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ABSTRACT: We consider the initial boundary value problem for 2D g-Bénard equations in a
bounded domain with homogeneous Dirichlet boundary conditions. After studying the well-
posedness of the problem, one is interested in asymptotic behavior of solutions when time is large
or tends to infinity, as it allows us to understand and eventually predict the development trends of
such systems in future, then we can make the appropriate adjustments to achieve the desired
results. Specifically, for each given orbit of the system and an arbitrary time interval T, we can
find an orbit lying on the global attractor whose behavior when the time is large enough of these
two orbits is small enough in difference throughout the length T. In the paper, we study the
existence of the global attractor of the 2D g-Bénard equations. This is a compact invariant set,
which contains much information about the asymptotic behavior of solutions. Our results extend
some outcomes by T.Q. Thinh and L.T. Thuy in Hnue journal of science (2020)

Keywords: g-Bénard; global attractor; the behavior of solution; Dirichlet boundary; g-
Navier-Stokes.

SU TON TAI TAP HUT TOAN CUC CHO BAI TOAN 2D g-Bénard

TOM TAT: Chiing t6i xét bai toan bién ban dau cho phuong trinh g-Bénard 2D trong mién
bi chin véi diéu kién bién Dirichlet thuan nhat. Sau khi nghién ctru tinh dat ding cua bai toan,
ta thuong quan tdm dén dang diéu tiém can nghiém khi thoi gian tién ra vo cliing, vi n6 cho
phép ta hiéu va du doan dugc xu thé phat trién cia hé trong tuong lai, sau d6 chiing ta c6 thé
thuc hién nhitng diéu chinh phu hop dé dat duoc két qua nhu mong mudn. Cu thé, véi mdi
quy dao cho trude ctia hé va mot khoang thoi gian T tuy ¥, ta déu tim duwoc mot quy dao nam
trén tap hit toan cuc ma dang di¢u khi thoi gian du 16n cua hai quy dao nay sai khac du nho
trén mot khoang co d dai T. Trong bai béo nay, ching t6i nghién ctru sy ton tai ciia tap hut
toan cuc cua phuong trinh g-Bénard hai chidu. Tap hiit toan cuc 14 tip bat bién, chira nhidu
thong tin vé dang diéu tiém can ciia nghiém. Két qua cua ching t6i 13 md rong két qua cua
T.Q. Thinh va L.T. Thuy trong Hnue journal of science (2020.

Twr khoa: g-Bénard; tap huat toan cuc; dang diéu nghiém; bién Dirichlet, g-Navier-Stokes.

1. INTRODUCTION

Let Q be a bounded domain in R> with smooth boundary I'. We consider the
following two-dimensional (2D) autonomous g -Bénard problem
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Z—Ltl+(u-V)u—vAu+Vp=§9+f1, Qx[0,00),

V- (gu)=0,Qx[0,00),

9 - V)0-1r0-2E (Ve IO-"BE o~ 1 x[0,0),

ot g g

u=0 on (0,00)xT, (1.1
6=0 on (0,00)xT,

u(x,0) =u,(x),x €,

0(x,0)=6,(x),x € Q,

where u =u(x,t)=(u,,u,) is the unknown velocity vector, @ is the temperature,
P = p(x,1) is the unknown pressure, /f, 1s the external force function, f, is the heat source

function, v >0 is the kinematic viscosity coefficient, é: is a constant vector, k>0 is
thermal diffusivity, u, is the initial velocity and 6, is the initial temperature.

As deduced and mentioned in [8], the 2D g -Bénard problem arises naturally when we
study the standard 3D Beénard problem on thin domains ©Q_=Qx (0, g). Here, the g-Benard

problem is a binary system consisting of the g-NVS equations and the advection distributed heat
equation to model convection in the fluid. Furthermore, when g = const we get the usual Bénard
problem and when 6 = 0 we get the g-NVS equations. Below we will list some related results.
The existence, uniqueness of weak solutions and finite dimensional global attractors of
the 2D Bénard problem have been studied in [3] in the autonomous case and in [1] in the non-
autonomous case. In the three-dimensional case, the solutions are not unique and the
multivalued dynamical system generated by the problem has been studied in [5].

The 2D g-NVS equations and its relationship with the 3D NVS equations in the thin
domain Q_were introduced in [7] to derive the 2D -NVS equations from the 3D NVS

equations. Since then there has been a great deal of work devoted to the study of mathematical
questions related to these equations. In particular, the existence and long-term behavior of
solutions to the 2D -NVS equation have been extensively studied over the years, in both
autonomous and non-autonomous cases, see e.g. [2] and references therein. The existence of
cyclic time solutions of the g-NVS and g-Kelvin-Voight equations was also studied more
recently in [4].

For the 2D g -Bénard problem (1.1), in [8] Hitherto, M. Ozliik and M. Kaya considered
Boussines equations in bounded domain

Qg = {f(yl,yz,y3) eR’ :(yl,yz) 692;0<y3 < g}, where €3, is a bounded region in the
plane and g =g(y,,y,) is a smooth function defined on €, . They proved the existence and

uniqueness of weak solutions and derived upper bounds for the number of determining
modes. More recently, in [9] M. Ozliik and M. Kaya investigated the existence, uniqueness
of strong solutions, and the continuous dependence of the solutions on the viscosity parameter
for (1.1) problem in the non-autonomous case and the function g to be periodic with period

1 inthe x, and x, directions.
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The aim of this paper is to study the existence of the global attractor for the 2D g -
Bénard equations with homogeneous Dirichlet boundary conditions.

To do this, we assume that the functions f,, f,,g satisfy the following hypothesis

(F) el f[,e(Qg).
(G) g eW"*(Q) such that

3
0<m, < g(x) < M, forall x=(x,x,) £, and |V i< 7
0

b

where ¢ is the Poincaré constant on Q.

The paper is organized as follows. In Section 2, we prove the existence of a global
attractor for the continuous semigroup generated by weak solutions. In particular, the
obtained results extend and improve some previous results for the 2D Bénard problem in [3]
and the 2D g -NVS equations in [6].

2. PRELIMINARIES
Set IL(Q, g) = (L*(2, 2))* and H (Q, g) = (H.(2, g))* be endowed, respectively.
Defines function spaces
Y ={ue(C(2g):V (gu)=0},

)
H =the closure of )] in L(€2, g),

-l
V, =the closure of ) in H(€2, ),
V; = the dual space of V,
Y, ={0< (. 8)},

-yl
W, = the closure of V) in H,(Q, g),
W, = the dual space of W,

2

V:Vngg,H:ngL (Q,g).
The inner product and norm in V,,H_ are given by

(u,v), = ju-vgdx,u,ve H,

Q

2
and ((u,v)), = _[ > Vu,-Vvgdx,u,veV,,

Qi,Jj=1
and norms | u |2: (u,u)g , || u ||§= ((u,u))g . The norms |- e and || ||g are equivalent to
the usual ones in 17(Q2,g) and H! (2, g) with u and also in L*(Q,g) and H/(Q,g) with
0, respectively.
We also use |[|-||. for the normin J/, and (+,+) for duality pairing between V, and V]

The inclusions
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V,cH,=H,cV, W, c Qg c W, are valid where each space is dense in the

following one and the injections are continuous. By the Riesz representation theorem, it is
possible to write

(f,u>g =(f,u)g,erHg,VueVg.
Also, we define the orthogonal projection P, as P,: LZ(Q,g)—>H g and i)g as i)g:

L'(Qg)— W, . By taking into account the following equality,

—l(V -gVu)=—-Au- l(Vg -Vu,
g g

we define the g -Laplace operator and g -Stokes operator as —A u = —l(V- 2Vu)
g

and 4,u = P,[-A u], respectively. For the g -Stokes operator A, , the followings hold (see
[3D):

(1) The g-Stokes operator A, is a positive, self-adjoint operator with compact
inverse, where the domain of 4, is D(Ag) = Vg NH’ (Qg).
(2) There exist countable eigenvalues of A satisfying

0<A, SASHSAS...

cm,

where 2, > and /, is the smallest eigenvalue of A, - In addition, there exists the

0

corresponding collection of eigenfunctions {w,},,, forms an orthonormal basis for .

Since the operators 4, and P, are self-adjoint, using integration by parts we have
1
(Au,uy, = (Pg[—g(v-gV)u],wg = IQ (Vu-Vu)gdx =(Vu,Vu),.

. V2, _ |

Therefore, for 1 €V, we can write | 4, “u[,=| Vul, =l ull,.

Next, since the functional

TeW,—>(VO,Vr), eR

is a continuous linear mapping on }¥, , we can define a continuous linear mapping ;lg
on ¥, such that V7 €W, .(4,0,7), =(VO,V7),, forall O ,.

Let us define the bilinear operator 4:V — V" by

<Az,§>w, =v <Agu,ﬁ> + }/K‘<Ag(9, l9>,

where z = (1,0),%2 = (i1,0) € H and y is defined so that it satisfies

7/2 2’ | §|Zoo (1_ 2 | Vg1|oc )—1. (21)
v moj'lE
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This constant 7 is chosen so that an operator to be defined later (related to the linear
part of the system of equations) is coercive under the norm defined above. We have

(dz,z), , =vIul® +pcl 617 . (2.2)

We denote the bilinear operator B, (u,v) = P,[(u-V)v] and the trilinear form

b, (u,v,w) = Zjuiwgdx

Py OX,

where u,v,w lie in appropriate subspaces of L’(Q,g). Then, one obtains
bg (u,v,w)= —bg (u,w,v), which implies that bg (u,v,v)=0.

Similarly, for u €V, and 0,z € W, we define Bg (u,0)= 138,[(% -V)0] and

b, (u,0,7)= ZI H(X)r()dx

i,j=1 /

We denote B(z) = B(z,z), its associated bilinear operator B:V xV —V' by
b(z,%,2) =(B(z,2),2) =b,(u,i,@) +75,(6,0.,0),

where z = (u,0), % = (i1,0), 2 = (it,0),e H and we have [3]
b(z,2,2)=(B(z,%),2)=0. (2.3)

We denote the operators C,u = Pg[é (Vg- V)u] and (249 = lz[é (Vg -V)¢9] such that

\Y ~ Y
(Cou,v), = b, (~,u,),(C,0,7), =b,(~5,6,7).
g g
We define the associated linear operator R:V — V' by
(Rz,2) = vbg(E,u,a) + yxég(ﬁ,é, 0)— (&0, i)
g g
where z = (u,0),% = (ii,0) € H, and

(Rz,2)=vb, (8 )+ b, (V5.,60,0)~ (£6.u)
g g

<v +yK

+[(50,u)

Vg
bg (_ ,U,T/l)
g

~ Vg
5,Y8 0,0)
g

Vgl 2 2 |‘§|oo
<= (vl +ycl 017 )+ % monul,

1/2
0

<(from 2.1)

< VgL, (V I ullz, +yx 9||2,)+(7//<)”2 e, vl ull,

- moﬂjl/Z

< (by the Holder inequality)
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m,

Vv 1
S(' 81|2 +§)(v I ullz +yx |l 6’||z,). 2.4)

Besides, Dg@ = f’g[E @] such that
g

~ - Vg - Vg
(D,0,7), = —bg(?,a, r)—bg(?,r, 0).

The system of equations (1.1) is rewritten as an abstract evolution equation

%+Bg(u,u)+vAgu+VCgu =80+ 1,

do - . >
E+Bg(u,9)+KAgH—KCg9—KDg9 =/ (2.5)
u(O) =U,,

0(0) =6,

3. EXISTENCE OF A GLOBAL ATTRACTOR

From now on, we assume that f; e H, and f, e I’(Q, g) are time-independent. Then
Theorem (3.1) in [10] allows us to define a continuous semigroup

S(0):H, xI}(Q,g) > H, xI}(Q,g)

associated to problem (1.1) by the formula S(¢)z, = z(¢) = (u(¢), 6(1)),

where z(-) is the unique global weak solution of (1.1) with the initial datum
eH=H, xI*(Q, 2).

The aim of this section is to prove the following theorem.

Theorem 3.1. Assume that (F), (G) hold. Then the semigroup S(¢) has a global
attractor A, in the space H .

Proof. To prove this theorem, by the classical abstract results on existence of global
attractors, we need to show that the semigroup S(z) has a bounded absorbing set B, in H and

S(t) is asymptotically compact in H.
An absorbing set in Hg x I (Q, g).

Multiplying the first equation of (1.1) by u and the second equation by @, we get

1d \Y
EEW |z, +villu IIz, +vbg(?g,u,u)=(§6’,u)g +(fiu),,

1d -V
5?9@ +xll o2 +Kbg(?g,9,9)=(f2,0)g.

By using properties of the trilinear form 5, and b , the Cauchy-Schwarz and the
Young inequalities, we see that
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AM, | &1 4 2v|vgl.

d .
—|ulf wvllul’< 0 Py 2y,
dt| |g g cmo | | ﬂ'l |fi|g mg | |g
d 2 2x|V,
SR +xl 01 <= | £, + Mw
a ) :
so that (1.2), |l ullz,Zﬂ.1 |u|z and force

2M V 2M V 4M

cmy cmy cm,

We get the inequalities

d 2 ' 2 ¢ 2 4 )
G|V Ts D10 A G
d , 2

CIOE +x 101 = | £, B2)

Using |l ullz,zﬂ1 |u |§ , we have

d 2 ' 2 ¢ 2 4 2
E|u|‘g +vﬂl|u|gs ;|«9|g +Z|fl|g’ (3.3)

d , 2

Elﬁlﬁ +KA Iﬁlzéalfz F- G4
Applying the Gronwall inequality for (3.4), we obtain
s

2 2 -«
10, <16, [, e Klt+/<l<'ﬂ12

=2 3
Set R, =— |/, ;> Wheret—>oothen|(9|£

2

I

Applying the Gronwall inequality once again for (3.3) and |0 |§,§ ﬁj , we get
rq p? 2
7W+C/11RL: +4| /)1, ‘
wWA
CARE+4I A
WA
An absorbing setin J/, <7, .

2 2
lul,Sul, e

Set R, =2( J,where t —>oo then |uP< R,

From (1.1), multiplying the first equation by A u and the second by /~1g19 , we obtain

1d
EE" ull2 +v] 4, u| +vb ( p u,Agu)+bg(u,u,Agu):(.f@,Agu)g+(f1,Agu)g,

1d . -
o ||19||2+K|A O +xb,( g,A99)+bg(u,9,Ag6’)=(f2,Ag0)g.
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By using properties of the trilinear form b, an b~g , the Cauchy-Schwarz and Young

inequalities, we see that

d C 4|Vglw 41EL 4
EllullZ+v|Agu|2S7|u|2llullz +( — |§+%|6|§+;|f1|§),

0

4|1V
| '|e| —Ileﬁ,)-

d
;uew x| 4,0 <—|u| Il ||9||2+(
Using | 4,u |22/7.1||u||z,,we have

d C
SNl A NS S u Rl K, (3.5)

d C
E” Bllz +x4, 9||§SF|M|§II ullzll GIIE +K,, (3.6)
where

4Wg\w 4!6!1 2 4 e AIVE 0 4 0
K=—7"% : uly + T|9|g+;|fllg, K, = Kkm? st bl
Integrating (3.1) from ¢ to #+1, we obtain
e+ )+ [ ||u(s)||2ds—— R+ |u(t) [} +—|f1|

S—Rj:-l-Rﬁ. +—|f1|§,
14 1%

t+1
wehavev'juu(s)u;dss j+RH+ AL

t

From (3.5), by the uniform Gronwall inequality with

y() =l ullz,,a(t)zv—c;w |§|I ull®, b(t)=K,,

we obtain Il u ||2gé R .
Integrating (3.2) from ¢ to #+1, we obtain

0+ 2 +x'[ “locs)12ds <o) P EY 2
K

-~

- —Iflg,
t+1
')

2l
wehaveKIIIH(s)ll ds<R,+=|f,].
K

i
From (3.6), by the uniform Gronwall inequality with

C
y(t) =l 9||§,, a(t) == | u |§|| u IIE,b(z‘) =K,,

. 2 2
we obtain Il @1 SRy
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The existence of an bounded absorbing set in V, xW, and the compactness of the

embeddings V; & H, and Wy & L"2(Q, g) implies the existence of a global attractor A in

4. CONCLUSION

We have shown the existence of a global attractor for the g-Bénard problem. The result
of this paper is a development, complementing the results in [10]. In particular, the
computational techniques we use can be applied to other classes of equation systems such as:
Boussinesq and MHD.
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