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ABSTRACT: Fixed point problems and equilibrium problems have many applications and are
efficient tools in science, engineering, analytic structures and many other fields. The
equilibrium problem in particular is a very general mathematical problem that includes many
special cases such as optimization problems, integral inequality problems, fixed point problems,
etc. In this article, the authors will propose a weak convergent theorem for an algorithm for
finding common solutions of a pseudomonotone equilibrium problem and a finite system of
non-extended mappings in a real Hilbert space. Almost existing methods for solving this
problem require a strict assumption of the strong monotonicity or Lipschitz-type continuity of
the cost bifunction f . The idea of this algorithm is to combine the projection method and the
parallel splitting-up technique. At each iteration step, the authors need to use one projection
only and do not require to use any Lipschitz-type continuity condition of the bifunction.

Keywords: Fixed point; pseudo-monotonicity; equilibrium; parallel projection method; non-
extended mapping.

PHUONG PHAP CHIEU SONG SONG GIAI BAI TOAN CAN BANG GIA BON DIEU
VA MOT HO HOU HAN CAC ANH XA KHONG GIAN

TOM TAT: Bai toan diém bat dong va bai toan can bang co rat nhiéu tng dung trong khoa
hoc, k¥ thuét, trong cac cAu trac giai tich va nhiéu linh vuc khac. Riéng bai toan can bﬁng lai
1a bai toan tong quat bao gdbm nhiéu truong hop riéng nhu bai toan tdi uu, bai toan bat ding
thirc tich phan, bai toan diém bat dong,... Trong bai bao ndy, chung t6i da dat dugc dinh 1y vé
su hoi tu yéu cho thuat toan tim nghiém chung cta bai toan can béng gid don di¢u va mét ho
hiru han cac 4nh xa khong gidn trong mot khong gian Hilbert thyc. Hau hét cac phuong phap
hién nay dé giai bai toan nay déu doi hoi gia thiét vé tinh don diéu manh hoic lién tuc kiéu
Lipschitz clia song ham gia f. Y tudng cua thuat toan 1a két hop giita phép chiéu va k¥ thuat
song song. Tai mdi budc ldp, ching toi chi can st dung mot phép chiéu va khong can didu
kién lién tuc kiéu Lipschitz ciia song ham.

Keyword: Diém bat dong, gia don diéu, cin bing, phuong phap chiéu song song, anh xa
khong gian.
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1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Hilbert space H and
f:CxC — R beabifunction such that f(x,x) =0 forall x € C. The equilibrium problem,
shortly EP(C, 1) [3] is formulated by Findx™ € C such that f(x",x)>0 VxeC.

Let us denote the solution set of EP(C, 1) by Sol(C, f).Foreach ie I ={1,2,.. n}
, let S;:C — C be nonexpansive mappings. In this section, we consider the following
problem of finding a common point of the equilibrium solution set So/(C, /) and the fixed
point set M,_, Fix(S,):

Problem 1. Find x" (") Fix(S,) " Sol(C, f) -

iel
We recall that a bifunction f:CxC — R is called

- Strongly monotone on C with constant >0,

it f(x,)+f(n,x)<-Blx-ylI* Vx,yeC;
- Monotone on C, if f(x,y)+ f(y,x)<0 Vx,yeC;
- Pseudomonotone on C,if f(x,y)<0= f(y,x)<0 Vx,yeC;

- Lipschitz —typecontinuous on C ,

if f(x,0)+f(3,2)<f(x2)—¢lx=yl* =, Il y—z I’ Vx,y,z€C.
2. PRELIMINARIES

Methods for solving Problem 1 have been studied extensively by many researchers; see
[1], [4], [9], [10]. Almost existing methods for solving Problem 1 require a strict assumption
on the strong monotonicity or Lipschitz-type continuity of the cost bifunction f and they

used subgradient technique to proof the main results. Here, we only assume that f is

monotone and satisfies the paramonotonicity property, and not neccesary Lipschitz-type
continuous. We use ¢-subdifferential of the convex function for this algorithm.

For solving Problem 1, we assume that for eachi € /, S, : C — C is nonexpansive such that

= ﬂ Fix(S,) " Sol(C, f) = & and the bifunction fand parameter sequences {4, },{0;}

iel
and {3, ;} satisfy the following restrictions: (D, ) Jointly continuous on C'x C' in the sense that
if x,yeC,and {x*} and {)*} are two sequences in C converging weakly to x and y,
respectively, then f(x*,v") = f(x,).

(D, ) Pseudomonotone on C with respect to every solution of Problem EP(C, /') and satisfies
the following condition, called strict paramonotonicity property:

{xeSol(C, /),yeC, f(y,x) =0} = y € Sol(C, f).

(Dy) Let L>A>0 and O<a<b<l. The sequences {5 }<(0,1),{f,,} and {4}

satisfy »' 6, =+0,> 57 <+w,a<f, ,<b Vjel, and {4} =[A,L];

k=0 k=0
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Now the parallel projection algorithm for solving Problem 1 is formally stated as the
following.

Algorithm 2.1

Initialization: Choosing x° € C, and the parameter sequences {4, } and {0,} satisfy

(Dy), and {¢,} < (0,0) such that ié‘kek <o0.
k=0
Iterative step k>1,

Take w' €85 f(x*,x"),y, =max {4, Il w' I}, e, _o
k

Compute y* = Pr.(x* —a,w")

For each j € I,compute uf =(1-8.,; )xt + ,Bk!ijyk

Set x**' = ufﬂ , where j, := argmax{ll uf Yl jely.

Note that for each € >0,xeC, & f(x,y) stands for €-subdifferential of the convex
function f(x,-) at yeC i.e.,
a;f(X,y) = {Wy eH: f(x,Z)—f(x,y)Z <WyaZ_y>_€ Vze C}

To investigate the convergence of parallel projection method, we recall the following
technical lemmas and quasi-Fej\'er convergence which will be used in the sequel.

Lemma 2.2 ([11]) Let {a,} and {b,} be a sequence of nonnegative real numbers such

that a,,, <a, +b, Vk=>0, where Zbk < oo. Then, the sequence {a,} is convergent.
k=0

Lemma 2.3 (/8]) Let H be a real Hilbert space, {c,} be a sequence of real numbers

such that 0<a<a, <b<1 forall k>0, and let {V*},{w'} be sequences of H such that

. . - k k
limsup Il v I <c,limsup l w* Il <¢ and limll av" +(1—a, )W lI=c.
k—w

k—x k—o0

Then, %im v —whil=0.

—>00

Lemma 2.4 (/2]) Let C be a nonempty closed convex subset in 'H . The metric projection
firom H onto C is denoted by Pr,. and Pr.(x)= argmin{ll x—yll: ye C} VxeH.

The following properties hold:
(i) (x—Pr.(x),y—Pr.(x))<0 VyeC,xeH,

(i) (Pr.(x)—Pr.(y),x—y) 2l Pr.(x)—Pr.(y) 1> Vx,yeH,

(iii) | x = Pro.(x) 1P <l x =y I =l y = Pr.(x) I’ Vxe H,y e C
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Lemma 2.5 (Opial) Let {x"} be a sequence in H such that x* — x. Then, for all

y£X, we have liminf | x* —x I <liminf | x* — y Il .

k—o0 k—x
We next deal with the so called quasi-Fej\'er convergence and its properties.
Definition 2.6 Let S be a nonempty subset in H . A sequence {x*} in H is said to

bequasi-Fej\'er convergentto S ifand only ifforall x" € S there exist k, >0 and a sequence
{a,} = (0,0) such that Zak <oo and I x*"' —x"I°<ll x* —x" II* +a, Vk >k,
k=0

This definition originates in [6] and has been elaborated further in [5], [7].
Lemma 2.7 ([7], Theorem 4.1)

Let S be a nonempty subset in H . If {x*} is quasi-Fej\'er convergentto S, then
(i) The sequence {x"} is bounded;

(ii) If all weak cluster points of {x*} belong to S, then the sequence {x*} is weakly
convergent to a point of S .

III. CONVERGENCE THEOREMS

Lemma 3.1 Let f:CxC — R be pseudomonotone and the conditions (D) be satisfied. Then,

(i) The sequence {x*} generated by Algorithm 2.1 is quasi-Fej\'er convergent to T and
the following inequality holds:

2
| =2 WU = W42 B 06 + 2,0 Y €T

(ii) For each x" T, limsup f(x*,x") =0.

k—o

Proof. (i) For each x eI". From X = u; and x" T, it follows x eF l'x(Sjo) and
X —x" 1=l ufo x> =1 (l—ﬂk,jo)xk +,Bk’jOSj0yk —xI?

<A-g )1 X —x P +4., 1 Sjoyk —x I?

<A-B )| X —x 17 +4.,, 1 y=x1I?

=1-g )l X —x I’

B, [t =x 12 =l = ph 12 2 = 2" = ) |

<l xf=x"1I? +20, (X =y, x =5 3.

Using Lemma 2.4 (i) for x = x* —a,w" and y = x el'cC,we get
(=5 x" =) <o xT =05,
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Combining this and (3.1), we have

* * *
I —x" 117 < I xf —x ||2+2ﬂk,jo(xk—yk,x -

IN

hx*—x"11° +2ﬂk,j0ak(wk,x* -
= I x"—x 1P 428, o (W, x =X+ 20, o (W, x" = )F)
<X =x"1I17 +2,Hk’j0ak(wk,x* —xk)+2ﬁk,j0ak ws I X =5

<Ix"=x"12 428, a (W, x" —x")

0,
B, -

I X =y
>Jo k
max{/Ik,ll w ||}

+2

< I xf=x" 117 28, a, (W x =x") (3.2)
+2p, .61 x=yr
By Lemma 2.4 (ii), where x :=x* = Pr.(x") and y:=x* —a,w*, we have
(Pr.(xX") = Pr.(x" —aw"),x" -[x" —a W' >l Pr.(x") - Pr.(x —a, W) I
and hence
I x* =y IP<a (x* =y Wy <a, I X" =y 1 wf
5

= " Xt =y

~ max {41 wh I}

<S I =yFI
It implies | x* = y* lI< J,. (3.3)
By the pseudomonotonicity of f,x € Sol(C, f) and x* e C, we have
f(x,x)>20= F(x*,x)<0.
Using w# €8¢ f(x*,x*) and f(x,x)=0 forall xeC, we have
WX =X < FFL XD = F(XFL X ) e, = (X, x) e, <e,.
Since this, (3.2) and (3.3), we obtain
X =" 7<= X712 +2,Bk’j0ak<wk,x* —xk>+2ﬂk’j05k I x* ="
<l xf=xI? +2,Bk,j00(k[f(xk,x*)+ek]+ 2,5‘,,\_“{.”5,{2
< —x"I? 428, aye, +2P, . &
5k

k
max { 4,1 w |

(34)

ok 12 2
—Ix XTI 424, X +2, .5

.2
<l x*—x" 12+ ~Puide+28,, 5.
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(ii) From (3.4), it follows that
* * * 2
Z,Bk’joak[—f(xk,x Nl x —x 1P =l X —x" 1 +;ﬂk,j05k6k +2[)’&_}.”5k2. (3.5)

By (i) that the sequence {x*} generated by Algorithm 2.1 is quasi-Fej\'er convergent to

I'. Using this and Lemma 2.7 (i), the sequence {x*} is bounded. Since f is jointly

. . k .
continuous on C, there exists a number M such that I w*ll <M Vk. Thus, summing the

inequalities in (3.5) and using the assumption z S <o and Z5k€k < o0, We obtain

k=0 k=0
05— 24 3 5[~ a)]£ 20y, — ()]
max{L,M} = =0 max {Ak,ll wh II}

=23, [~/ (<", )]
k=0
55 W SARIEe D E B RE) Y WY S W I T
k=0 k=0 k=0
This implies 0 < ié‘k [/ (x*,x")] <0
k=0

In Condition (D;), we have )" 5, =oo and &, >0 forall k> 0. Thus, we conclude

k=0

lirkn inf[— £(x*,x")] =0, which completes the proof.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H .

Suppose that Conditions (D,)—(D,) are satisfied. Then, the sequences {x*} and {y*}
generated by Algorithm I converge weakly to the same point X €T’ .

Proof. By Lemma 2.7 (i), the sequence {x"} is quasi--Fej\'er convergent to I". Hence, by
Lemma 3.1 (i), the sequence {x*} is bounded and if all the weak cluster points of {x*}
belong to T, then the sequence {x*} converges weakly to a point of I". Let X be any weak

cluster point of {x*}.Then X € C and without loss of generality, we can assume that

x =~ ¥ and limsup f(x*,x") = lim F(x,x.
Jx

k—o

It remains to prove that X € [ to get that {x*} converges weakly to a point in T", and

also, thanks (3.3), that {y*} converges weakly to the same point. The proof of ¥ €I is
divided into several steps.

Stepl. Claim x € Sol(C, f).
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Since Condition (D), (3.8) and Lemma (3.1) (ii), we have

S&,x) > limsup £(x,x7) =lim £(x",x")) = limsup £ (x*,x") =0
. Jjo®

J % k—o0
Combining this and the pseudomonotonicity of fthen f(x,X)>0= f(x,x)<0,

we deduce f(xX,x")=0. Then, since £ is pseudomonotone on C with respect to every
solution of Problem 1 and satisfies strict paramonotonicity property in Condition (D,), we

obtain X € Sol(C, f).
Step2. Claim x e Fix(S,) forall jel.

. 2
Applying Lemma 2.2 for @, =l x* =x"II” and b, := Z,Bk’joﬁke,{ +2f3, 6, and using

Lemma 3.1 (i), there exists the limit ¢ = I{im I x* —x" IP<o0. (3.9)

—>0

From (3.3), it follows
kor k . I Kk T
IS, v =x =S, y" =S x <l y* —x I y" =x" I+ x" —x |l

<G AN X —x" I 25 Jz as k —> o0, (3.10)
Otherwise lim Il (1=, (" =)+ B, (8, " =) =lim I 2 —x"11= Je. (3.11)
Since (3.9), (3.10) and (3.11), we can conclude by Lemma 2.3 that }1_1)2 Il Sjoyk -x*l=0.
Thus, from (3.3) we conclude that I Sjoxk X< Sjoxk —Sjoyk I+ Sjoyk —x"
<X =y I+l Sjoyk —x"
<o+ Sjoyk -xIl 50ask > .
By the same argument, we also get
[E -4, )xt +ﬂk’j0SjUyk Tl g | +4., 1 Sjoyk -y
<=y N+ (1S, 3" =S, x 1+ 8, x =y 1]
<hxf =y N+, 1S,y =S, X 418, x* —x" I+ y* —x* 1]

<1+28, )1 x =y +B,, 1 Sjoxk —xIl > 0as k — oo,

Then, using |l uf —y* <l ufo — VI =1 x*" = y* Il forevery jel,wehave
k
u;, —(1-p4, )x 1
IS,y —y" Il = | L M= —— @t =y + A= B )0 =)
| B Bes
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si[u ub =y (1= g )Ny Il]s

k.j

[u P | +(1-a)5k] 5 0as ko, (3.12)

Q=

Now we will show that §,(x)=x forall je/.Indeed, suppose that there exists i € 1

such that S,(x) # X . Since (3.12) and the Opial condition in Lemma 2.5, we have

liminf I y =% I <liminf I ¥ =S¥ <liminf[I 5 =S, N +1 53" 551 ]
Jj—o

J—oo Jj—oo

< liminf[ll YO =Sy 1y -;—cu} <liminf Il y* =X 1.

Joe Jjo®

This is a contradiction. Thus yk" —=Xxen, Fix(S;) as j—> oo,

Jjel
CONCLUSIONS
In this paper, we introduce a parallel projection method for finding a common element of
the set of solutions of the pseudomonotone equilibrium problem and the set of fixed points of

a finite system of nonexpansive mappings.We propose a weak convergent in a real Hilbert
space. We only assume that f* is monotone and satisfies the paramonotonicity property, and

not neccesary Lipschitz-type continuous.
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