thuat
gan két). Vi dé xuat méi ndy, tai mdi bude ldp & cua thuat toan chi str dung mot
phép chiéu duy nhat diéu nay giap cai thién dang ké vé mat tinh toan va bd nhd luu
trit cho chay sd trén may tinh. Bén canh d6 bai viét ciing trinh bay chi tiét chttng minh
duoc su hoi tu manh cua diy lip sinh ra boi thuit toan dé xuit vé nghiém duy nhat
cua Bai toan (2).
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