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Tém tit: Bai toan bt ding thirc bién phan dugc gidi thidu lan diu boi Stampacchia va
cong su [5] da tr¢ thanh mot dé tai nghién ctru ly thd, thu hat nhiéu nha khoa hoc quan
tdm boi cac ung dung thuc té cua nd nhu mo hinh cén bang mang giao thong, mé hinh tbi
uu mang truyén thong, cdc mo hinh cua bai toan t6i wu, bai toan bu phi tuyen . Thong
thuong, mién rang budc cho bai toan nay la mot tap con 101 dong va khac rong C cua mot
khong gian Hilbert thye A, tuy vdy, trong thuc té mién rang budc doi khi la nhirng tap
an, cac phuong phap giai cd dién khong kha thi trong trueong hgp nay. Trong bai bao nay,
t6i dé xuét va chirng minh sy hoi tu cho mot thudt toan mdi voi phuong phap chleu duoc
mé rong trén nira khong gian dong dé giai bai toan bét dang thirc bién phéan hai cap, tire 1a
mién rang budc cho bai todn thong thuong dugc thay boi tdp nghiém cia mot bai toan bat
déng thirc bién phén khéc. Cac chimg minh cta t6i dugc tién hanh trén khong gian Hilbert,
két hoi tu manh cua thudt toan dugce trinh bay chi tiét trong bai bao.

Tir khoéa: Bét ding thirc bién phan, hai cip, nira khéng gian déng, twa khong gian, gia don diéu,
don diéu manh, lién tuc Lipschitz.

EXTENDED PROJECTION METHOD TO SOLVE BILEVEL
VARIATIONAL INEQUALITY PROBLEMS

Abstract: The variational inequality problem which is first introduced by Stampacchia et
al. [5] has become an interesting research topic and attracted the attention of many
scientists because of its practical applications such as traffic network balance model,
communication network optimization model, models of optimization problems, nonlinear
compensation problems, etc. Normally, the constraint domain for this problem is a convex,
closed and non-empty subset C of a real Hilbert space A , however, in reality the
constraint domain is sometimes hidden sets, classical solution methods are not feasible in
this case. In this paper, I propose and prove the convergence of a new algorithm with the
extended projection method on closed half-spaces to solve the bilevel variational
mmequality problem, i.e. the constraint domain for the usual problem is replaced by the
solution set of another variational inequality problem. My proofs are carried out on Hilbert
spaces, the strong convergence of the algorithm is presented in detail in the paper.

Keywords: Variational inequality, bilevel, closed half-spaces, pseudomonotone,
quasinonexpansive, Lipschitz continuous.

1. Giéi thiéu _

Cho C 1a tip con 16i, dong, khac rong trong khong gian Hilbert thue A . Anh xa
G:C — H duoc goi la 4nh xa gid. Bai toan bt déing thirc bién phan, ky hi¢u la VI(C.G),
dugc dinh nghia nhu sau:
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Tim x" € C saocho (G(x*),x—x‘) >0 Vx e C,(1.1) tip nghiém ctia bai toan ky hiéu

la So/ (C G ) . Trong cac nghién clru mo rdng cho bai toan V7 (C G ) , mot hudng nghién ciru
mai duge gido su P.N. Anh va cac cong su [1,2,3] phat trién rét manh, dé 1a mo6 hinh bai toan
hai cép, ky hiéu BVI(C,G,F ), nhu sau:

Tim x e So](C.F) sao cho <G(X*),X—X*> >0Vxe .S'o](C‘,F) L(1.2)

voi F:C — H la anh xa gia cho bai toan V7 (C,F) .

Bai toan hai cdp BVI(C,G,F) c6 nhiéu tmg dung rong ri clia bai toan bat déng thirc
bién phan va céc bai toan lién quan, viéc mé rong nghién ctru trén tap rang bude an Sol (C, F)
s€ bao quat dugc nhiéu hon nita céc 16p bai toan quan trong khac nhu: Bit dang thire bién phan
trén tap dlem bat dong, bai toan diém bat dong, bai todn cuc tiéu 16i, cac mo hinh xur 1y anh,..

2. Tong quan nghién ciru

Bai toan bat dang thirc bién phén hai cap, theo hiéu blet cua toi duoc nghién clru s6m nhat
boi Kalashnikov [6], V.V. va céc cOng su, tlep sau d6 duoc rat nhiéu cic nhom nghién ctru khac

quan tdm khai thac nhu IV. Konnov va cac cong su [4], hay M.H. Xu va cac cong sy [11,13]... . Bit
dang thirc bién phan co thé tim 101 gidi don gidn nhat bang phuong phap mot phép chiéu [1,3]:

x eC
x* = £ (Xk - AG(x* )
Phwong phép nay cho ta két qua hoi tu manh ciia x* v& nghiém x ciia bai toan bét ding
thirc bién phén, song yéu cau gia thiét don diéu manh va lién tuc Lipschitz cua anh xa gia G .
Sau do, Korpelevick [7] dé xuat phuong phap dao ham tang cuong:
o=
yr = P, (Xk —)LG(X"')
=P (x*-2G(y*).
Khi d6, chi can diéu kién gia don diéu clia ham gia G va tinh lién tyc Lipschitz, cac day
lap x*, y* hoi tu yéu v& nghiém x cia bai toan bt ding thirc bién phan. Vi bai toan
BVI(C.G.F), T.V. Thang [10] va céc cong sur da dé xuét phuong phép chiéu co, bang céch

két hop phép chiéu thong thuong véi nguyén ly bai toan phu, cac tac gia da chi ra sy héi tu
manh cua day 1dp vé nghiém duy nhét ctia bai toan. Bang cach m& rong phép chiéu, trong bai
bao nay, tac gia két hop phép chiéu thong thudng va phép chiéu 1én nira khong gian déng H,

dé gidi bai toan BV/ (C G, F ), véi didu ki¢n don di¢u manh cua G va gia don di¢u cua F, bai
toan sé co duy nhét nghiém.

3. Noi dung nghién ciru

N¢i dung chinh cita bai béo la thudt toan giai bai toan BVI(C,G, F). Truéc hét ta gisi
thiéu vé tinh chit thong thuong cta anh xa gia F va G nhu sau:

Dinh nghia 3.1. Cho anhxa F:C — H, F duoc goi la

i, Gia don diéu trén C néu (F(y),x—y)>0 = (F(x),x—y)>0 Vx,yeC;
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i, Lién tuc yéu trén C néu day {x*} — C héi tu yéu vé x e Ckéo theo F(Xk )h@i tu
yéu vé F(;)EH.

Pinh nghia 3.2. Choanhxa G:C — H , G duogc goi la

i, f—don diéu manh néu (G(x)-G(y),x—y)= Bl x—yI’, Vx,y e H;

ii, L —lién tuc Lipschitz néu | G(x)-G(y)I< LI x—yl, Vx,y € H.
3.1. Thuit toan 1:
Budc khéi tao: Chon x" e H bAtki va cac tham sé:

1
ve(o,min{l,i}),ae(o,l_vLF),b>0, £ €| bmin{—, |—"!|,
LF LF LF
1-£1 1-vL, -
<§:lim§k,yk€{0,min{ 5" £, Yo H}J (3.1)
k—w 2 2
2 . 2
re(O,v—zﬁ),a’k €(0,1), lime, :O’Zak =00,
LG k—x =
Bude 1: Tinh: y* =TI [x* - & F(x*)],
Budc 2: Tinh w* = x* —vtko(_y“'),vé
d
wt — £ (#*—&E F(x")—y*) khid, >0,
¥ I x“-¢& F(x*)—y“I? Z o ! (3.2)
wk khid <0,

,e k k k k k k k2
Voi d, ={x" ~& F(x" )~y s =y 3=y Ny —x"1",(3.3)
Buéc 3. Tinh x*“*' =2z" —a, 1G(2z"). Dit k = k+1, quay lai Budc 1. (3.4)

Sau day 1a cac bd dé sir dung dé chimg minh sy hoi tu cua diy lap,
B6 dé 3.1.[12, lemma 3.1] Cho F: H > H la ¢ — don diéu manh va L —Lién tuc

Lipschitz. Khi d6, anh xa S =1d —£F 1a §—co véi £ e (0, i—f), Id 1a 4nh xa dong nhét va

§=\1-6Q¢ -EL).

Hon nira, [X—anF(X)]—[y—ar;F(y)]”S(l—aﬁ)”x—y , Vx,yeH,
& ddy o e(0,1), qe(o,%f), B=1-+1-7Q2¢ —nI*) (0,1).

B6 dé 3.2. [8, remark 4.4] Cho {a, } la mot day sb thyc duong. Gia sir ring véi moi s
tw nhién m ton tai mot s tw nhién p sao cho p>m va a” < a”"'. Cho k, 1a mot sb tu nhién
thoa man 2 <a*"' vavéimoi k> k, dit:7(k)=max{ieN:k,<i<k a’'<a™}, khi
d6 0<a™ <2 v6imoi k = k, . Hon nita day {r(k)}m la khong giam va tién dén +oo

khi &£ — .
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B6 dé 3.3. [9, Lemma 2.6] Cho {S,;} 1a mot diy sb thuc khong am va {pk} 1a mot day

s6 thuc. Cho {ak} la mot day 56 duong trong khoang (O,l) sao choZak =o00. Gia su rﬁng
k=1

Sia <(1-a,)s, +a,p,, k eN. Néudiy {p, } thoaman limsup p, <O thi lims, =0.

3.2. Sy hoi tu. Dinh 1y sau chi ra sy hdi tu cua ddy 1ap trong Thuét toan 1.
Pinh Iy 3.1. Cho cac anh xa gia F va G thoa min céc gia thiét:

(A) Tap Sol(C.F)=D.
(A,) Anhxa F 1a gia don diéu, lién tuc yéu va L, - Lién tuc Lipschitz trén C,
(Aq) Anh xa G1a f - don diéu manh va L - Lién tuc Lipschitz trén C,
khi do, hai day s6 {x*} va { y*} trong Thuit toan 1 hdi tu manh dén nghiém duy nhét u
ctia bai toan BVI (C,G,F).
Chirng minh: Tadat: S : H — C, dugc dinh nghia nhu sau: Sx =11 .[x —£F(x)]. Cho
y >0, ta goi nira khong gian dong A nhu sau:
H, :{W eH:(x—¢(F(x)-Sx,w—-8Sx)<yll x—Sx II2}.
Dé thdy C =« H .- Khi d6 ta c6 cong thire tim hinh chiéu Ién nira khong gian dong H i
y (x—EF(x)-Sx,z-Sx)—yl x=SxII?

I, (=1 lx—ZF(x)—Sx 2
z khize HX.

(x—EF(x)~8x) khizeH

Tagoianhxa: 7: H — H nhusau: Tx =11, [x —vEF(5x)], (3.5)

v6i tham s6 v > 0. Ta c6 bd dé sau chi ra tinh chat tya khong gidn cia anh xa 7 :
B6 dé 3.4. Gia sir tap So/(C,F) khéc rdng, 4nh xa gid F 1a gia don diéu trén C va L

: 1 1-£212 . |1=-2
-lién tuc Lipschitz, cac tham so & e (O,Z), 7 €(0, i ) va ve {g"zL,Imn{ 7 y,lH
khi do, véimoix € H, x~ € S0l (C,F):

Il 7x-x"I°P< lx—x I” —vA-vL-2p)ll x-Sx I’ (3.6)
=D Tx-SxI> -A-v)I Tx—x 112,
Chimg minh: Gia st x~ e So](C,F) va F 1a tya don diéu. Tir (F(x7),Sx —x")>0 va

gia thiét gia don diéu ciia F , suy ra(F(Sx),Sx —x") > 0. Str dung tinh chét ciia phép chiéu va
(3.5),taco x € H_va
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Il Tx—x I°= | I, [x-vEF(Sx)]-11,, xHII?
< N x-vEF(Sx)-x I’ =l x—vEF(Sx)-Tx I?
= lx-x 1> 2vE(F(Sx),Tx—x -l x=Tx I’
= llx—x" 1> 22vE(F(Sx),Sx —x )= 2vE(F (Sx),Tx — Sx)
—lx-Tx I’ (3.7)
< Nx—x"I* 2v&(F(Sx),Tx —Sx)-l x-TxII?
= lx—x I” +2v{x—Sx — EF(Sx),Tx — Sx)
2 Sx—x, Tr—Sx)=ll x=Tx I
= lx-x I 2v(x-EF(x)-Sx,Tx -Sx)-(1-v)Il x-Tx I’
+2VE(F(x)—F(Sx),Tx - Sx)—vIll x=Sx I> —v Il Sx - Tx II?, (3.8)
Tir (3.5) va v>0, thoa man TxeH, va tur
Wx—EF(x)-8x,Tx-Sx)<vwyl x-8x 1> . (3.9
Str dung bt dfing thirc Cauchy - Schwarz va didu kién lién tuc Lipschitz cia F tasuyra
VE(F(x)—F(5x),Tx-5x)< 2véll F(x)-F(Sx) Il Tx —Sx I
< 2LvENl x-Sx Il Tx-Sx (3.10)
< LGPl x—-Sx1+& 1 Tx-8x I™).
Két hop (3.8), (3.9) va (3.10), ta c6
I 7x—x" I’< N x—x 1" 22v(x—EF(x)-Sx,Tx = Sx)—(1-v) Il Tx — x II?
+2VE(F(x)— F(8x),Tx - Sx)—v Il x = Sx I’ —v Il Sx - Tx I”
lx—x" I 2wl x—Sx I <1-v)Il Tx— x> +V° LIl x-Sx I’
+& LN Tx—SxI” vl x—SxI” —vI Sx - Tx I?
= lx=x">P=vd-vL=-2)I x-8Sx > —(v-&*L)I Tx - Sx I’
—(1-vIl Tx-x1I*.

IA

: . . 1 1-&r -
Khi d6 dudi gia thuyet & e (O,Z), y (0, é; )vave (sz,%) , ta co:

Il 7x—x" 1< Nl x—x" 1P v(A—vL-2p)l x=8Sx I’ <(v=E*L)Il Tx - Sx II?
—(1-l Tx—xP.

B6 dé 3.5. Cho {x*} va {y*} 1a hai day sé sinh ra boi Thuat toan 1 va goi
x" € Sol(C,F).Khido, véi céc gia thiét (A, ).(4,).(4,) ta cé khang dinh sau:
Iz —x 17 <0x*—x" 1 —v(-vL, -2y )l x* - y*II?

—(v-&EL)H 25—y P -Q-v)ll z*¥ = x* 17,
Chirng minh: Ta ap dung B d& 3.4. véi y* =.Sx*, z* =Tx"*  khi do:
I z5—x"1*= I 7x* -x"1I?
< Ix'—x IP—v(l—vL, -2y )l x* =Sx“I”

£ L) Tx* -8t I* (- 72" -2 I,

(3.11)
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diéu phai chimg minh.

Bé d8 3.6. Gia sir diy {x*} duoc sinh béi Thuat toan 1 1a bi chan va {x"/} < {x*} sao
cho x/ = X, néu lim | x" = y" =0 véi {y"} la day con twong tmg sinh béi Thuat ton
1, thi X €Sol(C,F).

Chimg minh: Tir dinh nghia cua day y* = HC[Xk —ko(Xk)] va {ka Yo {x“}, taco

(Xk"' ﬂfkjF(ka )#_yk"' ,X~_yk") <0, VxeC(C.

Dodé, & (F(x“),x—x")+& (F(x"),x" = y")y2(xY -y x - y").

Tu F la L, -lién tuc Lipschitz va day {x*} bi chiin, suy ra diy {F(x*)} ciing bi chin.
Sur dung }1%11;@ =&> D, El; I x“ —ykf I=0,x" = x,va liy gi6i han khi j — o0, ta co

¥y x,0< Liﬂqlglf(}?(x"f ), x—x""). Nghia Ia:

lim inf(F(y™), x -y ) = liminf[(F(y "), x" = y) +(F (), x = x ) +(F ()= Fx ), x - x) ]
| Zlil}}_glf[— IEQ )M XY =y N Fx™ )= x™y =L 1y =X 1 x—x" 1]

>0.
Mit khac, tir tinh chat nira lién tuc dudi ciia chuin va tinh lién tuc yéu cia F, ta c6
lim inf“F( Y|z |FG)|zo0.
J—x

Néu F(X)=0 thi ¥ la mot nghiém cua bai toan VI(C,F). Trong truong hop

Il £(x) >0, khi d6, ton tai mot day con dwong {r,} va n, > +co thoa man

lmr, =0, | Fr*)

>0, {F(y"),x=y"y+r;20, Vizn, (3.12)

n; 1 n; . a a L
Ditg” =———— F(y"”).Khido, (F(y“),qg”’)=1.Ti(3.12) suy ra
I F(y™)I?
limsup r, Lim 7.
0<limsupll rjq"" < = < J_m_j =0=limll rj.q”—" =0, (3.13)
o> liminf | F(y™ )l 1T FCGOI i
J—=w

va (F(y"),x=y"y+r(F(y"),q")20, VxeC. Sir dung gia thiét gia don di¢u
(A)) ctia F, taduge (F(x+r,g").x+rg"” —y")=0. Két hop véi diéu kién lién tyc

Lipschitz cua F , ta cod
(F(x),x-y" )= (Fx)-F(x+rq")x—-y")+

(F(X+rjq”’ ),X+rjq”’ —_}/”'i>—(F(X+I}q”j ),rjq”’)

v

{F(x)-F(x+ rjqnf ), x—y Y —(F(x+ rjq”"' ),1}(}”" )

IV

L M rg” Ml x—y" 1=l Fixzrg®)ileg™ 1.
Ly gi6i han bat dang thirc cudi cing khi j— o0 va sit dung (3.13), ta suy ra
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(F(x),x—X)=lim{F(x),x—y")>0, VxeC. Vividy, ¥ la mot nghiém cta bai toan
Jo®
VI(C,F).
Bdy gio ta chi ra tinh bi chan ctua day {Xk} trong Thuat toan 1.

Gia sir 14 nghiém duy nhét ctia Bai todn BVI(C,G,F), tir Budc 3 va Bé dé 3.1, ta co:

I x*™ —ull=l 2* -, rG(z*)-ul =l [z* —a,7G(z")]-[u -, 7C(W)]-a, 7CW)
A [z* -a,7G(z)]-[u—a, Gl +a, 71l Gu)l
<A-a )z —ull +a oI G, (3.14)

<l-a o)l x* —ull +av5——r 6wl <max{ll x* —ull, £0 L GGl
k k 5 5

S...Smax{ll x°—ull, @}

2
G

Vi 5:1—\/141'(2,8—1152) e(0,1) va re(O,i—ﬁ) . Khi @6 day {x*} bi chin, kéo theo

cac day {v*}, {z"*} ciing bi chin.
By gio ta ap dung B6 dé 3.1 va Bb @& 3.5, danh gia
I x* —ul?=l [2° -, rG(z“)-[u-a,7Gw)]-a,rCGw) I’
A 2" -a,7G(z")]-[u—a G 2a,(CGw),x"" —u)
<(l-a8) I z" —ul? —24:!4{_1'(6(11),/\rk+1 —u) (3.15)
<(-e, )l x* —ul® —v(1-vL, -2y )l x* - y* I’
< =L 25 = y* I —(1-v)ll 25 —x* 1?]
—2a,7(G(u),x*" —u), (3.16)
Tadat a, =l x* —ull” véimoi &k >0, van dung cach lam ctia Maingg, ta xét hai truong

hop sau:

Trwong hop 1. Ton tai mot so tw nhién &, € N sao cho a, | <a_véimoi k = k. Khi

do, ta léy g161 han %im a, = Ael0,0). Chuyén qua gidi han ctia (3.16), dudi gia thiét cua cac
hé sb trong budc khai tao, ta duge }l{_im I y* —x*l= i_im Il z¥ —x*l1=0. (3.17)
Sir dung %1_1)13) a, =0 va {G(z")}1a ddy bi chan, suy ra

lim Il x** —2z% = },iigakrll G(z")1=0. (3.18)

k—om
Tir tinh chit bi chin cta day {x*} , khi d6 ton tai mot day con {x"'} ctia {x*} hoi tu yéu

vé Xxe H va limsup(G(u),u—x*)= l_im(G(u),uﬁXk’ y=(G(u),u—Xx). Sir dung B dé
j—){X}

k—w0
(3.6) véi hé thire PIII Il y*—x“11=0, ta c6 X € Sol/(C,F) (trc 12 mot nghiém cua bai toan

YI(C. 7))
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T (3.18) taco I x* —x* <l x**' —z* 1 +1l z¥ —x* > 0 as k¥ > . Do d6:

limsup(G(u),u—x*"Y = limsup(G(u),u— x*)+ limsup(G(u), x* — x**)
de-360 k—0 e
< limsup{G(u),u—x") +limsup Il Gu) Il x* —x**"I
koo Fasen
= (G(u),u-Xx)
< 0,

Ap dung B6dé33ta suy ra Jl{jm a, =0, Do do, tat ca cac day {x*},{y*} va {z"} hoi
ty manh vé& nghiém duy nhat u ciia bai toan BVI (C,G.F).

Trudng hop 2. Gia sir ring khong ton tai k, e N saocho {a } ladon diu giam.

Vay, ton tai mot s6 tu nhién k, >k, saochoa, <a,_  .Sudung B dé 3.2, ta chi ra mot day
1 1
con {a,, } cua {a } nhusau: J(k)=max{i:k <i/<k,a <a_}.

Khido, g(k)—> o, 0<a, L8 By S8 Y=k (3.19)

£ (k)+1?

Tir (3.14) taco | x4 —yli< =i s

Ol z¢® —yll +a,,,t 1 Gl

Sau d6, st dung tinh bi chin cua {z*} va B6 dé 3.5 ta duoc

Ix =gl =1l 252 =gl N 259 =gl =] x50 _y|l ~at, O 2= gl
T I Gl

é - SOk _
< a, ol z ull +a§mrll Gl .

(£)

Két hop diéu nay véi Bo dé 3.5 va cac gia thiét cia hé so, suy ra

G(k) Sk |12
v(l-vL, =2y, I x> = y=
< N x*P—gh? <l 259 <y II?
= x*P —gll -0 25F —g )l x°© —ull +1 252 —gl)

- Ciky _ Slky Sl _
< e, 0020 —ull+a, oI Ga) ]I x all +11 255 — il
— 0as &k —> w,

Do d6 lim Il x¢%* —

I vy 1=0. Tuong tu, ta c6 }(im N 0 = g2 =0, T ") bi
chin, khi @6 c6 mdt diy con hdi tu yéu. Khéng mét tinh téng quat, ta gia sit x°'*) — X va
limsup(G(u),u—x°©) =(G(v),u—X). Tu Bb dé3.6, suy ra X € So/(C, F). Khi do,

k-

limsup(G(u),u—x°©) =(G(u),u—X) < 0. (3.20)

k—w
Véi cach 1am twong ty nhu Truong hop 1, ta ¢6 limsup{G(u),u— x***) < 0. Tir két

k—o

qua (3.18) ta rat ra:
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S(k)+1 U"z

. =&
Ll BY 25 g I? —2a((k)z'(G(u),X““” —u)
<(A-a,,0)a,,, +2a¢(£_)r(G(a),u—X'm')“)
L =0, 0)a, gy +20,,,7(Gl2), i — xSy
Tic 1a Sa,,,, <20(G(u),u— x5y Két hop vai (3.20) ta co hm 12, ,,, =0. T
0<a <a,,, cia(3.19),taco }(ml a, =0. Diéu phai chimg minh.

4. Két luan
Trong bai béo nay, tic gia dd m& rong phép chiéu 1én nira khong gian dong H ! dé xay
dung thuat todn giai cho bai todn bét dang thic bién phéan hai cip BVI (C T ) Kho khén

trong céc nghién ciru \{é 16p bai todn nay 1a miéq rang budc khong cho dudi dang tudng minh,
nén cac thudt toan chiéu thong thuong khong thé tim duoc 161 giai. Tac gia da ching minh su
héi tu manh cua day lap sinh bdi Thuat toan | vé nghiém duy nhét ctia bai toan BV/ (C G, F )

, két qua nay bao quat duoc rat nhiéu 16p bai toan quan trong, mang tinh (mg dung cao nhu: Bai
toan bat ding thirc blen phan thong thuong, bai toan bat déng thirc bién phan trén tap diém bat
dong, bai toan i wu 101
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