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TOM TAT: Trong bai bao nay, toi d& xuét va chirng minh su hoi tu cho mot thuat toan
N

moi dé giai bai toan bat ding thirc bién phan trén tap diém bat dong Q = ﬂFix(Si) cua
i=1

cacanhxa: S, :H —>H, i=1,2,...,N, N eN,v6i H lakhong gian Hilbert thyc. Két qua
chinh ciia bai bao 1a sy nghién ctru mé rong giai bai toan bat dang thire bién phan trén
tap O, mot tap an, khong duge biét trude, day 1a mot yéu td gay kho khan khi xiy dung
thuét toan gidi. Tuy vay, nghiém cua bai toan trén vua la nghiém cta bai toan bat dang
thirc bién phan ddng thoi la diém bat dong chung ciia cac dnh xa S,i=1,2,...,N , do d6
thuat toan &p dung dugc cho ca hai bai toan: bai toan bat déng thirc bién phan va bai
toan tim diém bét dong. Piém méi cia thuat toan 1a chi st dung k¥ thuat tinh todn dang
hién, khong can str dung phép chiéu va két qua hoi tu manh tdi da chirng minh trong bai
bao.

Tir khoéa: Bdt dang thire bién phdn, Tdp diém bat déng, Tinh todn song song, Qudn tinh.

A NEW ALGORITHM TO SOLVE VARIATIONAL INEQUALITY
PROBLEMS ON THE FIXED POINT SET

ABSTRACT: In this paper, I propose and prove the convergence of a new algorithm to solve

N
the variational inequality problem on the fixed point set Q = ﬂF ix(S,), of the mappings
i=1

S,;:H—>H, i=12,.,N, NeN, where H is the real Hilbert space. The main result of

this article is the extended study of solving the variational inequality problem on Q, a hidden
set, not known in advance, this is a factor causing difficulties when building a solution
algorithm. However, the solution set of the above problem is both the solution of the
variational inequality problem and the common fixed point of the mappings S.,i=1,2,....N

. Therefore, the algorithm is applicable to both problems: the variational inequality problem
and the problem of finding fixed points. The new point of the algorithm is that it only uses
explicit calculation techniques, does not need to use projection, and strong convergence
results I have proven in the article.

Keywords: Variational inequalities, Fixed point sets, Parallel computing, Inertial.
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1. GIOI THIEU:

Cho C 1a tap con 16i, dong, khac rdng trong khong gian Hilbert thuc H . Anh xa
F:C —H duge goi la anh xa gia. Bai toan bat ding thirc bién phan ky hiéu la VI (C,F)
duoc dinh nghia nhu sau:

Tim x € C sao cho <F(x*),x—x*>20 VxeC.(l.1)

Bai toan bt dang thirc bién phan 1an dau tién dugc gidi thidu boi Stampacchia va
cong su [7] vao nam 1966 khi nghién ciru cc diéu kién bién ctia phuong trinh dao ham
riéng, sau d6 dugc cac nha khoa hoc nghién ctru theo hai hudng chinh: Hudng nghién
ctru cac diéu kién ton tai nghiém va hudng dé xuat cac thuat toan giai. Ban dau, bat
ding thirc bién phan duogc coi nhu mot cong cu dé nghién ctru bai toan can bang, va
ngay nay di trd thanh mot nhanh nghién ctru riéng biét vi tinh tng dung thyuc té cao
[1,2,4,5,8], boi nd bao gdm cac 16p bai toan: Bai toan tdi wu, bai toan diém bat dong,
bai toan bu phi tuyén,...

Trong thoi gian gan ddy, mot s6 nghién ctru méi da mo rong giai bai toan bat dang thirc
bién phan trén tip rang budc 4n, chung ta thay C boi tap diém bat dong cia mot ho cac anh
xa khong gidn hodc nira co, ta dugc bai toan mdi 13 bdi todn bit ding thirc bién phén trén
tdp diém bdt dong [12], ky hiéu VIF(Q, F):

Tim x" eQ sao cho <F(x*),x—x*>zo VreQ.(12)

O day, QzﬁFix(Si), Fix(Si)={er: Sl,(x)=x} ,S.,i=12,..,N la cc anh
i=1

xa khong gidn hodc tya co.

Bai toan VIF(Q, F) di c6 rat nhiéu ing dung thyuc t& nhu: M hinh xir Iy anh, mé hinh
t6i vu mang truyén thong, mé hinh cin bang mang giao thong,... [4,5,8,14]. Huéng nghién
clru céc thuat giai cho bai toan VIF(Q, F) 1a tuong ddi khé khan vi tap diém bat dong Q 1a
tap an, ta khépg thé thyre hién phép chiéu théng t’hu'(‘mg [1]1én Q & tim 16 giai cho bai toan
(1.2), doﬂ d6 can ket hop céac k¥ thuat tinh toan xap xi [8], lai ghép [6,11], tinh todn song song
[3],... dé dua ra phuong phap giai moi.

2. TONG QUAN NGHIEN CUU

Dé giai bai toan VIF(Q, F), dau tién ta phai nhic dén cong trinh clia Yamada [12], tac
gia da str dung thuat toan lai ghép dudong ddc va chimg minh sy hoi tu manh cua diy lap vé
nghiém duy nhat ctia bai toan bat dang thirc bién phan trén tap diém bat dong VIF(Q, F). Ké
thira cac két qua ciia Yamada, Ding [6] nam 2007 d& d& xuét thuat toan ba budc néi long dé
gidi bai toan VIF(Q, F) va ching minh sy hdi tu manh cua day 1ap. Tiép dé6 nam 2008, Yen
Cherng Lin [13] da dé xudt va ching minh sy hdi tu manh cia day lap sinh boi thuét toan lai
ghép do6 ddc giam dan, ap dung cho bai toan nay ...

Céc lfét qua cua bai toan bat ’déng thirc bién phén trén tap diém bat dong da duoc tmg
dung vao rat nhiéu moé hinh thyc t€, chang han nhu mé hinh xt 1y anh [5], nhém tac gia da
khoi phuc n}ét buc anh duqc lam mo Gau§sian va thém nhiéu ngﬁu nhién br?mg thuat toan
phéan c}lia xap xi }}ai l?u'(')rc tiénﬂ- Iui, hoac ket qué qﬁa P. Jailoka, [8] tac gia da su dung thuat
todn xap xi lién két tién - lui dé 4p dung vao van dé tuong tu.
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Béi cac ung dung quan trong cuia bE:li tOE:ll’l bét ding thirc bién phan trén tap diém bat dong,
trong bai bao nay, tdi chon nghién ctru, d€ xuat va chiing minh sy hoi tu chp thuat todn mai gidi
bai toan VIF(Q, F), duoc xay dung tir k¥ thudt tinh toan song song [3] két hop k¥ thuat quan
tinh [8]. Céc két qua dugc trinh bay trong khong gian Hilbert thuc A .

3. Noi dung nghién ciru

Noi dung chinh ctia bai bao 1a thuat toan giai bai toan VIF(Q, F). Trude hét ta gisi

thiéu vé tinh chét thong thudng clia 4nh xa gid F va cac anhxa S, i=1,N quahai dinh nghia

sau:

Pinh nghia 3.1. Cho anh xa F: H - H, F duogc goi la

i, f—don diéu manh néu (F(x)—F(y),x—y) = Bl x—y %>, Vx,y € H;

ii, L—1lién tuc Lipschitz néu II F(x)— F(y)I<LI x—yll, Vx,y < H.

Dinh nghia 3.2. Cho cic anhxa S, : H > H,i=1,N . S, dugc goi la

i, B -tyacotrén H v6i B e [O,l)néu:

2 % 2 2 % .

”Sl.x—x H SHx—x H +ﬁiux—Six ,VxeH,x ele(Sl.),

if, Nira dong tai 0 néu: {x, | hoi tu yéu 16i T va {(7-5,)(x, )} hoi tumanh dén O thi
x e Fix(S,) .

3.1. Thuéat toan 1:

Buéc khéi tao: Chon x°,x' e H bét ki va céc tham sd:

ae(0,1),{Ak}c[a—,a]c(o,gj,\ﬁ—wm(ﬂ)z I <l-a,
L
) (3.1)
7., €(b,b)c(0,1-max{f :i=12,.,N},{* €(0,1),> ¢* =oo,£imgk =0, = 2%
k=1 —>0

k
chon hé sd bat ky @, sao cho: 0 < 0 < 4

Bwéc 1: Néu x, = x —
k k k-1
[ -]

k-1
Nguoc lai, néu x* =x*", chon & = ¢ Tinh: w* = x* +60°(x* —x*"); (3.2)

Budc 2: Tinh

k

u' = (1_7k,1 )wk +}/k’l,Sl.wk. bat ¢ = ”:,; i, =arg max{”uf —wkH,i = m} ;(3.3)

Buée 3. Tinh x*"' = —h"F(t" ). Pt k=k+1, quay lai Bude 1. (3.4)

Sau day 1a ba bo dé sir dung dé chirg minh s hoi ty cia diy lap trong Thuat toan 1.
B6 dé 3.1. [9, remark 4.2] Cho 4anh xa S:H — H 1a 0—tua co, tip diém bat dong
Fix(S)#@ va a e[ 0,1-6]. Khi do:
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HSax—x*H2 SHX—X*W —a(l—é’—a)HSx—x ’ Vx' e Fix(S),x eH,

gday S, =(1-a)I+aS va I lainh xa dong nhét.

B6 dé 3.2. [10, remark 4.4] Cho {ak} 1a mot diy sb thuc dwong. Gia sir rang voi moi
s6 tu nhién m ton tai mot sé tu nhién p saocho p>m va a” <a” ! Cho k, 1a mot $6 tu
nhién théa man @ <a"*™" va véi moi k> k, dat:

r(k) =max{ieN:k <i<k,a' <a™},

khi d6 0<a™ <a™" voi moi k >k, . Hon nita day {z(k)} 14 khong giam va
tién dén +oo khi k — 0.

B4 dé 3.3. [9, Lemma 2.6] Cho {s, | 1a mot day sé thuc khong am va {p, } 1a mot day
s6 thyc. Cho {ak} 1 mot day s dwong trong khoang (0,1) sao chozak =00, Gia sir rang
k=1

S, S(l—ak)sk +a.p,, kelN. Néu day {pk} théa méan limsuppk <0 thi {i_r)rm}sk =0.

3.2. Su hoi tu.

DBinh ly sau chi ra sy hoi tu cua day 1ap trong Thudt toan 1.

Pinh ly 3.1. Cho F:H —H la 4nh xa B —Don diéu manh va va L —lién tuc
Lipschitz, S:H—>H la cac anh xa [, —tua co va nua dong tai 0, véi moi | = ﬁ\l Dudi
diéu kién (3.1) va Q # J, ddy {x*} trong Thuat toan 1 hoi tu manh vé nghiém duy nhat x*
cua Bai toan (1.2).

Chitng minh:

Tir gia thiét F 1 anh xa f# —don diéu manh va L—lién tyc Lipschitz, ta c6
2R () [ 2 ()] = - 2 (F ()R () )

(2 e ()= ()]

s(l—u"ﬂ+(l" ] szuz" _x

(3.5)

2

Do do

(O v T P B T RS

2
trong d6 &* =\/1—2/1k,8+(/1k) L. T (3.1)va (3.2), véimoi x € H taco
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k
| -

=[x* + 6" (xk—xk_l)—xu
Suxk—xu+ 6" (xk—xk_l)
Suxk—xu+§k.

Tir Buéc 2 va B6 dé 3.1, véi mdi X € QQ,

- -

2
_ _ k_ =
—H Vi, )w +;/k,ioSiUw X

<o - (15, 5

Két hop Bude 3 va (3.6), (3. 7) (3.8), ta c6

3.7

2

M -X

(3.8)

ot et )-o|
( &)l xH+¢ [ =2 F () |-
<(1-¢ )l - et [ - atr ()] -[x -2 E () e at e ()]

<[1-¢* (1= i x|+ et ( )H

<[1-¢ (=0t b = =10, 1, s =

+ AR (x H

<[1-¢ 5)]”” K eet2t |

<[i=¢*(1-0") (|t -x et e at e ()

(=gt (1=t | =+ ¢t 1= (1-64) [+ 25 R ()
Sir dung didu kign @ € (0,1),8, = 1-24, 8+ A2L* <1-a cia (3.1) ta duge
ot <[1-¢t (1=0t) [l = 1 4(1 5,) ¢ (x|

l—al* + A" |F H

a

<)

S(l—ag"‘)”x" —x*H+a§"
<max {ka —x*H,M}

<max {on - x*H,M}

l—al*+ A4 F(x)H

a

véi M =sup

tk=1,2,...; <400 dugc suy ra tir diéu kién (3.1).
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Vi vay day {x*} bi chan. Tir diéu kién lim ¢, =0, (3.7) va (3.8) ta suy ra cic ddy
k—o0

{wh. {1} déubi chan. Ap dung bt ding thi

||x+y||2 S”x”2 +2<y,x+y>,Vx,y eH, voi x =|:tk —ﬂ,kF(tk )}—[x —AkF(x”:)} va

y= ikF(x* ) ta thu dugc

2
k+1 *
J+ -] -

YL <F(x*),xk+1 —x*>

< {1—4" (1—(5" )Zﬂuﬁ x| -2t <F(x*),xk“ —x*>. (3.9)

Két hop (3.7), (3.8) va (3.9) ta dugc
uxkﬂ—x*uzs[l—gk(l—wfj}uf—x*\r—w<F<x*>w—x*>
S[l—cj( (") }‘w 5 -, (170, - B, s -
oo {p() -]
s[1-gk (2,1"[{—(,1") Lﬂ”xk—x*uﬁgk (ukﬂ-(ﬁ)z szrk
_ykyio(l—yk%—/@0)[1—4"(2/1"5 () L ﬂ

trong do

I o e | 0 I A Ry

A (2p-2) B

Tir ddy {xk} bi chin va diéu kién (3.1), ta ¢o

F:sup{Fk k= 1,2,...} < +00.

Do do:
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Hx"“ —x[< {1—{’“ (2/1"5—(/1" )2 I’ ﬂuxk x| +C* (2/1"/;—(1" )2 szr
2 i (3.11)
Vi, (1 Vi, ~ ﬂi() )|:1 - gk (2%(:8 - (ik) r j} HSiOWk -w
Téi dy, ta ap dung B dé 3.3 bang cach dit 4 = ka - x*Hz . Ta xem x¢ét hai trudng hop
sau:

Truwong hop 1: Ton tai sb k, sao cho a*' <a" véi moi k>k,. Khi do

lim a* = A < +0. Chuyén qua giéi han biéu thirc (3.11) khi k —> o0, sir dung lim cf=0va
S w'—wk=0. Tu didu kién

b

digu kien (3.1) ta thu dwoc  lim

k—0

Vi e(l;,b)c((),l—min{,b’i :izl,_N}) véimoi keN,i=1,N,taco

0< EHW" —SiwkH SV Hwk —SiwkH < b‘

wk —Sl. wr|— 0,
0

— k.
suy ra Pm”wk —Siw"H =0 véimoi i =1, N . Chon day {x ’} la day con ctuia {xk} sao
—>0
cho

lim inf<F(x*),xk+1 —x*> = 1im<F(x*),xk"+] —x*>.

k—>o0 Jj—o®
o S o k; ko +1 _
Vi day {x”’ bi chdn nén ton tai mét didy con (X *; sao cho {x ™ »—Xx khi

N N
h—ow. Tu S, la ntra dong tai 0 v6i moi i=1,2,...,N ta thu dugc )_ceﬂFix(Si). biéu
i=1

nay dan dén: lilklliwnf<F(x*),xk“—x*>:1im<F(x*),xk’”+l—x*>=<F(x*),)_c—x*>ZO,

h—o©

hay x* 1a nghiém cua bai toan VI(€), F). Tur diéu kién (3.1) va (3.10) tacé: limsupT™* <0.

k—o0

Két hop v6i B6 d¢ 3.3, ta c6 x* — x*, khi k — .
Truong hop 2: Khong ton tai sd k, sao cho a*' <a" véimoi k > k, . Vay phai ton tai
X g 2 22 » ~ r(k ,
s0 k, sao cho a‘ <a"". Ap dung B6 dé 3.2, ta sir dung day con {a ( )} cua {ak} nhu sau:
r(k)=max{ieN:k <i<k d <a"} Vk=k,
Khi do, ta c6 7(k)/+o0, 0<a* <a™™, W <a™, iz k. 3.12)
Do {a’(”} la day tang va bj chin, nén tn tai giéi han lim a™) = M < +oo. Tirtinh chat

. , k A . s A £ A = A Ay s 2 . s o
bi chén cua {xr( )} ton tai day con héi tu yéu dén x . Khong mat tinh tong quat ta gid su
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X % T (3.11)va(3.12) ta co

ar(k) < ar(k)+l

LSNP P !
Yo (1P =4, ){1 ¢ [2/1’%— (#) yﬂ‘ s, W)

Si WT(k) _ Wf(k)

0

2

=0,

Cho k — oo vastrdung lima ,, =M , ta dugc lim
k—>0 T(k) k—o0

do 6 lim|sw"” —wf(")H =0, Vi=LN.

Vi §. la nira déng nén X € €2 Twong tu truong hop 1, ta cling co

lim sup <o, (3.13)

k—0

Tir (3.10) ta ¢6

ar(k) < ar(k)ﬂ

2

—X
< {1_ £ (2 - W))z Lzﬂarm el (2 - f(k))z szrdkx

Do dé: 0<a™ <™, Wk >k . kéthop véi (3.13), ta duge limsupa™ =0, suy

k—0

_ er(k)H .

ra lim M =0, Tir 3.12), @“ =0 khi k — o0, hay x* —> x" khi k — 0, ta c6 didu phai

chiing minh.
4. KET LUAN
Thudt toan dugc dé xuét trong bai bao khong can s dung phép chiéu, ma chi str dung
cac k¥ thuat tinh toan dang hién gop phan lam céi thién toc d¢ tinh toan trén may tinp. Ngoai
ra thudt toan cuta t6i 4p dung dugc cho cac 16p bai toan rdng hon 16p bai toan bat dang thuc
bién phén, chang han nhu véi N =1, chon S 13 anh xa dong nhat, khi d6 Bai toan (1.2) quay
vé bét dang thirc bién phan thong thuong.
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