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TOM TAT: Cho A va E 1a cac ma tran vuong phirc cap 1 va B = A+ E . Ky hiéu A® 1akha
B - 47
D
A7 ]

nao d6. Can trén ciia sai s nghiém ctia hé phuong trinh tuyén tinh Ax = b, voi b € Im A, ciing sé

nghich Drazin ctia A4 . Ta s& danh gia can trén cua sai s6 twong doi véi dieu kién cu thé

dugc nghién cuu trong bai bao nay.

Tir khoa: Chi s, kha nghich Drazin, hé phuong trinh suy bién..

PERTURBATION OF THE DRAZIN INVERSE
ABSTRACT: Let 4 and E  be square matrices of order # and B = A+ E . Denote the Drazin

D D
: D . : B -4 :
inverse of A by A" . We give an upper bound for the relative error w under certain
A7
circumstances. An error bound of the solution for the linear system Ax =b,be€Im A is also

considered. .

Key words: Index, Drazin inverse, singular equationse

1. GIOI THIEU

Diéu kién can va du dbi véi tinh lién tuc ctia kha nghich Drazin di dugc Campell va
Meyer dua ra vao nim 1975[3], nhung khong mot nghién ctru chi tiét nao vé can trén
dugc dua ra. Cling trong bai bao nay, ho chi ra hai kho khan trong viéc dua ra uéc lugng
chuin cua kha nghich Drazin. Thu nhét, kha nghich Drazin 1a loai yéu cua “luat gian
wdc” va ¢6 phan kho 1am viéc hon theo phuong phap dai s6 so voi kha nghich Moore-
Penrose. Hon nita, dang chuan tic Jordan khong phai 1a ham lién tuc tr C™" — C™",
trong khi d6 thi kha nghich Drazin c6 thé coi 1a mot dang chuan tic Jordan. Vi nhiing

li do nay ma ho cho rang kho cé thé danh gia chuan doi véi kha nghich Drazin.
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Trong bai viét nay, ta ky hiéu C™" 1a tap hop cic ma tran phirc cdp n; Im A4 va
ker A theo thtr ty 12 anh va hat nhan ciia ma tran A. Ky hiéu ||.|| 1a chuan ban nhan
tinh nao d6 trén C™" thoaman ||/, ||=1, v6i I, 1a ma tran don vi cap n .

Ta s& nghién ctru chi tiét vé can trén dbi voi sai sé twong d6i % cua
A, A" |E = B— A véi nhiing diéu kién cu thé.

2. CAC KET QUA CHINH

Pinh nghia 2.1. Cho ma trin 4 € C™" . S5 nguyén khéng am k nho nhat théa man:

’ Im A" =Im 4", (1
duoc goi la chi s6 cia ma tran A va ky hiéu la ind(4).

Nhan xét. Chi sb ctia ma tran ludn ton tai.

Pinh nghia 2.2. Cho ma trin 4 € C"™" v6i ind(A4) =k. Ma tran X € C"" duoc
goi 1a khd nghich Drazin cua A néu no théa min céc diéu kién sau

AX = XA, XAX =X, A" X =4 2

Ky hiéu kha nghich Drazin ctia ma trin A4 1a A" . Khi ind(A) =0 hoac ind(4) =1
thi A” dugc goi la nghich dio nhém cia A, vaky hiula A, .

Nhén xét. Néu A 12 ma tran liy linh bac k thi ind(4) =k va 4 =0; connéu 4
1a ma tran kha nghich thi ind(4) =0 va 4” = 47",

Cho A e C™ khac ma tran lity linh va dang chuan tic Jordan cta 4 1a

-1 Al 0
A=P P, (3)
O 4,
Chuén ban nhan tinh || .|| trén C™" 1a chuén thoa man

| AB||<[| A]].]| B, VA4,B e C"™
trong d0 4, 1a ma tran kha nghich va 4, la ma tran liy linh. Khi d6 ta c6 ind(A)
bang bac lity linh cia A, vakha nghich Drazin cia 4 la:
A° =p 470 P.
O O

Pinh nghia 2.3. Ma tran £ € C™" duoc goi 1a ma trdn nhiéu twong thich cia A
néu no thoa mén céc diéu kién sau:

AAPE = EAA® , 4)
E" = AAE" ,v6i m e N nao d6 5)
AE(I,— AA”) = EA(I,— AA"). (6)

B6 dé 2.1. Cho ma trdgn A€ C™" ¢6 phdn tich nhw & (3). Khi @6 ma trgn E € C"™"
la nhiéu tiwong thich ciia A néu va chi néu

L E O
E=P P, (7
O E,
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}, con E, la ma tran liy linh, giao hodn
2

v6i khéi ma tran twong thich véi |: :
voi A, .
Chirng minh. Gia st £ 1a ma trin nhiéu twong thich ctia 4. Dit:
V4 D -1 0 0
A" =1 —AA" =P P.
O I

N

Khi d6 diéu kién (4) twong duong v6i A"E = EA™ . Dt

-1 El U
PEP = .
V E2
Ta co
7 p-l1 -1 7 p-1 _El U 0 0 _O U_
PEA"P™ =(PEP )(PA"P ) = =
_V E2 10 IS _O Ez_
S o .. o Ol[E U]l [Oo O]
PA"EP™ =(PA"P  )(PEP ) = =
_O ]S V Ez_ _V Ez_

thirc (7) thoa man. Boi

aQ

Tir didu kién A"E = EA”, suy ra U = O,V = O .Vay dan

diéu kién (5) thi
E" O I.. O|lE" O
: = " : = E'=0.
O EV O O o0 E

Cubi cing, diéu kién (6) twong duong vdi diéu ki¢n
4 ol0 OfE o] [E oO]4 o]o o
O 4|0 1|0 E| |0 E| o 4|0 1]
O O] [0 o
O A4AE,| |0 EA4,|

hay

Vay A,E, =E,4,.

Nguoc lai, gid st ma tran E € C™” thoa man diéu kién (7) v6i E, 1a ma tran liy
linh, ta ¢6 thé kiém tra lai cac diéu kién (4), (5) va (6) déu théa man voi phép nhéan cac
ma tran khoi.

Bo6 dé 2.2. Cho ma trgn F e C™"va || F||<1. Khi @ I, + F la ma trdn khong suy
bién va

1
= F

Pinh 1y 2.1. Cho ma trdn E € C™" la nhiéu twong thich ciia ma trin A€ C™" sao
cho || AE ||<1. Bdt B= A+ E, khi do:

1, +F)" i<
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B =4", ()

B” =(I +A"E)"' 4" = A°(I + EA") ", 9)
|B”-4"| _ | 4°E]|
) = ) (11)
A7 | 1-||A"E ||
1+ A°E || 1-|| 4°E ||

Churng minh. Ta co
I +A°E=1 +P" [Al_l 0}{5 O}P =p! {I’H +ACE, O}P :
O 0| 0 E, 0 1
Theo bd d& 2.2 thi ma tran I, + A”E kha nghich vi || A”E ||<1, do d6 cac ma trén
I, . +A'E,, A + E, kha nghich vi
I +A'E =4"(4+E).
Boi bd dé 2.1 thi E, 1a ma tran lily linh, giao hoan véi 4,, do d6 4, + E, ciing la

B_p A +E, O p
- O A +E,

ma tran Iy linh, cho nén

O O
Do d6 B = P! {O / }P = A" . Tinh toén ta duoc:

s

-1
I, +A'E, O| |4 O
(In +ADE)—1 AD — P—1|: n-s + 1 1 :| |: 1 :|P

) I|]lo o
:P—l (‘lnfs —i_fll_lE‘l)_1 0 141_1 O P
%) I|o o
— P—l (Al +El)7l 0 P — BD
0] 0]

Ding thirc thir hai cua (9) duge chimg minh tuong ty.
Ap dung B6 dé 2.2, ta dugc

I, + APE) " ls —°

1-| A°E ||
Laico || B” — 4" ||=| (I, + A°E) "' 4 — 4" ||
= (1, + A°E) '[I, — (I, + A”E)]A” |
=|(I,+AE)" A°EA" ||
<[, +APE) L APE ]| 47 .
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Twr do ta c6 danh gia

1B 47| || A°E]
471 -1 47E]
1B 11+ AE) A” < 1, A”EY ) ” s L
” o T[]
| A% [ (1, + APE)B” < B” |1, + 4° || B° || 1+ 4°E ).
Suy ra
||AD|| <||BD ||< ||AD||
WIAPE T AP

H¢ qua 2.1. Gia sit Ae C™ va {E,}7., la ddy cdc nhiéu twong thich cia A sao
cho o, =|| A’E, |- 0. Khi d6

D
|4~ |0,

|(A+E,)” - 4" | — 0, khi k — . (13)

Oy

Diéu kién o, =|| A”E, ||> 0 trong h¢ qua 2.1 c6 thé thay thé boi gia thiét manh
hon, d6 1a || E, |0, khi d6 (13) van thoa man véi o, <|| A" ||.|| E, |~ 0. Tuy
nhién, ¢ vi du dudi day cho ta thdy diéu kién || A”E, |- 0 khong kéo theo || E, [ 0.

Vidu 1. Cho
LA o], [RoO
o 4" o 4|

¢ day A4, 1a ma tran khd nghich, 4, 12 ma tran liy linh khidc ma trdn khong va
F, > O .Khido mdi E, 1a mét nhiéu tuong thich ciia 4, va
O 0O
E, - #0.

2

Tuy nhién

0
Dinh 1y 2.1 mé rong két qua cia Wei va Wang [7], ho da nghién ciru nhidu ctia kha

-1
APE, =[AIOF" 0} —0.

nghich Drazin va thu dugc dénh gia dbi véi chuan || B” — 4" || véi diéu kién
AAPEAA® = E va || AE ||<1. (*)
bé théy duoc méi lién hé gitra két qua cua ho va Pinh 1y 2.1, ta xét m¢nh dé sau:
Ménh dé 2.1. Cdc diéu kién sau day la twong dirong véi gia thiét la Ae C™" la
mot ma tran véi ind(A) =k, va E€C"":
(i) AA°EAA® =E .
(ii) AE=0=EA".
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(iii) ImE < Im A" va ker A" c kerE.
(iv) Néu A c6 phén tich (3) véi A, la ma trdn khong suy bién va A, la ma trdn liy
linh thi E c6 phan tich (7) voi E, = 0.
Chirng minh.
(i) < (ii) . Nhéc lai ring 44”7 =1 — A" . Néu (i) thoa man, khi d6
EA° A= AA"E(AA") = AA"EAA” = E,
va EA" =0 . Tuong tuthi A"E=0.
Nguoc lai, néu (i) thoa mén, ta c6
A"E=0= E=AA"E = EAA” = AA°EAA” = E = AA"EAA" .
Tuong tu néu EA" =0 = E(I, —AA”)Y=0= E = EAA” ,suyra
AAPE = AA"EAA4"
Vi "E=EA" < (I,— AA")E=E(I, — AA”) < AAE = EAA” ,do d6
E = AA°E = AA”EAA®
(i) < (iii) . Cha y ring Im A” =ker 4* va ker A" =Im 4" .
Tud A"E=0,suyra
ImE ckerd” =Im A".
Tu EA" =0, suyra
ImA” c ker E = ker A" c kerE .

Nguoc lai, néu ImE < Im A" va ker 4" c ker E thi

ImEcImA4" =kerd” = A"E=0 .

ImA” =ker A ckerE = EA" =O.
(i) © (iv) . Néu A"E = O = EA” thi ta c6 diéu kién (4), (5), (6) déu thoa man, tic

E 1a ma tran nhiu tuong thich ctia 4. Theo B6 d¢ 2.1 thi ma tran £ ¢ phan tich

71_E1 0_
E=P P .
_O Ez_
Ta co ) . )
B O O||E O 410 O
O=A"E=P . P=P P
O I _O Ez_ _O E,

Suy ra E, = O . Nguoc lai, gia str

E O] o 0]
O O 0] I |

Khido A"E=FEA" =0.0
Nhén xét. Néu ma train 4 € C™" voi ind(4) =k thoa man diéu kién (*), khi d6

cac gia thiét ciia Dinh 1y 2.1 dugc thoa man véi nhidu c6 dang sau:
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B | 4+E O
B=A+E=P P

0 A4

2
Tir (8) tacd B” = A va cha y rang va ker A” =Im A", suy ra Im 4" =Im B*.
Laico C"=Im A" @ kerAk = ’ImBk @ ker B* = ker A* =ker B*. ‘
Vi du 2. Ta s& chung t6 rang néu A4 va cdc ma trdn £, thoéa man diéu kién (*), khi
do diédu kién &, =|| A”E, || 0 twong duong véi diéu kién || E, || 0.
That vay, gia st o, =|| A”E, |- 0, ta cé:
| E, Il 44PE, | A]|.]| APE, || 4].6, — 0.
Diéu nguoc lai 14 rd rang. Piéu nay c6 nghia rang, véi didu kién (*) thi
(A+E) > 4" < E —O.
3. Ung dung
Trong phan nay, ta s€ dua ra rng dung do6i v6i nhiéu cuia hé phuong trinh tuyén tinh.
Choma tran 4 € C™" véi ind(4) =k .Khido C" =Im 4* @ ker A" .
Xét h¢ phuong trinh tuyén tinh
Ax=b, beIm A" (14)
Phuong trinh (14) c6 nghiém x, = A”b va 1a nghiém duy nhit thuéc Im A
Thét vy, do b € ImA4* = b = A"v. Khi d6
A(A°b) = AA° Ay = A" APv=A"v=b.
Vay x, = A”b 13 nghiém cua hé phwong trinh (14). Lai c¢6
x, = A’b= A" A*v = 4" (4"v) e Im 4" .
Gia st u = A'c e Im A" 1a nghiém khac cua (14), suy ra u — X, € ImA*. Taco
Au=b A™u= 4"
{AADb b {A"“ADb =A'b
hay u — A”b e ker A"*' =ker 4" . Do 46
u—AhekerA*NImA* ={0) > u=A"b=x,.
Nghiém tong quat ciia hé phuong trinh (14) 1a A”h +ker 4 .
Pinh nghia 3.1. Cho ma train 4 e C"™". S6 diéu kién cua kha nghich Drazin dugc
dinh nghia la:

= A" (u—-4"p)=0,

ip (A) = A1 A7 ]
Pinh 1y 3.1. Cho ma trdn A€ C"™ véi ind(4A)=k, EeC™ la ma trdn nhiéu
twong thich ciia A théa mén || APE ||<1, dit B= A+ E va bu e Im A" . Néu x e C"

la nghiém cua hé phuong trinh Ax=0b va yeC"la nghiém cia phwong trinh
Ay =b+u. Khi do
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14, =400 =0 4] -{||E||+ |
1T, =ADx] ~1-]| 4°E|| | 4% (15)

Hon nita, néu || A” ||.|| E ||<1 thi

|, =A== . x,(4) {HEugluu}

I =axl e o LEDLIAL 5] (16)
1Al
Chirng minh. Xét x, = 4°b,y, = B (b+u). T (9) ta co:
B°(I,+EA”)= A" = B” — 4" =—-B"EA".
Do d6 y, —x, =(B” — A”)b+ B°u =-B"Ex,+ B"u , suy ra
70 =, 111 B 1.0l Ex, ||+l ]
Ap dung (11) véi diéu kién || A”E ||< 1, ta duoc:
1= s A 1 gy <A e .
I-|| 4E | 1- || 4"E |
—X AP u AP u
Lol 14°) [HE,HH H]: |4°] (HE,H lul j
x|~ -] 4°E]| Ix, 1) 1= 4°E| 147

Vay (15) thoa man khi x =x,,y = y,.
Néu Ax=b va By=b+u,khidé x=x,+x, va y =y, +y, véi
x, € ker A c ker A", y, e ker B c ker B* = ker 4".
Chu y rang y, —x, € ker 4 =ker(I, — A™), suy ra
(1, =AYy =) = (I, = A7)y = x) + (I, = A7) (3 —x,)
=, =A™ )Yy — X)) = ¥y = X
Nhung y, —x, € Im 4* = y, —x, = A“u,, do d6
(L, = A"y, —x,) = AADAkuo = Akuo =Yoo~ %
Vay (I, —A" )y —x)=(y, —x,). Tuong tu thi (/, —4")x=x,, do do
|, =A@ =0]l 114" _{”EMM}
(L, =4)x]|  1=[|4°E]] 1 4% ||
Tiép theo, ta co 1—|| APE [>1—|| A” ||.|| E||> 0 va

b=AA"b=||b||<|| 4]||.|| 4°b |= 1, M4l
| 4% |b]
Yy _ D
Suyra 1= AN =0l [ 47] .[”E”JFHAH-HuH}
1@, =4Dx| 1= AL E|| 161l
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D
| 4111147 ) P!E!uluq

S AL A LEN AN 151
I 4]
viy 1= A0 =0 rp(4) .{”EU””}D
1@, =aDxll e o IENLIA4l 1ip]
T4l

4. Két luin

Tinh lién tuc cua kha nghich Drazin da dugc mdt sb tac gid nghién ctru, nhung lai it
c6 cac nghién ctru chi tiét vé danh gia vé can trén cua sai sb. Két qua chinh vé tinh lién
tuc cua kha nghich Drazin ¢ cac bai bao [4,6] noi rang néu (4,) la day cac ma tran
trong C™" hoi tu v& ma tran A, khi do6 A,f) — A” khi va chi khi AP — A7 . Tuy
nhién, c6 nhiéu khé khan khi danh gia sai s6 || 4” — A" ||. Mot s tac gia da dua ra
danh gi4 sai s6 can trén voi nhimg diéu kién qua “chat”.

Trong bai bdo ndy, ta dd md rong cac két qua cua bai bao [3], danh gia sai sd
| 47 — A" || véi nhimng diéu kién “nhe” hon, d6 14 diéu kién || A”E, || 0, trong khi
d6 mot sb tac gia yéu cau || E, |- 0 (cha y néu || E, || 0 thi || A”E, ||~ 0 vi chuan
ta xét 1a chuan ban nhén tinh, diéu nguoc lai khong dung da chi ra & Vi du 1). Pong
thoi ta ciing dua ra dugce danh gia sai s6 ciia nghiém ctia hé phuong trinh tuyén tinh.
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