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TOM TAT: Trong bai bio nay, chung toi nghién ctru dang diéu tiém can nghiém cua
phuong trinh khuéch tan khong cd dién voi hé sb phu thudce thoi gian thong qua ly
thuyét tap hat. Cu thé, sir dung 1y thuyét dugc dua ra boi F. Di Linio, G. S. Duane va
R. Temam nam 2011, chung t6i chirng minh su tdn tai cla tap hut phu thudce thoi gian
cho bai toan bién ban dau ddi v6i phuong trinh khuéch tin khong cb dién. Két qua
chinh cua bai bdo 12 mét mé rong cua Yong-feng Liu (Applicable Analysis, 2014).
Twr khoa: Phuong trinh khuéch tan khong 6 dién; hé sb phu thudc thoi gian; tap hat
phu thudc thoi gian.

TIME-DEPENDENT ATTRACTORS FOR THE NON-CLASSICAL DIFFUSION
EQUATIONS WITH TIME-DEPENDENT COEFFICIENT

ABSTRACT: In this article, we study the asymptotic behavior of the non-classical
diffusion equations with time-dependent coefficients through the theory of attractors.
Namely, using the theory given by F. Di Linio, G. S. Duane, and R. Temam in 2011,
we prove the existence of time-dependent attractors for the initial boundary value
problem for the non-classical diffusion equations. The article aims to extend and
improve some results in Yong-feng Liu (Applicable Analysis, 2015).

Keywords: Non-classical diffusion equations; time-dependent coefficient; time-
dependent attractor.
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1. PAT VAN PE

C6 thé noéi, phuong trinh dao ham
riéng nhu chiéc cau ndi gitra Toan hoc va
mg dung. R4t nhiéu mé hinh trong thyc
té duge mo ta thong qua phuong trinh vi
phan - dao ham riéng. Khi c6 mdt
phuong trinh dao ham riéng ndi chung,
viéc dau tién chung ta s& nghién ciru tinh
dat dting cua bai toan (su tdn tai, tinh duy
nhét nghiém, sy phu thudc lién tuc cua
nghiém vao diéu kién ban dau). Tiép sau
do, chung ta nghién ctru dang di€u tiém
can nghiém cua mo hinh. B6i vi, thong
qua dang diéu tiém can cua nghiém, ta c
thé du doan duoc xu thé phat trién cta
mo hinh & twong lai. Tir d6, ta c6 thé tac
dong, diéu chinh dé thu duoc két qua
mong mudn.

Trong bai bao nay, chung toi
nghién ctru ddng di¢u tiém can nghiém
(thong qua li thuyét tap hit) ctia bai toan
bién ban dau ddi v6i phuong trinh
khuéch tan khong ¢ dién v6i hé sb phu
thudc thoi gian c6 dang

u,—&(t)Au,—Au+ f(u)=g, xeQ,t>7,

u|m=0, t>r,
u(x,z')zur(x), x e Q.
(1)

trong d6 Q 13 mién bj chin trong R® véi
bién 0Q tron, 7eR.

2. TONG QUAN NGHIEN CUU
VE PHUONG TRINH KHUECH TAN
KHONG CO PIEN

Phuong trinh khuéch tan khong co
dién 14 mot mé rong coa 16p phuong
trinh phan tmg khuéch tan. Lép phuong

trinh nay dugc x4y dung bdoi E.C.
Aifantis (1980) [1], nhdm mé ta cac hién
tuong vat li nhu dong chay khong
Newton, cac hién tugng trong co hoc
chat ran. Tiur khi ra doi dén nay, 16p
phuong trinh nay da va dang dugc quan
tAm nghién ctru mo rong trén nhiéu khia
canh khac nhau nhu: thay d6i, mo rong
cac diéu kién ap dat 1én ham phi tuyén
(kiéu Sobolev, kiéu da thuc, kiéu mi),
thay d6i mién xac dinh cua bién khong
gian (mién bi chan, mién khong bi chan,
mién khong hinh try, mién thay ddi theo
thoi gian)....

Theo khao sat, c6 kha nhiéu két qua
nghién ctru 16p phuong trinh khuéch tan
khong cb dién co6 dang nhu (1) véi
e(r)=v la hang 6. Cac két qua dat duoc
chu yéu la: chiing minh sy ton tai, duy
nhét nghiém; su tdn tai cta tap hut toan
cuc, tap hat déu, tap hut mil, tap hut ngau
nhién... [2-4, 8-10,12].

Bén canh d6, thuc té cac mo hinh
trong Vat li, héa hoc, sinh hoc noi
chung thudng chiu su tdc dong cua cac
yéu t6 ngoai luc, cac thay doi trong tur
nhién hodac nhan tao. V&i mong mudn
nghién ctru mé rong 16p phuong trinh
khuéch tan khong cb dién sao cho gan
v6i thuc té hon, F. Rivero (2013) [7] da
nghién ctu 16p phuong trinh dang (1)
v61i hé s6 khuéch tan phu thudc vao thoi
gian (tic 13 c6 thé thay d6i theo thoi
gian). Sau F. Rivero, cac tac gia Y-F.
Liu va D. Tao (2015) [6], J. Wang va
Q.Ma (2021) [11], Hoai, Thanh, Thoa
[5] cling da nghién ctru mo hinh (1) va
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cling da dat dugc mdot sb két qua vé tinh
dat dang cling nhu su ton tai ciia tap hat
phu thudc thoi gian. Hai két qua tiéu
biéu nhat hién nay nghién ciru vé 16p
phuong trinh nay 1a cia Y-F. Liu va D.
Tao [6] vaJ. Wang [11]. Céc tac gid Y-
F.LiuvaD. Tao [6] da nghién ctiru dang
diéu ti€ém can nghiém cua bai toan (1)
trong trudng hop ngoai luc g e I’ (Q),
ham phi tuyén théa méan diéu kién ting

trudng kiéu Sobolev dang

£ "(u)|<C(1+]ul),C=0. Co thé thdy

rang, s6 mil tang truong t6i da cua
S (u) chi bang 3, chua phai sé mil toi
han cua ting trudng kiéu Sobolev. Téc
gia J. Wang [11] ciing dua ra két qua vé
su ton tai nghiém va ton tai tap hut phu
thudc thoi gian cho bai toan (1) trong
truong hop ham phi tuyén théa mén
diéu kién tang truong kiéu da thic.

Nhin chung, cac két qua nghién
ctru vé phuong trinh khuéch tan khong
o dién 1a kha da dang. Trong bai bao
ndy, ching t6i di cai tién mot sé két
qua cua Hoai, Thanh, Thoa [5] va Y-F.
Liu va D. Tao [6]. Cu thé, ching toi s&
nghién ctu bai toan (1) khi ham phi
tuyén thoa min diéu kién ting truong
kiéu Sobolev véi s6 mil téi han (bang
5) va ngoai luc g chi ndm trong khong
gian t6-pd yéu H™'(Q).

bé nghién ctru dang diéu tiém can
nghiém cua bai toan, chung t6i dat diéu
kién cho hé s6 phu thudc thoi gian (1),
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ham phi tuyén 1 (u) vangoai luc g nhu
sau: (H1) Gia st

£(1):R—>[0,0),s(r) e C'(R)

la cac ham gidm, bi chan va thoa man

lime(¢)=0. )

t—>+o0
DPic biét, tdn tai L>0 sao cho
stlelg {lg(t)| +|5'(t)|} <L.

(H2) Him feC'(R,R) thoa man
diéu kién ting trudng va tiéu hao kiéu
Sobolev

f(w)u=—* -C, 3)
fuo(u)=—, )
| (w) <C(1+]ul), (5)
lm jngLff )50 6)  voi

0<p<5,0<2u<A,A la gid tri riéng
dau tién cia toan tir —A trong mién Q
véi didu kién bién Dirichlet va
F(u)=1;f(s)ds 1a nguyén ham cua f .
(H3) Ngoai luc ge H7'(Q).
Ta xét bai toan (1) trén khong gian
pha H, - la khong gian phu thudc thoi

gian, vdi chuan

July, =loel” + & (6) -

3. SU TON TAI CUA TAP HUT
PHU THUQC THOI GIAN

Trude hét, chung ta nhic lai dinh
nghia nghiém yéu ciia bai toan (1) ciing
nhu dinh 1i vé sy ton tai duy nhét nghiém
cua bai toan.



Pinh nghia 3.1. (xem [5]) Ham
u=u(x,t) xac dinh trong Qx[7,T] duoc
goi 14 nghiém yéu cua bai toan (1) trén
[2:7] néu ueC([z‘,T],Ht) va
u(z)=u, €B, (R,)c M, .Honnita

(ut,v)+g(t)(Vut,Vv)+(Vu,Vv)+(f(u),v)
= <g,V>H,1 JHY

v6i hau khdp re[7,7] va v6i moi ham
thor ve H (Q).

Pinh li 3.1. (xem [5]) Gia st cac
gia thiét (H1)—(H3) thoa man. Véi bat
ki zeR,T>7 va u, eB,, (R,)=H, cho
trude, bai toan (1) c6 duy nhat nghiém
yéu u e C(z,T;H,). Theo Pinh1i 3.1 ta ¢6
thé xac dinh mot qué trinh lién tuc
{U(t,7)}..

U(t,t):H, > H, t>27€R,

voi U(t,t)u, =u(r).

Tiép theo, ching toi trinh bay két
qua vé dang diéu tiém can nghiém cua
bai toan (1) thong qua viéc chirng minh
su ton tai tap hut toan cuc phu thudc
thdi gian. Theo li thuyét duoc dé xuit
béi M. Conti, V. Pata va R. Temam
trong [4], d& chirng minh sy ton tai tap
hut phu thudc thoi gian ta thyc hién hai
budc sau:

Budc 1: Ching minh ho qua trinh
{U(t,7)},., c6 mot ho cac tap hép thy phu
thudc thoi gian trong khong gian H,.

Budc 2: Ching minh tinh compact
tiém can lui cia qua trinh {U (¢,7)},.. .

3.1. Sw ton tai tip hap thu phu
thugc thoi gian

Pinh li 3.2. Gia st cac gia thiét
(H1)—(H3) thod man. Véi u, e
B, (R)c ™, ton tai R >0 sao cho
B={B}_, ={B, (R)]  1amotho cic
tap hap thu phu thudc thoi gian trong H,
d6i v6i qua trinh {U (t,7)},., tuong ung
véi bai toan (1).

Chung minh. Nhan phuong trinh
dau tién cta bai toan (1) voi 2u, ta duoc

%(n ull? +&(t)llu |lf)+(2—g'(t)) lu |}

+2(f(u),u) =2(g,u).
(3.1)
Tu gia thjét’(?:),v ap dung bat dang
thirc Young va bat dang thuc Holder ta
duoc

[ f(u)uds=—pllulF -ClQ| (3.2)
va
1

<g,u>sngni+Z||u(r)||f. (33)

Thay cac danh gia (3.2) va (3.3)
vao (3.1), ta dugc

d 3,

(KL +e(t)||u||f)+(5—e (r)jnunf

“2ullulP<2] g b +2C|Q|

(3.4)

Ap dung bt dang thirc Poincaré, ta
duoc [|u|P=A ||u|?, khi d6 (3.4) tro
thanh

L (lulf +2(e) 1w ||f)+(1—e'(r)j||u 5§

dt 2

+(A-2u)llulP<21Ig I, +2C)Q).
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Tir gia thiét (H1) cho sb hang (1),

ta co

2L

1 , 1 e\t
(3o = Jua =5 v

1 .

Chon &=mind—, 4 -2 :

on mln{ZLA1 ,u} Vo1
L,(4-2u)>0, khi do6 ta dugc

%(II ulf e (O)llull )+ (11l +e (o) lulf)

<2l gl +2C|Q)
bat E,(¢)=llulP +e(¢)llul)’, khi do,
d
B (1)+SE (1)<211 g P, +2C|Q).
Ap dung bt ddng thirc Gronwall, ta
J4 —o(t—-1 2
c6 E (t)<el )El(r)+g(||g||i +C|Q).

Suy ra |lul +e(¢)llulf<R, voi

E
tzT:r+§lnﬁ, trong do

1

4 A
R == (gl +ClQ]). Vay

B, ={ueH, lu(t) I’ +&(t) lu(t) P< R}
1a tap hép thyu phu thudc thoi gian trong
khong gian H, déi v6i qua trinh
{U(t,z')}m .

Chung ta c6 thé gia sir rang tap hap
thu phu thudc thoi gian 12 bat bién duong
(tbc 1a U(r,7)B, =B, v6i moi t>7).
That vay, goi 6, 14 thoi diém dau cia B,
sao cho U (t,7)B, = B,, t<t-6,.

Chung ta ¢ thé thay thé B, bang ho
tap hap thy batbién | J U(r.7)B, =B, .

Tst-4,
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3.2. Tinh compact tiém cin va sw
ton tai ciia tap hut phu thudc thoi gian

Tiép theo ta chirng minh quaé trinh
{U(t,7)},., tuong ung voi bai toan (1)
la compact tiém can lui. Pé lam duoc
diéu d6, chung ta sir dung phuwong phap
phan rd nghiém thanh hai phan, sau do,
chiing minh m¢t phén nghi¢m tiéu hao,
mot phén nghiém con lai bi chan trong
khong gian tron hon khong gian pha
ban dau. Tir d6, 4p dung dinh Iy nhing
compact ta thu dugc tinh compact tiém
can ctia qua trinh lién két bai toan. Cac
chiing minh chi tiét s& duoc thuc hién
dudi day.

Trude hét, do 2(Q)c H'(Q) 1a
tri mat, nén voi moi ge H'(Q) va bét

ki n>0, ton tai g” e L’ (Q) sao cho

”g_gﬂufrl(g) =1 (3.3)

C6 dinh reR, ta tach nghiém
U(t,7)u, =u(t) v6i u, € H, thanh
U(t,r)uT =U, (t,r)ur +U, (t,z')ur,
vl Uy (t,7)u, =v(1) va
U,(t,7)u, =w(¢) la hai nghiém tuong
ung cua hai bai toan
v, —g(t)Avt —Av+f(u)—f(w)+/1v
=g—g", A>lxeQ,t>r,
v|(39 =0,t>1,
v(x,r) =u, (x),x e,

(3.6)




w, —&(1)Aw, —Aw+ f (w)
=g"+ v, xeQt>1,
(3.7

va iw =0, 1>,

w(x,r) =0,xe Q.

Lap luan twong tu nhu Pinh Ii 2.1 va
Pinh 1i 2.2 trong [5], ta c6 thé chimg minh
duoc sy ton tai va duy nhét nghiém cua bai
toan (2.6) va (2.7). Hon nira, trong bai toan
(3.7), do g” e I* (Q) va diéu kién ban dau
bang 0 (vi vay w(x,7)e H* (Q)nH, (Q))
nén ching ta c6 thé chimg minh nghiém
w 1a nghiém manh. Cu thé, chung ta cé
weC([z,T);H (Q)NHy(Q)) v6i moi
T >, va diéu nay s& dugc sir dung trong
phan chimg minh ciia Dinh 1i 3.3 duéi day.

Tiép theo, trong bo d& dudi day,
chung ta sé chimg minh nghiém cua bai
toan (2.6) 1a tiéu hao.

Bo dé 2.1. Gia su cac diéu kién
(H1)-(H3) duogc thoa man. Khi do, voi
bat ki >0, nghiém cua bai toan (3.6)
thoa man danh gia sau: Ton tai hang sb
d, phu thudc vao 4,(, sao cho véi bét

kit>r,

U, (t,r)ur

; <Ce ™) 4y,

Chung minh. Nhan vO hudng
phuong trinh thtr nhat trong (3.6) v6i v
trong L’ (Q), ta dugc

%(” VI +e () IV IE)+ (2= (0)) IV I

+2(f (u)= f (w).v)+ 24 vIP= 2<g—g",v>
(3.8)
Tir gia thiét (3.4), ta co

2(f (u)=f(w)v)==LlIvIF. (3.9)
Ap dung bat dang thic Young, ta
duoc
L]
2fg-g) <2 + LIV
(3.10)
Két hop (3.9),(3.10) va (3.8), ta

duoc
%(Ilvll2 +8(1)||V||12)+(%—<9'(l))||V||12 +

2= 0)I1vIP<2]g =g,
2.11)

Do A-(>0, lap luan tuong ty nhu
trong chirng minh cua Pinh 1i 3.2, ta thu
duoc ton tai h?mg sb d, >0 sao cho

"UO (¢,7)u,

2 R dlr-7)
" S” V HH €

1 2
i oo
C”g g “H’I(Q)
Chon 7* <Cn, ta duoc diéu phai
ching minh

"U0 (t,7)u, i <Ce™™) yp.

Tiép theo, ta chimg minh cho
nghiém cuda bai toan (3.7) bi chén trong
khong gian H*(Q)nH,(Q). Nhic lai
rang, khong gian phu thudc thoi gian H,
duoc Xac dinh
eI, =+ (e) 1wl

B6 dé 2.2. Gia sk cac diéu kién
(H1)—(H3) dugc thoa man. Khi do, voi

bat ki 7>0 va u_eM,, ton tai hing sd

voi chuan

M >0 sao cho nghi¢m cua bai toan (3.7)
thdéa man

"U1 (t,r)ur

2 y . .
s <Mvoimo1t=>T.
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Chung minh. Nhan vd hudng
phuong trinh thir nhit trong (3.7) voi
—Aw trong I’ (Q), ta duoc

(Wi +2(0)1wlE )+ (2= (1)) 1 w1
+2(f(w),—Aw)+/1(w, —Aw)
=2(g" + Au,—Aw)
(3.12)
Tir gia thiét (3.4), ta co
2(f(w),—Aw)=2jgf’(w)|Vw|2 dx
>—(||wlf
(3.13)
Ap dung bat dang thirc Young, ta duogc

2(g" -I—Au,—Aw)S 2(

2
g’ +A||u||2)

1
2wl

772 1 2
g’ +R, +E||W||2Vt2T.

(3.14)
Két hop (3.13), (3.14) va (3.12), ta

duoc
d 3
e () 3-2/0) i

o +r)

+H(A-0)lwlP< C(
(2.15)

Lap luan tuong ty nhu trong ching
minh cta Dinh i 3.2, ta thu dugc ton tai

hang s6 7> 0 dii 16n sao cho

||U1 (t,r)ur <M.

2
H,
Tir B6 d& 3.2, taxét ho K ={K,}

teR

voi K, = {u eH |lu I, < M}.
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Do H' < la nhing compact nén
K, la compact. Mat khac, K la tap bi
chan déu. Vi vay, tir cac B6 d& 3.1 va 3.2
suy ra K co tinh hut lui, va khi dé ta cting
thu duoc két qua sau:

Dinh li 3.3. Qua trinh {U(1,7)},.,
cua bai toan (1) 1a compact ti€ém can lui
trong H, .

Tu Dinh 1i 3.2 vé su ton tai tap hép
thy phu thudc thoi gian va Dinh 1i 3.3 vé
tinh compact tiém can lui, ta thu dugc két
qua bai toan (1) ton tai duy nhat mot tap
huat phu thudc thoi gian nhu sau

Pinh i 3.4. Gia st cac diéu kién
(H1)—(H3) duoc théa man. Khi do, qua
trinh U(1,7):'H, - H, sinh boi Bai toan
(1) c6 mét tap hut toan cuc bat bién phu
thudc thoi gian A ={4,}

teR *

4. KET LUAN

Két qua cta bai bao 1a cai tién, m&
rong cac diéu kién 4p dat 1én cac thanh
phan cta phuong trinh khuéch tan
khéng ¢ dién voi hé sb phu thudc thoi
gian. Tu d6 giap ta nghién ctru duoc
mot 16p phuong trinh khuéch tan khong
b dién rong hon. Sir dung duoc dua ra
béi F. Di Linio, G. S. Duane, and R.
Temam in 2011 va cai tién cac ki thuét
danh gi4, ching t61 da chiing minh
duogc bai toan ton tai tap hat phu thude
thoi gian, mot tap compact hut Iui cac
quy dao bi chan.
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