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TOM TAT: Trong bai bao nay, thong qua dé rdp ciia ham mé hinh theo hé ham co sé cho
trieée, chung t6i dua ra cong thire xac dinh tham sé phi trung tdm cua théng ké kiém dinh F
cho mé hinh héi quy tuyén tinh hai pha. Tham sb nay phu thudc vao kich thude miu, va ting
theo ti s giita d6 rap va sai sé cia mé hinh. Cac két qua nay dugc sir dung dé tinh xac suét
mic sai 1am loai IT khi tién hanh kiém dinh diém chuyén cho mé hinh hdi quy tuyén tinh hai
pha. Hon nita, dya vao mot sb két qua vé su hoi tu cling nhu tde d6 hoi tu ctia A6 rap theo su
hoi tu yéu cua day thiét ké, bai bao ciing chi ra mot s6 hé qua va giéi han cta xac suat mic
sai 1am loai II.

Tiwr khoa: d6 rap, sai 14m loai I, ham md hinh, diém chuyén.

APPLICATION OF THE ROUGHNESS OF THE MODEL FUNCTION FINDING NON-CENTRAL
PARAMETERS OF F-TEST FOR TWO-PHASE LINEAR REGRESSION

ABSTRACT: In this paper, by using the roughness of the model function based on the given
basis function system, the author will present an explicit formula for the non-centrality
parameter of F-test statistic for two-phase model function. This parameter depends on the
sample size and increases with the ratio between the roughness and the error of the model.
The findings are used for calculating the hypothesis of the type II error for change-point of
two-phase model function. Furthermore, based on some findings of the convergence as well
as convergence speed of the roughness based on the weak convergence of the design
sequences. The author also points out some consequences and the limit of probability of the
type II error.

Keywords: roughness, type Il error, the model function, change-point.

1. GIOI THIEU

Nhiéu qua trinh trong thuc t tuan theo mé hinh hdi quy tuyén tinh hai pha, & d6 cac tham
s6 diéu khién mé hinh giit nguyén gia tri trong pha dau, tai mot thoi diém nao d6 né chuyén
sang gia tri khac va giit nguyén trong pha con lai. Viéc nghién ctru md hinh c6 thay di trang
thai nhu vy duoc goi 1a mé hinh diém chuyén - da duoc phat trién trong nhiéu thap ki gan day
va dugc ap dung rong ri trong nhiéu linh vure khac nhau. C6 nhiéu phuong phap di duoc dé
xudt dé xem xét liéu mot ham mo hinh c6 xay ra diém chuyén tai mot vi tri nao d6 hay khong:
phuong phap sir dung ti s6 hop 1y [1], phwong phap sir dung tiéu chuan thong tin [6], sir dung
théng ké CUSUM dé phat hién diém chuyén duoc nghién ctru béi Berkes, 1. va cong su [4]. ...
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Trong truong hop sai s6 ¢o phan bd chuan véi phuong sai hang s6, Chow, G [5] d dua
ra tidu chudn kiém dinh cho bai toan hdi quy hai pha dwa vao théng ké F - ¢6 phan bd Fisher-
Snedecon dudi gia thuyét gdc khong c6 su chuyén doi. Bé xac dinh duoc xac suat méc sai
1am loai 2 khi kiém dinh, viéc tim phan bd ciia F dudi dbi thuyét 1a mot viée can thiét. RS
rang, khi mo hinh ¢6 sy thay ddi trang thai thi ham m hinh da bi "bé gay", tirc 1a khong con
"thang, "tron" nita. Vi vy, trong muc 2, chung t6i gidi thiéu tong quan vé& do rap cua ham
md hinh theo hé ham co s& va mot s két qua vé sy hdi tu cia n6. O muc 3, 1a két qua chinh
cua bai bdo, chung t6i chi ra do rap ctia ham mo hinh theo hé ham co sé cho trudc khdng phu
thudc vao hé sb ciia pha dau ma chi phu thudc vao do 1éch hé sb giira hai pha. Tir do, chung
toi chi ra phan b6 F dudi ddi thuyét 1a phan b F phi trung tim, & d6 tham s phi trung tam
duoc biéu dién thong qua kich thuoc mau, do rdp cia ham mo hinh va phu’(yng sai cla sai sb
ngiu nhién. Trong muc nay mot s6 két qua ciing dugc dwa ra dé danh gia do tot cua thong ké
kiém dinh F dugc xay dung thong qua gidi han ciia xac sudt mic sai lam loai II.

2. TONG QUAN NGHIEN CUU
Dé xét sy chuyén ddi trang thai, ching ta xem xét ham moé hinh f(x) dugc xac dinh boi:
Bi1z1(X) +...+ Bz, (x) khi a<x<x", ,
f(x)= PP ] (1) & do6 21(X),...,2,(X) da biét
B2z (x) +...+Bopz,y(x) khi x° <x<b,

va cac tham s Bij chua biét.

Chung ta quan tim dén bai toan kiém dinh gia thuyét xem c6 su thay d6i ham mé hinh
tai diém chuyén X" da biét hay khong, tirc can kiém dinh cap gia thuyét Hy: B; =B, =P

Néu xay ra H, tirc 1 tai thoi diém k* twong tmg véi diém chuyén x*, ham mo hinh
khong con giit nguyén "dang diéu" cii ma chuyén sang "dang di¢u" moéi, tirc 1a néu xét voi hé
co ¢ {21(X),---,Zp(X)} thi ham mé hinh da bi "bé cong".

pé nghién ctru, muc d9 bi "bé cong" ciia ham mo hinh sau thoi diém k*, cac tac gia
trong [2, 3] da dé xuat khai niém "d6 rap" cia ham mé hinh va da thu duoc mot sb két qua.
D¢ tién theo doi, chiing ti st dung mot s ki hiéu: (a;;) 1a ma tran c6 phén tir a;; ¢ dong i
cot j; I,,1a ma trdn don vi cd n; A'la ma tran chuyén vi ciia ma tran A ; ||A| 1a chudn max
ciia ma tran A. Hon nita, khong gian con sinh boi dy,...,d,, dwgc ki hi¢u boi L{d,...,d,};
phép 13y tong truc tiép cua hai khong gian con bai @ ; phép chiéu truc giao 1én V boi Py ;
day hitu han {x;,...,X,} boi {X;},. P v6i ham phan bd F(x) c6 gia trén I, ki hiéu
<h,g>p= L h(x)g(x)dF(x) la tich trong ctia hai ham h, g theo d6 do dF- d6 do Lebesgue-
Stieltjes twong tng véi F(x).

Dé xap xi him f(x), x eI=[a,b] theo h¢ ham {Z;(X),...,Z,(X),X €I} tai cac diém
cho truée Xj,...,x, €I taxétmd hinh f(X;) =0z (x;)+...+ 0,z (X)) +7;, 1=1,...,n, (3)

v6i sai sO ¥; 1a xac dinh. Ki hiéu
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7;(x) 7'(x)) ay f(x;) Y1
zx)=| ... |, Z=| ... |, a=|..|, f=| ... |, v=|...
z,(x) z'(x,) o, f(x,) n
Khi d6, mé hinh (3) dwoc viét lai dudi dang f = Za+y. O day, ching ta luon gia st

n
5 , 2 ) ‘
Rank(Z)=p,nén udc luong cua o lam cho tong Z(f(xi)—z(xi)(x) nho nhat 1a
i=1

a=227y'z2t.
Pinh nghia 2.1. Udc luong cho sai s6 ciia mo hinh (3)
1 & , )
S*(Fz,{x;}y) == 2 (F(x) ~Z(x))&)

i=1
duoc goi la do rap clia ham f(x) d6i voi hé ham {7 (x),...,z, (x)} dua trén thiétké {x;},, .
Dinh nghia 2.2. Thiét ké F(x) dugc goi 1a tuong thich v6i h¢ ham {2;(X),...,z,(X),x €I}
trén I néu né co gia trén I va ma tran < Z,Z' >p=(<7;, Z; >p) kha nghich.

bpé nghjén c(rg truong hop gidi han, 9h1’1pg ta coi mdi ham phan bé c6 gia trén I va gia
d6 chtra it nhat p di€m phan biét 1a mot thiet ké trén 1.

Chung ta xét mot sb gia thiét sau.

(A1) Ham mo hinh f(x), x €1 lién tuc tirng khuc va bi chén, ton tai dao ham f "(x)
lién tuc, bi chan, trir mot sb hitu han diém.

(A2) H¢ ham 2(X),...,Z,(X), X €1 lién tyc.

(A3) Thiét ké duoc sir dung twong thich véi h¢ {Z((X),....Zy(X),x €I}.

D6i khi, chiing ta c6 thé thay (A2) boi:

(A2°) Hé cac ham Z;(X),....Zy(X), X €11a kha vi lién tyc.

Néu cac gia thiét (A1)-(A3) théoa méan thi vector tham s o lam cuc tiéu
L(f(x) - z'(x)ot)2 dF(x) duoc udc lugng boi &= ((z,2)x )_1 <z,f>p,

voi <zt >p=(<z,f>p,..,< zp,f >p) .

Dinh nghia 2.3. Véi cac gia thiét (A1)-(A3), S*(f,z,F) = L(f(x)—z'(x)d)z dF(x)

duoc goi 1a d6 rap cia ham mo hinh f(x) ddi v&i hé ham {Zl(X),...,Zp (X), Xe I} dua trén

thiét ké F(x).

Sy hoi tu cua d¢ rap dugce chi ra trong [2], va tdc d6 hoi tu dugce chi ra trong [3] thong
qua dinh 1y sau.

Pinh ly 2.4 ([2]) Véi gia thiét (A1)-(A3), dy thiét ké {G, (x)} hoi tu yéu vé thiét ké

G(x). Goi &™), @&, S*(f,2,G,), S*(f,2,G) 1a u6c lugng cta tham sé va do rép cia ham
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md hinh f(x) dya trén thiét ké G, (x), G(x) twong tmg. Gia st (dG)(D;) =0, véi Dy 1atap
diém gian doan cua f(x), khi d6

(i lim&™ =a,
n—oo

(i)  lim S*(f,z,G,) =S*(f,z,G) -

n—oo
Pinh 1y 2.5 ([3]) Gia st (A1), (A2°) va phan bé déu roi rac F,(x) co gia tai cac
diém {x;=a+(b—a)i/n, i=1,.,n} va phan b déu K, )(X) tuwong thich véi h¢

(n)

{Z)(%),.,2,(X)}. Ki hidu &, &, S?(f,2,{x;},), S*(f,z,H, ) tuong tmg la uéc

luong ciia tham sé va do rép ctia ham m hinh f(x) dya trén thiét ké {x;}, va B, (x).

Khi d6 (i) ||&™ —&||:o(l), @)
n

3 1
(i) S*(f,z{xi},)=S*(f. 2K, ) +o(;j_ (5)
Tiép tuc voi bai toan (2), khong mat tinh tong quat, ta xét ham mé hinh f(x) tai cac quan sat
x;el=[a, b],1=1,...,n va x; <x, <...< X » <x"< X5 <...<£X,, khi d6 m6 hinh dugc
viét dudi dang:
Brizi(xi) +...+Bipzp (X)) +8;, 1= 1,...,k",

Bo1z (X)) + .+ Bopzp (X)) + 8, 1= k*+1,...,n,

yi =f(x,)+8; = ©)

véi gia thiét {g;} 1a ddy cic bién ngiu nhién doc 1ap cung phan b N(0, 02) ,6d6 62 >0
chua biét. Ki hiéu

z'(xy) 2%, M| MR Bii
le .. ,Z2: N N le ,Y2: ’Bi: ,i:1,2,
Z,(Xk*) ZI(Xn) yk* Yn Bip
| K +1
i (4 (Y g
€ = , &= . 7= , Y= , €=
Z, Y, )
sk* €,

Khi d6, md hinh (7) duoc viét lai
€

Y, =ZB;+¢;, i=1,2 hay Y= ZiPr],
i iPi T &, > Yy Z2B2 e

Dé thuc hién kiém dinh, chung ta ludn gia s ma tran Z;, Z,, Z c6 du hang, tuc la
Rank(Z,;) = Rank(Z,) = Rank(Z)=p.

j=f+e. (7

2

Duéi Hy, uée lugng binh phuong nhé nht cho B=(By,.... ;)" duoc xic dinh
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fi = (Z'Z)'IZ'Y va tong binh phuong phian du twong Ung i
1 ~A\2
SSE :Z(Yi —Z'(Xi)B) .
i=1
Dudi Hy, udc lugng binh phuong nho nhét cho By, B, dwa trén k" quan sat dau va
n—k* quan sit sau dugc xéc dinh: By =(Z1Z,)'ZY,, B, =(ZrZ,) ' Z)Y,, (8)vaténg
binh phuong phan du twong tng 1a

*

k L \2 n )
SSEFZ(Yi—Z'(Xi)&) , SSE, = ) (Yi—l'(xi)ﬁz) :
i=l i=k*+1

Trong Chow, G. [5], Lehman va cong su [7], d3 chi ra dudi Ho, thong ké kiém dinh

(SSET —(SSE, +SSE2))/p . )
F= (9) c6 phan boé F(p,n—2p). Do d6, véi mirc y nghia o,
(SSE; +SSE,)/(n—-2p)

gia thuyét Hy bi bac bo néu F > (p,n—2p). (10)

3. KET QUA NGHIEN CUU
DPé danh gia bai toan kiém dinh (2), ta viét lai ham moé hinh (1) dudi dang

f(x)=Z(B, + Z()(B2 = BOL (%)

Dit 8 =P, — B, khi d6 ta vibt fB 5.+ (X) thay cho f(x) = Z(x)B; + Z(X)S.I(X* (x)
1.0,

,b]

Dinh 1y sau s& chi ra d6 rap ciia ham mé hinh f(x) khong phu thudc va hé s cua pha
diu ma chi phu thudc vao d¢ 1éch h¢ s6 giita hai pha B, — ;.

Pinh 1y 3.1 Véi gia thiét (A2)-(A3) thi Sz(fB 2B =S*(f, ..2.F) ¢ do,
1,0,X ,X

f&x* x) = fo’&x,k x)=1z (X)S'I(x*,b] (%) .

Chitng minh. Goi & va (io 1a c4c tham sb wdc luwgng lam cuc tiéu
j(f L(x)—Z'(x)o)? dF(x) va j . .(x)—z'(x)a)* dF(x)
I Blaaax I 8,X

Khi do,
2 _ L N
> (fm,s,x*’z’F)_! (£, 5.0 () =2(x)8)> dF(x)

= [(f, ()~ Z()(@-B))? dF(x)
1

z I(fa (X -Z'(x) G)* dF(x) = Sz(f8 oz F).
I ’ ,

Tuong tu, S> (fy «2z.F)2 Sz(fB NERASE tir d6 ta co diéu phai ching minh. O
, 1,0,
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Hon nira, cling bang ki hi¢u trén, tir vi€c xét bai toan ki€ém dinh di€ém chuyén cho ham

md hinh fB . ta chuyén vé bai toan kiém dinh diém chuyén cho ham mé hinh fy - Khi
1 )

X

,8,%
do, bai toan (2) tro thanh Hy: 6=0 voi H;: =0 (11)
Tiép theo, chiing t6i s& chi ra phan bd F dudi H, thong qua do rap bai dinh 1y sau.
Pinh ly 3.2. Véi gia thiét (A2)-(A3), dusi H, thdng ké kiém dinh F x4c dinh béi (12)
c6 phan bd Fisher phi trung tam F(A, p, n—2p) v6i tham s6 phi trung tam
A= nSz(f&X* ,z,{x;},)/ o2. (12)

Chirng minh. bé don gian, chung ta van ki hiéu uéc lugng hé sb cho pha dau (hé sb 0)
1a By va B 1a udc lugng hé s6 dua trén toan bo s liéu, chung ta wéc luong hé s6 cho pha sau

(hé 6 §)bsi 8. Dat W, =SSE, +SSE,, W, =SSE; —(SSE, +SSE,).
~ 112 ~112
R& rang W, = SSE, + SSE, =HY1—ZIBIH +HY2—Z28H .

A 12 * A2 *
Vi HYl—Zlﬁlu =22 (k" —p), YZ—ZZSH =% (n—k" —p) va chang doc lap

nén W, = o%y%(n—2p). Mit khéc,

B=(2Z)"'ZY=(2Z)"'Z (t+e)=(2Z) " Zf+(ZZ) ' Z'e, (13) v6i ki hicu

' ZGZSJ

D2 dang kiém tra dugc (Yl - Zlﬁl ), (Zlﬁl - Zlﬁ) + (YZ - ZZS), (ZZS - Zzﬁ) =0 nén

. 2
Y, -ZB,

Y, - 7,5

7B, -7
2,67

~112 ?
SSE; =HY—ZBH - +

ZR, -7
Do d6, W, =SSE; —(SSE, +SSE,) =| ¢ >, véi ¢ = IBJ l? .
7,678

Hon nira, tir (7), (8) va (13)
A A ’ —1 g 1 \—L 1
B, -ZB=2,ZZ) ' Ze, - Z,(ZZ) Z(f +¢)
= -7,(22)' 21+ 7,(Z;2,)  Zie, - 2,(2Z) ' Zs.
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Tuong tu,

28 —ZoB=7,8-7,(ZZ) " Tt + 2y (Z>Z,) T, —2,(Z'Z) ' Zs.
Nén

o= [ZlﬁA 1~ 4P J - [0 J ~72(2Z) ' 7' + [Plgl j ~72(22) "' Z'
2B, -7,p) \Z:d P

282
Pe _ Pe
=f—Z&+[ ™1 j—Z(Z’Z) lZ’s=£+[ %1 j—Ps.
Pe, Pg,
Véi b=f-ZacR,, vaP = Zi(Z;Zi)_lZ; ,P= Z(Z'Z)_l Z/ tuong tng l1a cac phép
chiéu tryc giao 1én khong gian con sinh béi céc cot cia ma trén Z,, 1..Vdij=l1,...p, dat
u; =(zj(xl),...,zj(xk* ),0,...,0)', v;=(0,...0,z -(xk*+1),...,z-(xn)) ,

e =uj+V;=(zj(x)),....2{(x,), j=1...,p,
Ll = L{lll,..., “p}, L2 = L{Vl,..., Vp}, L= L{el,..., ep}, K= Ll @LZ
Ta c6 L < Kneén viét dugc K=LO®L", ¢ do L1 phan bu tryc giao cua L trong K.

Tir dim(L,) = dim(L,) = dim(L) =p suy ra dim(K) = 2p, va dim(L") = p. Hon nita,

Pg ) B il oy
=P, +P )e=Pge, Z(ZZ) Ze=P,
P282 1 2

nén ¢ =L+ (Pye—Pg) =f+PLL8 :c(£+éPLlaJ.

Do d6 W, = ¢ |*= o%y? (? V4 ||2,pj, véi %* (LK) ki hiéu ciia phan bé khi binh
hwong phi trung tdm véi k bac tu do va tham sd phi trung tim . Béi vi W, W, doc lap

=W2—/p ZF(LM
W, /(n-2p) G2

nén

2
,p,n—2pj, v6i

S’ (f. ..z,{x;})
1 1 R n * 9 &y 1Sn
S 1eP= = 1f - Za |P= —2%
(¢} (¢) (e}

Tir d6 ta c6 diéu phai chimg minh. O
Nhin xét 3.3. Cong thirc (12) cho thiy tham s phi trung tim phy thudc vao do rap -

thé hién su "khéng théng" hodc "khong tron" ciia ham mo hinh theo hé ham co s¢ cho trudce.
Hon ntra, ta co

A= (Z;B-Z;B)’ - Zi{; (ZiB-Z; By’ -+, (Z B-Z; B).
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2
Thuc vdy, VP =

0 78
(Zza} -

- Hf ~Z(ZZ)'Z(f + s)H2 =@, —P)®)+ l’(8)||2

(I |z -2:8] |

Lai co,

0 7A
(Zzs)_ P

HZIﬁIHZ + HZ25 - ZstZ = H—Zl(ZiZ1)_1Z181)H2 +

2

2
s

— @, =YD +[[Pes)

2
+ HZ25 —Zy(Z5Zy) ' Z5(Z,8 + 82)” = ||P1 (81)”2 + ||P2 (“32)”2 = ||P(5)||2

nén o2 VP =||(1, - YD)’ =[[f - Z&|* =*2. ©

Tiép theo, ta dit R = sz(f8 zF)/o? va R, = Sz(fs LX)/ o?. Khi d6,
> X 5

dudi Hy, thong ké kiém dinh F ¢6 phan bd F(an, p.n-— 2p) nén tur (10) ta hoan toan tinh

dugc xéc suat mac sai 1am loai 2 tuong tng 1a
Pu(fy sz {Xi}n) = P[F(an, p,n—2p)<fy(p,n- 2p)] .

HE qui 3.4 Vi gia thiét (A2"), (A3), ta co
1
PH(fS,X* >Z5{Xi}n) = P{F(HR + ?O(l)a p,n _2pJ < f(x (psn - 2p)}> (14)

voi x; =a+(b-a)i/n, i=1,n, va R=S>(f,z,F, )/ 0.
Hon nita, néu S>(f,z,F, y))>0 thi lim Py(f,z,{x;},)=0.
’ n—»o0

Chirng minh. Tt (5),

L (EA LT I G . o(lj:mizo(lj.
(@) (0)

62 62 n n

Nén ta suy dugc ngay (14). Phan két luan con lai 1a hién nhién. O

4. KET LUAN

Bai bao dua ra khai niém vé do rap cia ham mo hinh va da chi ra dugc tinh chat
kha thu vi caa né d6i voi mé hinh hdi quy tuyén tinh hai pha: khong phu thudc vao hé
s6 cua pha dau ma chi phu thudc vao do l1éch hé sé cia hai pha. Piéu nay sé& giup viéc
tinh toan, nghién ctru d6 rap ti€n lgi hon khi cac ham md hinh dugc "phan 16p" dya trén
d6 1éch hé sb cua hai pha. Tt d6, bai bao da chi ra dugc cong thic tinh tham $b phi
trung tdm cua tiéu chuén kiém dinh F va xéac sudt méc sai 1am loai II cho bai toan kiém
dinh su ton tai diém chuyén ctia mé hinh hdi quy tuyén tinh hai pha. Cting vi mot sé
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két qua ve swhoi ty va tbc d6 hoi tu cuia do rap, bai bao cling da danh gia duoc gidi han
v€ xac suat mac sai lam loai II do6.
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