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TOM TAT: Ly thuyét ndi suy tong quat khong nhim muyc dich mé ta dac diém cua tit ca cac
khong gian ndi suy gitra X va Y ma dé xay dung cic ho khong gian ndi suy phu hop va nghién
clru cac tinh chit ciia chiing. Ly thuyét ndi suy c¢6 nhiéu tng dung hay. Chung t6i s& quan tim
cac g dung cua cAc toan tir vi phan timg phan va cic phuong trinh vi phan timg phan, dong
thoi dé cap dén cac ung dung cho céac linh vuc khac. Dac biét, chiing t6i s€ dua ra nhiing
chimg minh vé& cac két qua chinh quy t6i wu trong khong gian Sobolev cho cac phuong trinh
vi phan Parabolic.

Tiur khéa: Khong gian ndi suy, nira nhém giai tich, phuong trinh Parabolic.

INTERPOLATION SPACES AND ANALYTIC SEMIGROUPS

ABSTRACT: General interpolation theory does not aim to characterize all interpolation
spaces between X and Y but to construct suitable families of interpolation spaces and study
their properties. Interpolation theory has many interesting applications. The authors are
interested in the applications of partial differential operators and partial differential equations;
they also mention the applications to other fields. In particular, they give proofs about the
optimal regularization results in Sobolev spaces for Parabolic differential equations.

Key words: Interpolation space, analytic semigroup, Parabolic equation.

1. GIOI THIEU

Chung ta s& viét cac phuong trinh Parabolic duéi dang phuong trinh tién héa trong
khong gian Banach thich hop. Dé 1 rang, chung ta xét bai toan va chung ta hay thiét lap cac
ham Banach thich hop trong khong gian ndi suy X. Sau khi phat biéu cac két qua vé su ton
tai cuc bd va tinh duy nhat, chung ta s€ thay mot s tiéu chuin vé sy ton tai trong cai lon. Nhu
trong truong hop cia cac phuong trinh vi phan thong thuong, néi chung nghiém 1a chi dugc
xac dinh trong mot khoang thoi gian nhé [0, T]. Van dé ton tai trong cai 16n 1a dic biét quan
tam dén cac phuong trinh dén tir cic mo hinh toan hoc trong vat ly, sinh hoc, hoéa hoc, v.v.,
noi ma su ton tai & quy mé 16n duge mong doi. Mot sé diéu kién du dé sy ton tai trong cai
16n s& dugc dua ra.

2. TONG QUAN NGHIEN CUU

Xét phuong trinh dudi dang triru tugng trong cac khong gian ham téng quat cho phép
st dung nhiing phuforng phap méi dya trén nhitng phat trién gan day cua toan hoc nhu khai
niém nghiém du tot, khong gian ndi suy, dinh 1y ndi suy, ... dé tim hiéu nhimg vin dé mang
tinh ban chat ciia nghiém phuong trinh dé.
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Bai toan tim nghiém bi chin trong céac mién khong bi chan va chung minh sy on dinh
clia nghiém 14 bai toan thoi sy va mang dén nhiéu ing dung trong céc van dé vé ludng thuy
khi qua cac vét can dimg yén hay quay tron nhu 1a Tuabin hay canh quat. V&i mot sé két qua
nén mong ban dau [1,2,3,4], chung toi s€ phat trién va hoan thién cac két qua ve tinh bi chan,
6n dinh, hau tuan hoan cua nghiém cac phuong trinh tién hoa trong cac khong gian ndi suy
dé nhan duogc cac két qua tong quat va ung dung vao cac phuong trinh cu thé cia dong luc
hoc thuy khi. Viéc nghién ctru va danh gia sy tdn tai cia cac nghiém bi chan va tinh 6n dinh
ctia nghiém ctia cic phuong trinh tién hoa tong quat trong cac khong gian noi suy 1a rat quan
trong. Cung vai do6 1a két hop nhiing phuong phép toan hoc hién dai dugc ua chudng trén thé
giéi nhur 1a 1y thuyét phd cuia toan tir dao ham riéng, 1y thuyét nira nhom lién tyc manh, ly
thuyét cac khong gian va ham tr ndi suy, vv...

3. TINH CHINH QUY TRONG PHUONG TRiNH PARABOLIC TRUU TUQNG

Dinh nghia 1.1. Cho § e (0,71-], ta dinh nghia quat nhu sau:

5, ={AeC:largA|< 5]\ {0}

Dinh nghia 1.2. Mot ho todn tue (T(t)) o C L(X) duwoc goi la nita nhom néu

i) T(0)=Td;

ii) T(t+s)=T()1(s) Vt,s e [0,00)

Néu thém limT(t)x =x véi méi X€ X, ta goi (T(t)) la mira nhém lién tuc manh

1—0 0

hay C, —nita nhom.
Dinh nghia 1.3. Cho X la khong gian Banach va g (0 Zj. Nva nhom
)
(T(t)) , < L(X) dwoc goi la nika nhém gidi tich b chan véi gée 0 néu c6 mé rong gidi
[

tich bi chan cua T lén 3, v&i moi 0'6(0,9).

14

<M,
LX) voi moi ¢ € [0, 1]. Do 4 1a toan

Hte’AH <M
L(X)

Cho M,, M, 1a hai hing s6 théa man:

1

tir quat, toan tir (4 — Jw) md ta khong gian néi suy (X, DA™, p .
Ménh dé 1.1. Cho0 <0< 1,1<p<owtacé:

(X,D(A))e’p = {x eX:p(t)=1" HAe’AxH el! (O,l)} va  chuan ||.||(X~D(A))

x> x|+ (o) 18 womg duong.
Ménh dé1.2. Cho0<0<1,1<p<otaco:
(X,D(A’” ))6 = {x eX:g,(t)=t""" ||A"’e”‘x|| el? (0,1)} va chuén ||||(X ) va
P ’ 0.p
X ||xH + | ®, (o) la twrong duong.

Trong phan nay ta str dung Iy thuyét noi suy dé kiém tra chic chin rang toan tir 1a quat
trong khong gian ham thich hgp.
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Dinh Iy 2.1. Cho Y la khéng gian ndi suy bdt ki gita X va D(A). Khi @6 phan ciia A
trong Y la toan ti:

A, :D(A4,) Y, D(A4,)={yeD(A): Ay €Y}, A,y = Ay la toan ti quat trong Y.

Cu thé, YO € (0, 1), 1 < p < oo, cdc phan ciia A trong D4(6, p), DA(6), [X, D(A)]g la
toan tir quat.

Twong tir, Vk € N, phan ciia A trong D40 + k, p) I todn tir quat trong D (0 + k, p)

Dinh 1y sau st dung dinh 1y ndi suy Stein dé chimg minh sy sinh ra cia nira nhom giai
tich trong khong gian L”

Pinh Iy 2.2. Cho (Q, u) la o —khong gian dg do, va cho

T@):I? (Q) + L (Q) - (Q) + L (Q)

la nira nhém sao cho han ché ciia né t6i [ (Q) la nita nhom gidi tich bi chan trong
I? (Q)vd han ché cua no toi [~ (Q) la nita nhom bi chan trong [* (Q)

Khi d6 han ché ciia T(1) t6i 17 (Q) la nira nhom gidi tich bi chan trong

L' (Q)Vp e(2,+x).

Sau day ta xét tinh chinh quy cho phuong trinh Parabolic

Cé dinh T >0, dat tap

M, = sup ||t"Ake’A

0<r<T+1

soy- keNW{0} G vacho are(0,1)

M, , = sup ||t"‘“Ake’A

0<t<T+1

keNU{01(32)

L(D(a,0),X)’

Cho f: [O,T] — X ,u, € X . Xét phuong trinh Parabolic triru twong:
u'(t)=Au(t)+ f (1), 0<t<T(3'3)
u(0)=u,

Trong phan nay ching t6i c6 két qua vé tinh chinh quy t6i wu cho phuong trinh (3.3)
lién quan dén khong gian ndi suy D ,(0,p)-

DPinh nghia 3.1. Cho T > O,f:[O,T] — X la ham lién tuc va cho u, € X . Khi do:

i) Ham ueC'([0,T],X)NC([0,T],D(A4)) goi la nghiém chit cia phuong trink
(3.3) trong [O,T] néu u'(t)= Au(t)+ f(¢t) voi moi te[O,T].

ii) Ham ue Cl([O,T],X)ﬁC([O,T],D(A))ﬂC([O,T],X) goi la nghiém cé dién
ciia phirong trinh (3.3) rong [0,T] néu u'(t)= Au(t)+ £ () véi mdi ¢ €[0,T],u(0)=u,-

Tu dinh nghia 3.1, phuong trinh (3.3) c6 nghiém chat thi

U, € D(A),AuO +f(0) € m (3.4
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Va ¢6 nghiém c6 dién thi u, € D(4) (3.5)
Hon nita, nghiém chat ciing 1a nghiém cd dién.

Mé¢nh @ 3.2. Cho f € C([0,T],X),u, € D(A). Néu u la nghiém c6 dién ciia (3.3)

thi né dwge cho béi cong thire bién thién hang so
u(t)=u, + [V f (s)ds; 01 <7 (G6)
Chirng minh. Coho u 1a nghiém ¢6 dién cua (3.3) trong [0,7] va £ €[0,7]-
T ueC'([0,7],X)NC([0,7].D(4))nC([0.T], X)
dodo u(t)eD(4),0<1<T
Ham v(s)=¢""u(s);0< s <t thuge C'([0,7],X)NC([0,T],X)
va v(0)=euyv(t) =u(t),v'(s) = —4e"Mu(s) + " u'(s) = (5),0< s <t

11—
Khi do, cho g <2z <z,v(1-¢)-v(g)= _[e(H)Af(S)dS

t

Vi vay, cho & = 0 ta nhan dugc v(t)—v(0)= J-e(H)Af(s)ds

0

M¢gnh @é 3.3. Cho f € L”([0,T],X).

Khidé Yo e(O,l),u eC” ([O,T],X)HC([O,T],DA ((Z,l)) va ton tai hang so C doc
lap voi fsao cho ||v||C"“([0,T],DA(a,1)) < C”f 3.7

([o.7}x)
Chitng minh. Ap dung (3.1) véi k =0,y thoa man
t
(o)< M, [|17 (s)ds < M, T £],;0<e<T B-8)
0
bi chin trong (0, T] , boi phép ndi suy, c6 K, > 0 sao

T[], ., va [e”|

L(X) L(X,D(4))

cho |[¢“

<K, t*0<t<T
L(X,Dy(a)1)) ol

Tuong ty, tr K |e“

: va Ht2AetA

bi chin trong [O,T], béi phép noi suy, co
L(X L(X,D(4))

K, , >0 sao cho

|| ‘A|| <K, t°0<t<T
L(X,Dy(a.1) a

t—s)A

Vi thé, S e(

eLl(O,t) Vte [O,T]

L(X,D,(a.l))

Khid6 v(t)e D,(a,1) Vae(0,1) va

56 | TRUONG DAI HOC HAI PHONG



[+ (2)

Hon nita, véi 0<s<t<T co:

(<K, (1=a) T f ,3.9)

Dy(a.l *([o,r].x

N

v(t)-v(s)= J.e(tfa)A - e(H’)Af(G)dG + Jt'e(tfa)Af(O')dO'

= jdo-T Ae™ f(o)o + je(t_a)Af(G)dG

Co nghia la

[v(£)-v(s)

< Klgaj.da J. Tdr|f]|, + KO’aJ.(t —o) “do|f],
0 K

S—0

Dy(a,l)

K K l-a
La 0a |y 3.10
S(a(l_a)+l_aJ(t 5|1/, G-10)

Vivay v la (1 — a) —lién tuc Holder véi gia tri trong D, (a,l) .
Dénh gi4 (3.7) suy ra tir (3.9). (3.10).
B6dé3.4.Cho f eC([0,T],.X),u, € D(A)u ld nghiém dii 16t ciia phueong trinh (3.3).

Cdc diéu kién sau la twong dirong:
i) ueC([0,7],D(4))
i) ueC'([0,7].X)

iii) u la nghiém cé dién ciia phiong trinh (3.3).

Hon nita, cac diéu kién sau la trong dwong
) ueC([0,7],D(4))

i) ueC' ([O,T],X)

iii) u la nghiém chat cua phwong trinh (3.3).

Chung t6i ¢6 két qua sau cho tinh chinh quy cta phwong trinh (3.3)
Cho u I nghiém du tt cia phuong trinh (3.3), u = u, +u,, 6do:

w(0)= [ (F ()= £(0))dss 0<i<T

t
uy (¢)=e"uy + J.e(t_‘Y)Af(s)ds; 0<t<T

0
Dinh Iy 3.5. Cho O0<a <1, feC” ([O,T],X),uO e X,u la nghiém di tot ciia phirong
trinh (3.3). Kni a6 ue C*([&,T],D(4))nC**([&,T],X), Vee(0,T) va:

(3.11)
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i) Néu uy € D(A) thi u la nghiém c6 dién ciia phwong trinh (3.3).
ii) Néu u, eD(A)vd Au, +f(0) 1= D(A) thi u la nghiém chat ciia phwong trinh (3.3)
va ton tai hdng 56 Csao cho "u”Cl([o,T],X) + "u”C([O,T],D(A)) < C(”f”C“([O,T],X) + ”uO”D(A)) (3'12)

iii) Néu u, eD(A)vd Au, +f(0) eDA(a,oo) thi u’ va Au thuéc vao C* ([O,T],X),
u’ thugc vao B([O,T],DA (O[,OO)) va ton tai hang sé C sao cho

||u| c*([o.1].x) + ”u '”B([O,T],DA(a,oc))

< (I ol +Hlo + 1 O, )

Chitng minh. Tir b dé (3.4) dé ching minh i), ii) dia dé chi ra u thudc vao
C((O,T],D(A)) trong truong hop u, ETA) va thudc vao C((O,T],D(A)) trong truong
hop u, e D(A)va Au,+ f(0)eD,(a,=)-

Tir ménh dé 3.3 ta nhan duoc u € C* ([E,T],X),Vé‘ E(O,T) Va Ul E C([O,T],X) néu

Au

l+a + |
il (3.13)

u, € (A) Vi vay ta chi nghién ctru Au .

Cho u;,u, dinh nghia boi 3.11. Khi do u, (1) € D(A),t <0,u, (t) e D(A),t<0va

t

i)Aul(t):J.Ae(H)A(f(S)_f(t))ds’ OStST(3'14)

0
ii) Au, (t) = Ae"u, + (" =1) £ (t), 0<t<T
Néu u, € D(A) thi (3.14.ii) cling ding cho =0
Ta chira Au, lién tuc Holder trong [(),T] . That vay:
Cho 0<s<t<T:

N

Au, (1) Au,(s)= IA(e(H’)A —e(sf")A)(f(O')—f(s))dO' +(e’A —e(H)A)(f(s)—f(t))

+jAe(H’)A(f(0')—f(t))d0'

t-o

Vi vay, tur A(e(t_a)A —e(H’)A) = I Aedr

"Au1 (t)— Au, (s)" < Mz_:[(s - a)atfz'zdz'da[f]ca +2M,(t-s)" [f]ca + Mlj(t - 0')‘H dO'[f]Ca

e

Ssz‘dO'tJ‘ r’zdr[f]cu -i—(ZM0 +M1a’1)(t—s)a [f]cu

§—0
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M M P
< 2 2M, +— |(t— (3.15)
e M- L

Do d6 Au, 1a o — lién tuc Holder trong [0, T]. Hon nita, Au, 12 o — lién tyc Holder
trong [, 7] Tix do, néu u, € D(A) thi ue C((0,7],X) va AueC((0,T],X). Vi vay, boi

ménh d¢ (3.4), u 1a nghiém c6 dién cta phuong trinh (3.3). Nhu vay, i) da dugc chimg minh.
Néu u, ED(A) ta cod

Auy(t)=e"(Auy,+ f(0))+€"(f (1) -/ (0))- f(1); 0<£<T (3.16)

Vi vay, néu Au, + f(O)eD(A) thi Au, cling lién tyc tai =0, do d6 i) da duoc
chiing minh.

Trong truong hop Ax+f(0)eD(a oo) ttr (3.16) v6i 0< 5 <t <T ta nhan dugc
[ u (£) = Au (s)] < (¢ = ) (uy + £ (0)] + (e = )(£ (5)+ £ 0))|+ € (£ ()~ £ (s))

I |47,
SR a0 W Y YRR (N FARCRL

Vivay Au, cling lién tuc Holder va c6 danh gia

d0'||AuO +f( ) +s“

L(Dy(a.x), D (a,) GAdO_HL(X) [f]c“

N

”u”c‘*” ([0.1].x) +||Au||c" ([0.7].x) _C(”Au” “([o.r].x +||u0|| +||Au0+f(0)

Ta danh gia ||u (¢)

DA(a’OO))
.Cho 0<t<T,boi (3.14) ta co:

D(a,»)

u'(t)=_(|;Ae(H)A (f(s)—f(t))ds +e’A(Au0 +f(0))+e’A (£ (1)-r(0)
Vivay, cho 0<£<1
H§l"”Ae§Au'(t)H

+H§1 “ e (Auy+ £(0 H

< fl‘“jAze(t+§_S)A (f(s) f( ds

51 aAe(t+§ H
‘

Sszl_aJ‘(t—S)a(t'Ff ) dS[f +M [Aqurf( )]

DA(u,oo)
0

+ME(t+ &) [ f]
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< Mz]go-a (o+1)" do [ f]. +M,[ Au, +f(0):|D oy F M, [/] (3.18)

Do do ||u'(t) bi chdn trong [O,T].

D(e,)
Dinh Iy 3.6. Cho 0<a<l,feC([0,T],X)nB([0.7],D,(a.))ueX,u ia

nghiém i tot ciia phirong trinh (3.3). Khi dé
ueC'([0,7],X)nC([0,T],D(4)),ueB([&,T].D,(a+1x))Vee(0,T)

va:
i) Néu U, € D(A) thi u la nghiém cé dién ciia phwong trinh (3.3).

ii) Néu u, e D( A)va Auy € D(A) thiu la nghiém chat cia phuong trinh (3.3).
i) Néu u, € D, (e +1,00) thi u’ va Au thuge vao C([0,7],X) N B([0,T], D, (e, %)),
Au thuée vao C* ([O,T ],X ) va ton tai hang sé C sao cho

y +l4ullyg y * 14wl

||u '”B([O,T],DA(a,oo

S (17—
Chirng minh. Chiing minh ham v 1a nghiém chat cua
V()= Av(t)+ f(t), 0<¢<T,v(0)=0(3.20)

Va hon nita, v’, Av thudc vao B([O,T],DA (a,oo)), Av thudce vao C* ([O,T],X) va co

C sao cho

0.7].D,(a. [0.1]x

)3.19)

D (a+l,0) )

||V'||B([0,T],DA(a,oo)) + ||AV||B([0,T],DA(a,oo)) + ”AV”c

(119 321y
<CU o ryo,00y
Cho 0, v(?) thudc vao D(A4) va:
’ - T°M,,
vl < Mo [ =5) " A g,y =N ) B2

0
Hon nira, cho 0<£ <1

J’Aze(t+§—s)Af(s)ds

0

Hfl_“Ae"tAAv(t)H <xi™*

<M & [t =5)" (t+ 5 =) s o
0

T°M

<
-
Vi vy Av bi chdn véi gia tri trong D, (a,oo) . Ta chi ra Av lién tuc Holder véi gia tri

2.a

1 lsorso o G2

trong X.
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Cho 0<s<t<T, taco:

||Av(t)— Av(s)” < Aj‘A(e(HT)A - e(‘Y_”)A)f(O')dG +

Aje(t'”)Af(G)da

t-o t

< M2,a Ido— I Ta_zdr"f”B([O,T],DA(a,oc)) + Ml,aJ.(T - G)OH do-"f”B([O,T],DA(a,W))
0

s—0 s

MZ,a Ml,a

3.24
- (1-a)a " a(t—s)" ||f||B(IO»T],DA(a>°°))( )

Vivéy Avla o — lién tuc Holder trong /0,T]. Udc lugng (3.21) suy ra tir (3.22), (3.23),
(3.24).

Hon nita, tir B6 dé 3.4 ta ¢6 v 1a nghiém chit cua (3.20).

Ta xétham ¢+ "y, -
Néu u, € (A),t - emuo la nghiém c6 dién cia o' = Aw,t > O,a)(O) =,

Néu u, € D(A),Au0 IS D(A) thi nd 1a nghiém chat. Néu xeD, (a+1,oo) thi nd 1a
nghiém chit, hon nita n6 thudc vao B([O,T],DA (0! + l,oo)) NC* ([O,T],D(A)).

Tir d6 ta c6 diéu phai chimg minh.

4. KET LUAN

Trong bai bao nay, ching t6i ap dung cac két qua dat dugc vé nira nhém bi chin cia
phuong trinh tién hoa trong khong gian ndi suy. Cac két qua dé da dugc ting dung cho tinh
chinh quy cho phuong trinh Parabolic.
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