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Tém tit: Trong nghién ciru nay, chiing t6i dé xuat mot thuat toan moi giai bai toan bat
ding thic bién phan gia don diéu. Thuét toan chi st dung mot phép chiéu xap xi tai
mdi bude lap, didu nay gitp giam dang ké chi phi tinh toan cho thuat toan ciia chiing
t6i. Bén canh d6 ching téi két hop voi cac ki thuét rat phd bién hién nay 13 k§y thuat
quan tinh va k¥ thudt budce nhay tu thich nghi. Trong d6, k¥ thuat quan tinh gitp ting
toc thuat toan va k¥ thudt bude nhay tur thich nghi dé tranh diéu kién phai biét trudc hé
s6 Lipschitz ctia 4nh xa gia, diéu nay kho thyc hién trong cic tmg dyng thyc té. Thut
toan duge dé xuat kha don gian, hon nira, né giam nhe céc gia thiét can thiét dé thu
duogc sur hoi tu v& nghiém ctia bai toan ban dau. Trong phuong phap ching t6i dé xuét
chi yéu cau tinh gia don diéu cua 4nh xa gia va khéng can biét trude hé s Lipschitz
ctia 4nh xa gid. Bén canh d6, dinh 1y hoi tu ctia thudt toan ciing duogce thiét 1ap va chimg
minh mét cach chi tiét trong bai béo.

Tir khéa: Bai toan bat dang thirc bién phén, tinh gia don diéu, k¥ thuit quan tinh, tu
cap nhat budc nhay.

SOLVING PSEUDO-MONOTONE VARIATIONAL INEQUALITY PROBLEMS
VIA AN APPROXIMATE PROJECTION METHOD

Abstract: In this study, the authors propose a new algorithm for solving pseudo-
monotone variational inequality problems. The algorithm only requires a single
projection at each iteration, which significantly reduces the computational cost. In
addition, we incorporate two widely used techniques: the inertial technique and the
adaptive stepsize strategy. In this context, the inertial technique serves to accelerate the
convergence of the algorithm while the adaptive stepsize rule eliminates the need to
know the Lipschitz constant of the price mapping in advance, which is often impractical
in real-world applications. The proposed method is simple to implement and relaxes
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the required assumptions to obtain the convergence to a solution of the original
problem. In the method proposed, the algorithm only requires the pseudo-monotonicity
of the operator but does not rely on its Lipschitz continuity. Moreover, a rigorous
convergence theorem is established and proven in detail within this paper.

Key words: Variational inequality problem, pseudo-monotonicity, inertial technique,
adaptive stepsize.

1. Gié1i thiéu

Ly thuyét bt ding thirc bién phén ra doi vao nhirng nam 60, 1a mot cong cu
manh va thong nhit dé nghién ctru cic bai toan can bang. Theo Harker va Pang
(xem [7]), bai toan bt ddng thirc bién phan dugc gi6i thiéu lan dau tién vao nim
1966 boi Hartman va Stampacchia. Nhirng nghién ctru dau tién vé bat ding thirc
bién phén lién quan téi viée giai cdc bai toan bién phan, bai toan diéu khién t6i vu
va cac bai toan bién cho phuong trinh dao ham riéng. Bai toan bién phan trong
khong gian v6 han chiéu va cic tng dung cia né dwge gidi thiéu trong cudn sich
“An introduction to variational inequalities and their application” cua Kinderlehrer
va Stampacchia (xem[11]) xuét ban nam 1980 va trong cudn sdch “Variational and
quasivariational inequalities: Application to free boundry problems” cua Baiocchi
va Capelo xuét ban nam 1984.

Cho C 1a mét tap con 16i, dong, khic rong cua khong gian Hilbert H, xét anh
xa F:H — H. Bai toan bat diing thirc bién phan (VIP) dugc phat biéu nhu sau:

C i o <F(x*), x—x*>20 vxeC.

Tim mot diém X thudc tap (1)

Diém X *duqc goi1 1a nghiém cua bai toan (VIP), tap hop tat ca cac nghiém cua
(VIP) thuomg duge ky hiéu S°/(C F) Anh xa F duge goi 1 4nh xa gia.

Bai toan bit ding thirc bién phan 1 mét cong cu kha hitu ich trong viée nghién
ctru va giai nhiéu bai toan kiéu cén bang trong kinh té, co khi, nghién ctru toan tir va
vit Iy toan (xem [3, 4, 7, 12]). Bai toan bat dang thirc bién phéan c6 quan hé mat thiét
vOi céc bai toan t6i uru khéc. Bai toan bu phi tuyén, xuit hién vao nim 1964 trong luan
an tién si ctia Cottle, 1a mét truong hop dic biét cuia bai toan bat dang thirc bién phan.
Gan day, bai toan bét déng thirc bién phan ciing 13 mot dé tai dwoc nhidu nguoi quan
tadm nghién ctru vi vai tro cua nd duge sir dung nhu mot cong cu lap trinh toan hoc trong
mé hinh mét 16p rong cac van dé phat sinh trong mot s6 nganh khoa hoc thuén tay va
ung dung.

Nhu chiing ta di biét voi mdi diém x € H , ton tai duy nhat mot diém gin nhit
trong C, duge ky hiéu 1a P.(x), sao cho ||x—PC (x)” < ||x—y|| VyeC. P.duge goi la

phép chiéu metric cia H vao C va phép chiéu nay dugc sir dung khé phd bién trong
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céc thudt toan tim nghiém x4p xi cia bai toan (VIP). Trong bai b4o nay ching t6i st
dung phép chiéu xdp xi ma viéc xac dinh né don gian hon phép chiéu chinh xac, dic
biét 1a trong trudng hop tap rang bude C khéng don gian. Cu thé phép chiéu xap xi
duge dinh nghia nhu sau: voi u1a mot phin tir bat ky trong C va £1a mot sé thue
khéng am, phép chiéu x4p xi cua x € C gian v6i phan tir 1 v6i sai s6 tinh toan & 13 mot

tap duoe ky hiéu P (x) va duge xac dinh nhu sau:

P;‘”(x)z{weC:(x—w,v—w)SE”w—u 2, VVEC}.

D& P.(x) la mét phan tir trong P2 (x) véi moi £>0 va u e C. Hon nita, khi
&=0thi P-"(x) chinhla P.(x) néi cich khac P:"(X)1a mot mé rong ciua B.(x).

2. Tong quan nghién ciru

Trong nhitng nim gan day bai toan (VIP) nhin dwoc rat nhiéu sy quan tim nghién
clru ciia cac nha khoa hoc trong nude ciing nhu trén thé gidi, boi bai toan khong nhing
c6 ¥ nghia sau sic vé mit 1y thuyét ma con dong mét vai tro rat quan trong trong cac
{mg dung thyc tién trong nhiéu linh vire khac nhau.

Cac hudng nghién ctru chinh cta bai todn (VIP) bao gdm: Nghién ciru sy ton
tai nghiém, cAu tric va tinh 6n dinh cta tap nghiém. Cac két qua ndi bat vé huodng
nghién ciru nay phai duge nhic dén voi cac nhoém nghién ciru trong, ngoai nudce ciua
ND. Yen va cOng su (xem [10, 21]), cua PQ. Khanh va cdng su (xem [8, 9]), cua BS.
Mordukhovich va cdng su (xem [15, 16]), ngodi ra con ¢6 mét sé tac gia khac (xem
[14, 17]); hudng thir hai la nghién ctru cac thuat giai va sy hdi tu cua cac thuat giai
(xem[19, 20]); cudi cing 12 img dung cua bai todn vao cac van dé thyc té dic biét 1a
céc mé hinh kinh té (xem [1]). Trong cac hudng nghién ciru trén thi cac phuong phép
giai dong mot vai trd rat quan trong. Trong nhitng nim gan day nhiéu phuong phép
giai sb cho bai toan duoc dé xuat. Pau tién phai ké dén 1a phuong phap chiéu mot
lan. Tuy nhién phwong phép nay chi 4p dung cho 1ép bai todn voi song ham gia don
diéu manh va lién tyc Lipschitz. Dé khic phuc han ché nay Korpelevich (xem [13])
dé xuat phwong phép dao ham ting cuong (phwong phéap chiéu hai lan), phwong phép
nay c6 thé ap dung cho 16p ham don diéu tham chi 1 gia don didu. Han ché cua
phwong phap nay 1a tai mdi bude 1ip phai thuc hién hai lan phép chiéu lén tap ring
budc C. Diéu nay anh huong dang ké dén toc d6 cua thuat toan khi tap C phie tap.
Vao nam 2011 Censor va cac cong su (xem [5]) gi6i thiéu phwong phap chiéu dudi
dao ham ting cudng da phan nao khic phuc dugc nhitng han ché cia phuong phép
ma Korpelevich dua ra.

Ngay nay nhiéu k§ thuat duoc dé xuat két hop voi cac phuong phép trén da duoc
nhiéu tic gia dua ra nhim ting toc thuit toan dong thoi giam nhe cac didu kién ap lén
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anh xa gia. Thir nhit phai ké dén 1 ky thuat 1ip quan tinh gitp cai thién toe d cua
thuat toan, tiép theo 1a k¥ thuat tur cap nhat stepsize gitip bo qua diéu kién biét trudc hé
s6 Lipschitz ciia song ham gia (viéc xac dinh hé sb nay rat khé khin trong cac bai toan
thue té). Ngoai ra con c6 mot ) k¥ thuat khac nhu, chiéu co rut, chiéu hdn hop, lap
Amijo, ... Trong nghién ctru nay ching t6i két hop ky thuat lip quén tinh va stepsize
tw cap nhat dé xuit mot thuat toan mdi véi chi mot phép chiéu xap xi tai mdi bude lip
dé giai bai toan (VIP) gia don diéu.

Sau day 1a mot sé bd dé ky thuat ma chuang téi sir dung trong chimng minh sy hoi
tu cta thuét toan.

B dé 2.1 (xem [2]) Cho {a,}, {b,} va {c,} la 3 day s thic khong Gm théa man

bat dang thirc a,,, <a, +b,(a, —a, ) +c, k=1 trong dé ch < +o0 vd l6n Igi 56 thuc
k=1

bsao cho 0<b, <b<1VkeN.
Khi do
(1) Z:[ak —a, |, <+®,rong do [t], = max{t, 0};

(2) Ton tai a” >0 sao cho lima, =a .
k40

Bo dé 2.2 (xem [6]) Cho C la mét tap con khdc rong trong H va {x,} la mét
day trong H sao cho hai diéu kién sau ddy duoc théa man:
(1) Véi moi x € C,lim ||xn —x” ton tai;

(2) Moi diém tu yéu cla {xn} déu thuéc C.

Khi do {xn} hoi tu yéu dén mét diém trong C.

B6 dé 2.3 (xem [18]) Cho C Id mét tdp con loi dong khdc réng trong H, dnh
xa Fu C vao Hgia don diéu va lién tuc. Khi dé ta co
x" € Sol(C, F) < (Fx, x—x" )20 VxeC.

3. Két qua nghién ciru
3.1. Thuit toan dé xuat

Buwéc 0. Chon z,2,€C, 0< u, 6<1,0<¢,A<1, 7,>0va gdn n:=1.
Bwoc 1. Tinh

H” = Zn i+ Z’ (Zn - Zn—l ) 2
&,y .
yn+l € PC‘ (un T"FH” )
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Néu y,, =u, dimg thudt todn. Ngwoc lai, chuyén sang Bude 2.
B“Jé.c 2. Tinh zn+l B yn+l B 7'-n (Fyn —FM”),

Trong do stepsize t, dwoc cdp nhat bang cong thirc sau

% khi 7|
Ton =

O-Tn khl Tn |Fyn+l = Fun|

Fyn+17Fun||S#|

yn+1 - 'M” ”

(2)
> }U ”yiHl . un “

Buwéc 3. Gin k= k+1 chuyén vé Budc 1.

3.2. Chirng minh sy hi tu cia thuét toan

Dé thiét lap va ching minh dinh I hoi tu cua thudt toan trén, ta can cac didu kién
sau: Diéu kién 3.1. Tap nghiém Sol(C.F) khéng réng.Diéu kién 3.2. Anh xa
F:H — H 1a gia don diéu trén H.

Piéu ki¢n 3.3. Anh xa F : H — H 1a lién tyc Lipschitz véi hing sb L>0.

Céc tham sb duoc chon thoa man
u,e,4€0,1)
1-26—p* >0

J5-1
2
Tebnbal=Rd?

0<Aic<

Trudc hét ta co cac bd deé sau

Bo dé 3.1 Ton tai sé tw nhién N d@é véi moi n> N ta cé

- —x*H1 < ||un ~x*||2 —(1~2£~,u2)||ym —u”||2 Vx' e Sol(C,F). {3}
Chirng minh.
Taco

P
® 2

X

*

2 ‘

_ #*
- ”H” —-X

z

yn+1 N rn (Fyn-rl - Fun ) —-X

n+l

«|12 - 2 *
ylH—l‘Hx H +Tn ||Fy”+1“*FH”” szn <yn+17x ’FynH_MF”n)

I + ||un _y11+1||2 - 2 <yn+l - un’ H” - x*>+ rj ||Fyn+l _Fun ||2
72?11 <y1r+1 kxt’FynH AFun)
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«|12 2 *
:||un -X || +||un *yn‘#l” *2<yn+l 7”,,:y;,+17u”)+2<y”+1 ﬁun’ynﬂ —X >
NFy, , —Fu| -2 “Fy  —F
5 Tn ” yn+l o H”“ = Tn <yn+l =g y?H—l = un)

= ||u” —x*"1 — s, - ym”: - 2<y”+1 —U, YV, —x*> +7, |Fy,., —Fu””2
2L, (yn+l ~x ,Fy,,, —Fu, > 4)

N £ .U, r
Tuy,, €F- (un - T”Fu,,) , ta cod

2

<y”+1 ~u +7,Fu,y,  — x") <y —u, ’
turong duong voi

(Dt =ty Vs =% ) S =2, (Fit 3 =5 Y+ &1, =11, 5)
Tir (4) va (5), suy ra

5[ <, = x| —A=26) |, -y, ~ 27, (Futyo 9, =3V 422 | F, — Fu,

-2z <y,,+l -x,Fy,, ~Fun)

Zn+1

= ||un -x" "2 —{1—~2&)

t, = Yy + 0 BV = Fu, | =27, (3,0 =X ) - (6)
T x" € Sol(C,F), taco (Fx',y,,—x")20 két hop vdi tinh gid don di¢u cua
todn tir F suy ra (Fy,.,.y,,,—x ) 20.
Diéu nay, cling v6i (6), ta c6

—x “2 < ”u” —x*”z —-(1-2¢) ”u" —yM”l +7 ||Fy”+l *Fu””z . (7)

ZrH—l
Theo (2), nén ton tai N € N sao cho
(o ||Fu” —Fym” < ,u”u” —R || VnzN. (8)

n+l

Két hop (8) véi (7), ta thu dugc

ll

|12 112 5
Zﬂ+17x || SHLI”*X || 7(1ﬁ287u )||yn+l%un

B6 dé 3.1 dugc chimg minh xong.

B6 dé 3.2 Ton tai gioi han lim“zn —x*”.

Chirng minh.

Theo dinh nghia cua z,,, , tacd

||Zn+l - yn+l|| = ||yn+l - z-n (Fyn+1 - Fun ) i yn+1 S Tn ||Fyir+l = Fun ” S ﬂ||yn+l 5 un H'
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Vi vay ta co

HZrHl - un” S ||Zn+1 - -yn+1|| T Hyn+l il un” S (1 + )u)”yn-i-l B U””.

Hay

||yn+l a un” 2 ||Zn+l - un”' (9)

(l+/.1)

Véi x" € Sol(C,F), theo B6 dé 3.1, ta co

Zua = | <l —x[ —(1-26 = 2|y~ - (10)

Tir (9) va (10) suy ra

(1-26-4%)
(1+,u)2

Mit khac theo dinh nghia cua u,, , ta c6

|2 #||2 2
Zn+l —X ” S”Mi.' -X ” - ||Zi.’+l ﬁun || 2 (11)

e = =l + 2(z, ~ 2) ==

=1+ 2)(z, =)= Az =)

=1+ )|z, =5 = Az, =2 + 21+ Az, 2, (12)
Bay gios tir (11) va (12) suy ra
s —x“||2 <(1+4)|2, —x"||2 - i)z —x"‘”2 + A1+ )|z, -z,

_(1—25—;12)

2 n+el - I 13
) A (13)

|2

< (1 +l)||zn —x*”l —/1”2,1_1 —x*”2 - /1(1 + l)”zn —zn_1||2. (14)

Lai co

2 2
”ZiH-l i un H = Zn+l P Zn - 2’(Zn - Zn—l )”

= ||Zn+l - 211”2 * 2'2 ||Zn - Zn—l”2 - 2/T’<Zf.'+l P ZH’ZH - Zn—l)
2 ) 2
2 ||Zn+l - Zn “ + /1- ||Zn - Zn—l” - 2/1“2"_'_1 - Zn””Zn - Zn—l”
> (1 — ﬂ.)”z}H1 -z, ||2 -+ (Az - A",)”z” — z,H”2 . (15)

Két hop (13) va (15), ta duge v6i moi n> N
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n+1

5[ <@+ Dz, ~x[ - Az~ 24 + A0+ D)z, 2,

1-26- T 'l a
o RO WY I L PN Y

(1+u) o (1+p)

| T
- b

1-2&—u4*
+| A1+ 1) f%w 4)}”2,, -z,
+u

=+ Dz, = [ = 2|z, = x| =7 l|z00 — 2] + 2|z, 2] 16)

||l

=(1+A4) Hzn _x*H3 -/1”2

n-1

trong do

= w(l A), ,u—[/l()Hl) (lzk—_f:)(ﬂf—i).

(14 ) 1+ 4)
Voi e (O, 1) va A, g€ [0,1) khéng khé dé nhan ra », 4> 0. Ta thiét 1ap day

2 2 2
* * E4
{rﬂ} rn = ||zn —X || = /1 Zn—l —X || + ‘IJ ||Zn = Zn—l || i

Khi d6, theo diéu (16) ta ¢6

U,.—-T, <~ -z, —z| ¥n=N. 17)
Ta ciing thiy rang:
B P g
e By o (| g, BT s
(1+;1) (l+y)
(1—25—;17)
=—(1- /1) —A(+A). (18)
(l—f—,u)

St dung gia thiét 0< 1 < ng_l va 28+ﬂ2 g~ —l+1<1, ta thu dugc

(l 2e— y)
(1+,11)
Diéu nay chi ra ring y — > 0.

(1-2)Y -A1+2)>(1-2e-p)- A1+ A)=-A* -2 +1-2¢ -’ > 0.

Dit &:=y — . Tiép dén, tir (17) va (18), ta dugc

1 <-6|z,,,~z| YnzN. (19)

n+l
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Tur @d ta co

I .,-T <0 vn>N.

n+l
Vay day {T',} giam dan khi n>N . Mit khac, ta c6
LI12 12 2 Ll12 L2

Fn =||Z” =X H _ﬂ’“zn—l -—X ” +/J_,, ”Zn' _er—l” 2‘||zn -X || _)"’”Zn—l —-X || )
Diéu nay c6 nghia la:

L2 L2 T
”z” —X ” 3/1”2"_1 —x ” +I, gﬂ.”zn_l—x H +T
<.

L£4™" ||ZN —x' ||" +T, (A" 4]

< /ln—N

zy—x| + IF_’VA (20)

Ta cling co
L oy = ||Zn+1 _""7*”2 _Z’Hzn _-’5*“2 +/”||Zn+1 _Zn”2
> fﬂ.”z,, fx*“z. (21

Str dung diéu (20) va (21), ta thu duoc

2 : Al
* n—N+1 * N
—FMSZ”z”—x ” <A B — % ” +
1-4
Mait khac tir (19) ta co
k 2
yZ”ZH+l _Zn” SrN _rk+l
n=N
) Q2
<Az, —x ” - —
1-4

<[z —x[ + - VE>N.
1-4

Diéu nay chimg to

i 2
2|z =z <+oe.

n=l1L
Két hop diéu trén v6i (14) va B dé 2.1, ta ¢o lim||z, —x°| =1,
X—0

Diéu phai chimg minh.

Bd dé3.3 Gid sit {z, | la mot day con ciia {z,| va z,, — 2. Khi d6 z € Sol(C,F).
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Chirng minh.

Theo B6 dé 3.2, gidi han hm” z, —x ” ton tai, nén { z,} bi chin. Khi d6 ton tai day

n—>00

] 3 —
con {Zn;,} cua day {ZH} sao cho z, —z.

Ta ching minh dwogc ring z e So/(C, F). That vay, vi Z: z. -z, H‘ < 400, Suy
ra dugc ngay ||2'”+l —z, || — 0. Mt khac, ta co
”erl _un ”2 =i H H+1 ” +/12 ”Z n l” - 21( n+1 H’Zn _Zﬂ—l>
Do do6 ta cling co ||Z”_l || — 0. Tur (12), ta thu duogc llm“u — 5 ” =
=0

Tiép dén, tir B6 d& 3.1, ta ¢ (1=2&— )|y, —u””2 < “u" —x*“2 _Hzn+1 - x’"“2 5

Diéu nay suy 11m|| Vo —th,||= 0.

Mét khac un = Zu + j’(ZM _Zf.'—l) s SUy 1ra

|z” —zH”2 — 0 khi n —> o0,

=o0.

=0 va lim”“,; _yn+1|| =0,suyra un;, —Zva yn;,+1 —zI.
Ta cling co <u”k —i, F, —ynkﬂ,x—y”ﬁl) <0,Vx e C, twong duong voi,

. <
_<un,( _ynk+1’x_yﬁk+l> = <Funk ’x_ynk+1 >5 Vxe C

e

Do do i(unk - y"kﬂ,x*y"”l) +<Fu"k,y”k+1 -u, > < <Funk XU, >,Vx eC. (22)

Vi day {”nk } héi tu yéu nén bi chin. Do F lién tuc Lipschitz, suy ra diy { F”n;,}

l—> 0, nén day { ynkﬂ} cling bi chan. Lay gidi han trong (22) khi

bi chan. Vi ”qu ~ Yu.,

ke — oo thi ta thu dugc: liminf (Fu, ,x—u, )>0,VxeC. (23)
k—o0 k e

Hon nira, ta ¢o:

<Fy”k+l,x—y”k+l>=<Fyn + Fun ol )

24
<Fun SX—U ) (Fy!w, ”k—y,;Hl). o
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=0 va F la anh xa lién tyc Lipchitz trén H, suy ra

Vl hm ||Mnir =, ynk +1

k—w

=0,

lim ”Fu”k —dl i

k—x

Khi d6, két hop voi didu kién (23) va (24) nén [im inf (Fy, ,.x—,.,)2 0.
FE i+ ny+

Tiép theo, ta s& chimg minh z e Sol(C, F). Ta xét cac truomg hop sau:

Truong hop 1: Gia st liminf, ”Fyrwl >20. Vi y, ,, — Z vatheo (2). Ta suy
ra Fz=0.
Do d6 z e Sol(C,F).

> 0. Ta chon mot day giam {ek} 1a céc sb

Truong hop 2: Gia sw inf, . |Fy, .,
duong sao cho sao cho tién dan vé 0. Vi mdi & >0, ta ki hiéu N, 1a sé nguyén duong
nho nhat sao cho: <Fyn,- 2=, > +e, =0,Yj=N,. (25)

Vi day { e;(} giam nén khong khé dé thay rang day { N, k} la day tdng. Hon nira, vi
{ yNkH} < ¢, tacéd thé gid sirring Fyy , #0 v6iméi k #0 (néu khong thi ¥y ,, 1a mot

Fy, +
nghiém). Do do, ta dat: v, = Yen

[ 22

||FyNk+l
D@ thiy (Fy‘,\,ﬁl,v‘“) =1 v6imoi k > 0. Tir (25), suy ra ring

<ij\"k+1aeka,( _yNk+l> 2 0.

Vi F 12 4nh xa gia don diéu trén H nén ta co:

<F(x tevy ), Xxtev, — yNﬁl) =0.

Diéu nay dan dén:

<Fx, x— yNHl> > <Fx —F(x+evy ), x+evy, —yy > —e <Fx, Va, > (26)

Tiép theo, ta s& chimg minh ring Jl(im eV, =0. That vay, vi ¥, =2 va

=0, suy ra Yy, — Z khi k — oo. Mat khac, vi {yNkH} - {ynkﬂ} va

hm”unk - ynk-e—l

k—w

e, =0 khi k — oo, ta thu duoc
. L e limsup, ,, e,

st |-fion| sz <o
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Tur do, suy ra }im vy, =0, nhuda khing dinh.

Bay gio, cho k —> oo, ta thay ring vé phai ctia bat diing thirc (26) tién dan vé 0.
Do d6 ta thu dugc liminf < Fx,x — yNkﬂ> > 0.

X—»00

Suy ra vo1 moi x e C, ta co
(Fx,xfz> = %ij’l;f(Fx,x nykH> = ,l(ifginf <Fx,xnyk+l> = 0.

Ap dung B6 dé 2.3, ta ¢6 thé thu dugce z  Sol(C, F). B6 dé dugc chimg minh xong.
Pinh Iy 3.2 Gia st diéu kién 3.1 - 3.3 dugc giif nguyén va phép anh xa
F:H — H thoa man diéu kién sau:

Néu z, = C,z, — z va liminf|Fz,||=0 thi Fz =0 (27)

n—a

Gia su rang cac tham so6 A, ¢ va i théa man cac dicu kién

J5-1
2

0<A<

valet+u’ <1-1-4°.

Khi d6, ddy {z,}dugc sinh ra béi Thudt toan 3.1 hoi ty yéu dén phén tir
x e Sol(C,F).

Chitng minh.

Ta chimg minh ring day { Z”} héi tu yéu dén mét diém thude Sol(C, F). That véy,

theo BS dé 3.2 va B dé 3.3 thi véi moi x” & Sol (C,F), gi6i han lim||z, —x'| ton tai va

mbi diém ty yéu cua day {Z,,} thude Sol(C,F). Ap dung B6 dé 2.2, suy ra day {z"} ho1 tu
vé mot diém thuoc tap nghiém So/(C, F). Pinh ly hoan toan dugc chung minh. o

4. Két luin

Trong bai béo cac tac gia dd dé xuat mot cach tiép cin méi dé giai bai bat dang
thirc bién phan gia don diéu vdi chi mot phép chiéu xap xi tai mdi bude lip. Pidu nay
gitip giam dang ké chi phi tinh toan tai mdi budc 13p cua thuat toan. Bén canh d6 thuat
toan duge két hop boi hai ki thuat rat phd bién hién nay 1a k¥ thuét 1ap quén tinh va k§
thudt budc nhay tu thich nghi, gitp ting téc thuat todn va bo qua diéu kién phai biét
trude hé sé Lipschitz ctia anh xa gia nhim mé rong pham vi 4p dung ciia thuat toan cho
cac bai todn trong thue tién. Bén canh d6 cac tac gia cling da ching minh mot céch chi
tiét sy hoi tu ctia thuat toan vé nghiém cua bai (VIP).
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