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TOM TAT: Trong bai bao nay, chiung t6i gigi thiéu mot phuong phap ldp méi gidi bai toan
can bang v6i song ham don di¢u. Phuong phap dua trén phuong phap lap ciia Ronald va
Bruck va k¥ thuét bai toan phu ctua Noor két hop véi tinh chat cua ma tran ddi xting xéac
dinh dwong. Thuét todn dugc dé xuat kha don gian, hon nita, né giam nhe cac gia thiét can
thiét dé thu duoc sy hoi tu vé nghiém cua bai toan can bang. Cu thé cac phuong phap trudc
day thudng yéu cau diéu kién don diéu manh va lién tyc Lipschitz ciia song ham. Trong
phuong phap ching toi dé xuat chi yéu cau tinh don diéu ciia song ham va khéng can tinh
lién tuc Lipschitz. Bén canh do6, dinh 1y hoi tu cua thuat toan cling dugc thiét lap va chung
minh mot cach chi tiét trong bai bao.

Tir khéa: Bai toan cin bang; Tinh don diéu; K§ thuat bai toan phu; Phuong phap lip

A ITERATIVE METHOD
FOR MONOTONE EQUILIBRIUM PROBLEM

ABSTRACT: In this paper, we introduces a new iterative method for solving monotone
equilibrium problem. The method is based on the iteration mothod of Ronald and Bruck
and the auxiliary problem principle of Noor, combining the usage of symmetric and
positive definite matrices. The proposed algorithm is quitely simple, moreover, it
simplifies the assumptions necessary in order to converge to the solution. Specifically,
whereas previous methods require strong monotonicity and Lipschitz-type continuous
conditions. Our proposed method only requires monotonicity without Lipschitz-type
continuos conditions. Besides that, the convergence theorem is olso established and to
be proved a detail in the paper.

Key words: Equilibrium problem; Monotone; Auxiliary problem principle. Iterative
method.
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1. GIOI THIEU

-Cho C 1a mot tap con 161, dong, khic rdng ctia khong gian R", xét song ham
f:CxC— R sao cho f(x,x)=0 véi moi x e C. Xét bai toan can bang (Equilibrium
problem) va dugc ky hi¢u la EP(f, C)):

-Tim x € C saocho f(x,y)=0, VyeC.

- Tap nghiém cua bai toan trén dugc ky hi¢u Sol(f, C).

- Xét 4nh xa da tri F:C — 2R’ . Khi d6, bai toan:

Tim x" e Cva @ € F(x") saocho (@', x—x) >0 Vx e C, duoc goi 12 bai toan bt
ding thuc bién phan da tri (ky hiéu MVI(F,C)). Bing cach dit
f(x,y) =max{{®w, y—x): @€ F(x)}, khi d6 bai toan EP(f, C) va MVI(F, C)la tuong
duong véi nhau [15].

- Bai toan EP(f, C) duoc gidi thiéu 1an dau tién bsi H. Nikaido va K. Isoda [3]
vao nam 1955. Tuy bai toan phat biéu kha don gian nhung no lai bao ham dwgc nhiéu
16p bai toan quan trong thudc nhiéu linh vuc khac nhau nhu bai toan tdi wu, bai toan
bat déng thtrc bién phan da tri, don tri, bai toan diém bat dong, can bﬁng Nash, v.v...[2,

9]. Dicu nay cling giai thich vi sao bai toan can bang ngay cang dugc nhiéu nguoi quan
tam nghién cuu.

e Mot song ham f duoc goi 1a

i) Don diéu manh trén C v6ihing s6 B, néu va chi néu

S+ fr0)<=Blx-yl Vx,yeC;

ii) Pon diéu trén C néu va chi néu

S, )+ f(y, x)<0Vx,yeC;

iii) Gid don diéu trén C , néu va chi néu

f(x, )20 = f(y,x) <0 Vx,yeC;

iv) Lién tuc kiéu Lipschitz trén C v&i cac hang s6 ¢, >0va ¢, >0, néu
S DS SN+ D)+ llx=yIP+e,lly=zI Yx,p,zeC.
DA théy tir /) = ii) = iii).

e Anhxadatri F duoc goi 1a don diéu néu (u—v, x—y) >0 véimoi x,y € Cva voi

moi u € F(x),veF(y).
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e V6i xeR". Khi d6 P.(x) = argmin{||y—x||2 :yeC}duo’c goi 1a phép chiéu
metric cua R"1én C .

- D& thiy P.(.) c6 céac tinh nhéat sau:

(x=y,B(x)= PN 2| P.(x) = P.(») " Vx,y € R",

(x—=P.(x), P(x)-y)20VxeR", yeC,

=3[ =l x= P +Ily-P-()IF VxeR" yeC.

e V6i x’ e Cthi NC(x°)={a)eR”:(a), x—x")<0, Vxe C} duoc goi 1a nén phap

A , .0
tuyén cua Ctai x°;

o (0, )" ={peR": f(x, y) 2 (p, y=x")+ f(x,x") VyeC}, xeCduoe goi la
dudi vi phan cua f theo bién thtr 2 tai x°.

e Mot ham g:C — R duogc goi 1a nira lién tuc dudi trén C néu v6i moi x,€C,

ta co liminf g(x) > g(x,)

2. TONG QUAN NGHIEN CUU

Céac hudng nghién ciru chinh ciia bai toan can bang EP(f, C) bao gdbm: Nghién
ctru su tOn tai nghiém, cAu trac va tinh 6n dinh cua tap nghiém [7, 8]; hudng tha hai 1a
nghién ctru cac thuat giai va sy hoi tu cia cac thuat giai [13, 15]; cudi cung 1 ng
dung cua bai toan vao cac van dé thuc té dic biét 13 cdc mo hinh kinh té [5, 6]. Trong
cac huéng nghién ctru trén thi cac phwong phap giai dong mot vai tro rit quan trong.
Mot sb phuong phap giai dang cha y cho bai toan can bang 1a phuong phap diém gan
ké [13], nguyén 1y bai toan phu [4] va dic biét 1a phuong phap chiéu va cac bién thé
cua no [14].

Vao nam 1977 Ronald va Bruck [10] da gidi thi¢u mdt phuong phap lap kha don
gian dé giai bai toan bat dang thirc bién phén da tri nhu sau: Chon x' € C va diy sé duong
{4} . Tai mdi budc lip k£ =1,2,..., thuc hién cac tinh toan

Chon o* € F(x");

Tinh x*"' = P.(x" - 4,0");
k .
D Ax

- k j=1
bat z' =~

24

k
J=1
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Véi cac gia thiét tap nghiém cia bai toan MVI(F, C)khéac rdng, F don diéu trén C

va {4} < (0, +o0), z/?,j = +oo,z/1j || @’ || <400, thi ddy {z*}sinh ra boi thuat toan trén
Jj=1 Jj=1

hoi tu yéu vé mot nghiém cta Bai toan MVI(F, C).

Bang cach sir dung méi qua hé twong duong giita bai toan bat ding thirc bién phan
da tri MVI(F, C) va bai toan can bang voi song ham:
f(x, y)=max{{w, y-x): we F(x)}, va voi & edf(x',)x"), 4 >0, thi

) 1 s

P.(x* - 4a")= agmm{/lkf(xk,y) +5 |y-x"|:ye C}, ching t6i dé xuat mot thuat
toan lap méi dé giai bai toan can bang EP(f, C)véi song ham don diéu ma khong can
diéu kién lién tuc Lipschitz ctuia no.

3. NOI DUNG NGHIEN CUU

3.1 Thuét toan

Buée 0. Cho trudc ma tran M vudng cap n ddi xtimg, xac dinh duong va &> 0.
Chon x' e Cva k =1.

Budre 1. Giai bai toan 15i manh

x" =argmin{4,_f(x",y) +%<M(y—xk)= y=x'):yeC}.

kN _ k+l k , k ,
Tinh 7(8) =x" =x" g 7D 1< € g dimg, nguoc lai thi chuyén sang Buée 2.

k .
lex’
Buéc 2. Tinh z* = £

24

J=1

Buéc 3. Gan k = k+1 chuyén vé Budc 1.
3.2 Su hoi tu cua thuit toan

bé ching minh sy hoi tu cta thuit todn trén ta can st dung tdi cac b6 dé k¥ thuat
sau day.

B6 dé 3.1 ([1]) Cho {a,}, {b,} va {c,} la 3 day s6 thuc khéng am théa mén bat dang

thiec a, , <(1+b,)a, +c,,

Voi moi so tw nhién k >1, trong do Zbk < 400 va ZCk < 400.
k=1 k=1
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Thi }cimak ton tai.
B6 dé 3.2 ([11]) Cho {a,} va {B,} la 2 day s6 thuc khong am théa man cdc diéu

0
kién lima, =a R va ;ﬂh = +o0

h
Zﬂja/‘
Thi ta cé6 limL

DY)

j=1

=da.

Su hoi tu cta thuat toan duge thé hién qua dinh 1y sau.
Pinh 1y 3.1 Gid sir song ham f don diéu, nira lién tuc duwdi va 16i theo bién thir 2
trén C, Sol(f, C)#D va {4} < (0, +0), D A, =+, A, | f(x*, x| <+o0.
k=1 k=1
Khi d6, néu thudt toan két thiic tai bude lap thir k nao dé thi x* la mét & —nghiém

ciia bai toan EP(f, C). Nguoc lai, ddy {z"} sinh ra boi Thudt todn 1, héi tu vé mét nghiém
z eSol(f, ).

Chirng minh. Néu thuat toan két thic tai diém lip x* voi || #(x*)|l= 0 thi x* 13 nghiém
cta bai toan EP(f, C) [9]. Do do, ta ¢6 thé ndi x* 1a mot & — nghiém ctia bai toan EP(f, C)
néu va chi néu || 7(x*) || < . Trong truong hop nguoc lai, ching minh dinh 1y dugc chia lam

cac budc sau.

Buéc 1. Ching minh ton tai lim || x* —z" ||,,= ¢ < +00. Trong d6 || x |}, = (Mx, x).
Tu X" =argmin{/, f(x",y) +%<M(y—xk), y—x":yeCy, suy ra
Oea(lkf(xk, )+%<M( -x"), .—xk)+5c(.)j(xk+l) , trong d6 J,.1a ham chi trén C .

Do d6, ton tai @ € 9f (x*, )(x*"") va ve N.(x*") saocho 0=2,@+M(x"" —x*)+v.

Theo dinh nghia cia N., thi (v, x—x")<0VxeC, do do
(M(x* —x""Y = o,x—x"")<0 VxeC.

Mit  khac, vi wedf(x*,)x") nén voi moi xeC, ta ¢o

A [f(xk, x)— f(x*, xk“)] > A {0, x—x"y >(M(x* —x""), x—x"YyvxeC. (1)
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Do d6 , (M(x*'—x"), x" —x) < A[F(x*, x)— f(x*, XD x*' =x"||,, VxeC,

trong d6 || x' —x* |[}, =(M (x*" —x"), ¥ = x") . Vi vay
[ =x | = 12 = x|, + 11" =x" |, +2(M (x* = x"), x* = x)
<[l =x |, =112 =2t [, 241, x) = £, x)] (2)
<[[x" = x[f, AL, )= f(x", 2] 3)

St dung gia thiét f(z,x)>0 véi moi xeC va tinh don diéu cua f, taco

f(x*,2)<0. Ap dung (3) v6i x=z",taco

x5 =2 | <l =2 I 24, [ S 2) = F G X ]
xf =2 [ 240G 6

k=2 |, 24, 1 S, 2
Tir bo d& 3.1 va gia thiét izk | f(x5, x| <0 V6i a, = x" =z}, b, =0,],
k=0

c, =2, | f(x*, x""), suyraton tai lim | x' =27 ||, = ¢ < +00. Bude 1 duge ching minh xong.

Nhdn xét. Theo Bude 1, ta c6 ¢ =lim| x*—z'||}, .Lai ¢c6 M 1a ma tran xac dinh
dwong nén ton tai 7 >0 sao cho || x' —z |, =(M(x" -z, x* =2y > ¢ ||x" -7,

Va do d6 day {xk } bi chin. Tu d6 {zk } ciing bi chin, suy ra ton tai ddy con {zk’ } hoi
tu vé ;

Buée 2. Chitng minh = € Sol(f, C).

Theo (3) taco || x*"' —x|[}, —|| x* — x|}, <24, [f(xk, x)— f(x", x"”)] vxeC.

Dua vao tinh don diéucta f,tacla f(x*, x)+ f(x, x*) <0 véimoi x € C, ta thu dugc

I = x|f, =2 =x |2 24, [ f(x, ¥)+ £(*, ) ] vxeC.

Ap dung lién tiép bat dang thirc trén suy ra

kj . . kj .
Ix' =x |, =11 X" =x [}, 2 224, F(, ¥ +2D" A f (x, x') Vx e C.
i=1 i=1
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kj+l _

25415 23 X)

x|l

7 M 2 i=1 7 + 3
2 2o
i= i= i=

Tir gia thiét song ham £ 15i theo bién thir 2 va theo dinh nghia cia z*ta c6

B E:

Vi vay, VxeC. (4)

Zﬂ[xi kz/lif(x: x')
f(x,2%) = f| x,2 <H— VxeC (5)

Pat K=Y 4 |f(" x")<w, thay vio (4 va (5), ta dugc
k=1

ki+1
[t =l =l —xlf, | —2K

k; k;
2 2

+2f(x,2%) VxeC.

Cho j — oo, vasirdung » 4, =, lim || x' —z"|I},= ¢, f nualién tuc dudi theo bien
i=1 *

thtt 2 va limz" =z, ta ¢6 f(x,z)<0VxeC.Do dd z la mot nghiém ctia bai toan can

pares
bang d6i ngdu DEP(f, C). Theo gia thiét f don diéu nén ta cling co z e Sol (f, C) .Nhu
vay Bude 2 duge chung minh xong.

Buwée 3. Chitng minh diy {z*} hoi tuvé z e Sol(f, C).

Theo gia thiét tap Sol(f, C)khac rdng va song ham f don diéu trén C né tip
Sol(f, C) 16i va ton  tai duy nhit diém  wu'sao  cho
u' =argmin{|| y—x*||},:y € Sol(f, C)}.

Ky hiéu u"= Py, , -(x*), st dung f(u*, x)>0 Vx e Cva bat dang thiac (3) ta
thu duge || x* —u* |}, <[l x* —u* [}, 422, [ f(x*, ut) = f(x*, x*) ]

<t = I}, 2405, 6

<Hxf —ut I 24, 1f (5, x|

k+m+1
Vivay,taco || x"" —u" |}, <||x*—u" [}, +2 D] 4, [ f(x7, x"")]. (6)
=k

: ~ k+m __ pM k+m A
Theo dinh nghia u™" = Py, .,(x""), nén

” xk+m _uk+m ”M S

M

1
xk+m _ uk+m +uk
2( )
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Két hop véi (6), ta co

k+m k+m k+m k+m

—ut | =l =X

=211 x"" —ut [l +2[lut" ="

| u

2
k+m 1 k+m
——(u

—4|x +u®)

M
S 2 ” xk+m _uk ”j/[ _2 ” uk+m _xk+m ||§/1

S 2 || xk _uk ||2‘1 _2 || Z/lk+m _xk+m ||i{

k+m—1 ) ) 7
+4Z/1j|f(x’,x’”)|. 2
ik

Do d6 limsuplu ™~ [, < | ¥ ~u* If, +25° 4, | /&', ¥ .
J=k

m—>00
I i . . . \ A A .
Tur gia thiet >4, | f(x', x”")| <o suy ra limsupl|u*" —x"" |[{, < c0. Vi véy, ton tai
j:l Mm—>0

lim || x* —u* |}, < 0. Két hop diéu nay véi (7) ta co {u*}1a ddy. Do d6 ton tai gidi han
%i_r)guk =z. Mat khéc, tir dinh nghia coa u* =1:’S‘Z(/.,C)(uk)ve‘1 chimg minh trén, ta co
EeSol(f, C), v6i mdi yeSol(f,C)va véi moi Ae(0,1), ta cb
x,=Ay+(1-2)x" € Sol(f, C) va
[l —u® I, <[l x* = x, 5,
=l Ay + (1= u’ - x|,
=l Ay —u")+ @' =x" [},
=27y —u" [, 22UM (y—u"), u —x)+[[u’ = x"[[}, .
Vivay, Ally—u" |}, +2M(y —u"), u* —x*)>0V21e(0,1). Cho 1 — 0" ta duoc
(M(y—u"),u" =x"y>0VyeSol(f, C).
Thay y béi z € Sol(f, C) thi (M (z—u"),x* —u') <0 Vk.
Do 30,
(M(E—E),xk —uk>=<M(2—uk),xk —u*y +{M u* —E),xk —u")
<M (u = 2),x 'y <|lut =z || M (" —ut) || SLJu* -z VA,

kj
trong d6 L :=sup{|| M —u") |k =1, 2,...} < oo. Nhan hai vé bat dang thirc trén véi Y4,

i=1
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~ — kl’ k./ k/ f—
ta duoc <M(:—:),Z/1ixi —Zﬂ,l.ui> SLY Al —z||.

i=1 i=1 i=1
kJ

1

k./ ~ —_
Vi z&l >0,nénsuyra | M(z—z), 2" — = <LH=

>4 32

i=l i=l

k] —
Au' DAl —z||
= ®

kl

Z/lhuﬁ _

h=1

Ap dyng Bo dé 3.2 vé6i a, =u, (p=12,..,p) va B,=4,, ta dugc = -z,

khi j >0, Vp=1,2,...n (9)

Trong d6 u" = u",...u") va z=(z1,...,z0).
g 1 n

k; R
1
Z}‘i ”u -z ”

Tuong tu ta cing c6 ————— —> ookhi j>o. (10)

i=1
Kéthop (8), (9)va (10)dn t&i két luan (M (z—z), z—z) <0, hay = = z. Do d6 ddy

{uf} hoi tu vé ze Sol(f, C). Suy ra véi moi {z"} = {z"}sao cho lim 2" =z thi EE,
J—>0
trong d6 z= P . . (x*). Gid st {z"} khong hoi tu vé z. Khi d6, 3¢ >0, Vk,, 3k, >k,

sao cho || z° —z | >e.

Do d6 tdn tai ddy con {z"} théa man || z" —z | > & Vj>1. Vi {z"}bi chin nén chira
day con {z""}hoi tu v& z. Didu ndy mau thudn. Nhu vay {z*! phai hoi tu vé
zeSol(f, C).

Dinh 1y hoan toan dugc chimg minh.

4. KET LUAN

Trong bai béo tac gia da dé xuat mot cach tiép can mai dé giai bai toan can bang. Tai
mdi bude ldp k, ham toan phuong dang chuan tic || x —x* ||’ dugc tong quat bang mot
ham toan phwong dang (G(x —x"), x—x*), trong 46 G 12 mot ma tran ddi xing xac dinh

duong cép n trong khong gian R". Tac gia di chirmg minh duoc su hoi tu cia thudt toan
vé nghiém cua bai toan can bang EP(f, C)chi véi gia thiét don diéu va khong can dén

tinh lién tuc Lipschitz ctia song ham f .
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