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Tém tét: Trong bai viét nay, ching toi ching minh su ton tai nghiém
va mot s6 tinh chat cia nghiém cia mot phuong trinh vi tich phan phi
tuyén bac 3 theo ba bién, trong mot khong gian Banach tuy 4. Cong cu
chinh dugc s dung dé nhan dugc cic két qud la viéc ap dung mot cdach
thich hop cic dinh ly diém bét dong va dang tong qudt ctia dinh lyj Ascoli-
Arzela. Trude hét, ching toi thiét lap mot khong gian Banach twong thich
cho viéc gidi phuong trinh dang xét va ching minh mot diéu kien di dé
cdc tap con la compact tuong doi trong khong gian nay. Tiép theo, bing
cach st dung dinh ly diém bét dong Banach, ching toi xét s ton tai duy
nhét nghiém, tinh on dinh va tinh bj chan clia nghieém. Cudi cing, si dung
dinh lij diém bét dong Schauder, chiing toi thdo luan vé sy ton tai nghiém
va tinh compact cta tap nghiém. Ngodi ra, mot s6 vi du cing dude néu dé
minh hoa cdic két qua dat duoc.

Abstract: This paper is devoted to the study of existence, uniqueness
and other properties of solutions of a 3-order nonlinear integrodifferential
equation (IDE) in three variables in an arbitrary Banach space. The main
tools employed in the analysis are based on the applications of fized point
theorems and a generalization of Ascoli-Arzela theorem. At first, we estab-
lish an appropriate Banach space for IDE and prove a sufficient condition
for relatively compact subsets in this space. Next, by using Banach’s fixed
point theorem, we consider the unique existence, stability and boundedness
of the solution. Finally, by using Schauder’s fized point theorem, we dis-
cuss the existence and compactness of the set of solutions. Furthermore,

in order to verify the efficiency of the applied method, examples are given.
AMS Subject classification: 45G10, 47H10, 47N20, 65J15.

1 Introduction

IDE in three variables of the form

u(z) = g(x)

where 2 € Q=[0,13CR3 ¢g:Q = E;
K : QxQxE* — E are given functions, (E, |- ;) is a

In this paper, we consider the 3-order nonlinear Banach space, u = u(z) is the unknown function and
ou 0%u
Dy = Diuw = =—. DRy = DoDju =
Uu 1U 33:17 u 21w 33?13@7
P3u
DBy = DaDyDjtt = ——————.
b 32t 8’1‘187‘23563

+ [ K(z,y;u(y). DMu(y), DPlu(y), DPlu(y))dy,

Q

(1.1)
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Nonlinear integral equations (IEs) and integrodiffer-
ential equations (IDEs) arise in mathematical, ap-
plied and engineering sciences. IEs and IDEs nat-
urally describe many dynamical systems, including
population dynamics, nuclear reactor physics, and
visco-elastic fluids, see [5], [9] and the references
therein. The solvability of such equations and some
basic properties of solutions have been extensively
interested by many authors, and one of the most ef-
ficient tools for proving the existence of solutions to
these equations is fixed point method, see [1] - [16]
and the references therein.

Many papers have been devoted to the study of
some types of Eq. (1.1) and its special versions, in
one variable, two variables or N variables, by using
many techniques and methods, one of which is using
the fixed point theorems, see [2], [4], [13], [14] and
the references therein.

In [4], A.M. Bica et al. considered the following
Fredholm IDE

b
x(t) = g(t) +/ f(t,s,2(s),2'(s))ds, t € [a,b],

‘ (1.2)
where X is a Banach space, f : [a,0]? x X2 — X is
continuous and g € C([a,b]; X). To obtain the ex-
istence, uniqueness and global approximation of the
solution of Eq. (1.2), the authors used the concept
of generalized metric and Perov’s fixed point theo-
rem. In [14], B.G. Pachpatte studied the following
Fredholm type integral equation in two variables

u(x, y) = f(x7 Z/)

a b
+/ / g(Ivyvsvtvu(‘g:t)aDlu(S7t)7D2u(svt))dtd8‘
0 0

(1.3)
Based on the application of the Banach fixed
point theorem coupled with a Bielecki-type norm and
a certain integral inequality with explicit estimates,
B.G. Pachpatte proved the existence, the uniqueness
and some basic properties of solutions of Eq. (1.3).
Afterward, A. Aghajani et al. [2] studied the Fred-
holm type IDE in two variables of the form

u(z,y) = f(z,9)

b pd
+/ / g (z,y,s,t,u(s, t), Diu(s,t), Dau(s,t)) dtds,

(1.4)

where g, f are given real valued functions, u is
ou

the unknown function, D;u(z1,22) = 6—(@,:@),
T

i = 1,2. By using the concept of generalizéd metric
and Perov’s fixed point theorem, the authors proved
some results on the existence, uniqueness and esti-
mation of the solutions of Eq. (1.4).

Recently, in [6], [8], [13], existence and compact-
ness of the set of solutions for n-order nonlinear IDEs
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in many variables in a Banach space have proved
by applying the fixed point theorems of Banach,
Schauder and Krasnosel’skii type.

Because of mathematical context, motivated by
the above mentioned works, we continue to consider
Eq. (1.1). This paper is organized as follows. Sec-
tion 2 presents theoretical framework and methods,
where we contruct an appropriate Banach space to
solve Eq. (1.1), X; = {u € C( E) : DMy, DPly,
DBly € C(Q; E)}, and establish a sufficient condi-
tion for relatively compact subsets of X7, this condi-
tion can be seen as a general form of Ascoli-Arzela
theorem. Section 3 is devoted to the results and dis-
cussion. Under suitable assumptions on the given
functions, by using the fixed point theorems of Ba-
nach and Schauder, Subsection 3.1 proves the unique
existence, stability and boundedness of the solution
and Subsection 3.2 proves existence and compactness
of the set of solutions. Furthermore, illustrated exam-
ples are given in Subsection 3.3. Finally, we present
conclusion in Section 4.

2 Theoretical framework and
Methods

In this paper, we use appropriate tools in func-
tional analysis and classical analysis to study the ex-
istence and properties of solutions of Eq. (1.1). The
main tools are the Banach’s fixed point theorem and
Schauder’s fixed point theorem [16] coupled with the
definition of a suitable Banach space (Lemma 2.1)
and a sufficient condition for relatively compact sub-
sets in this space (Lemma 2.2).

For our purpose, we need the following prelimi-
naries, which consist of definitions and key lemmas
mentioned as above.

Let X = C(Q; E) be the space of all continu-
ous functions from € into E equipped with the usual
norm |jul|y = sup|ju(z)||z, v € X. First, we define

e

the space X as follows

X, ={ue X : DMy, DBy, DBy e X}, (2.1)

By a solution of Eq.(1.1), we mean a continuous
function u : 2 — E such that v € X; and u satisfies
Eq. (1.1).

We note more that, the space X7 chosen as above
is efficient to solve Eq. (1.1), by the fact that

C*(HE)S XiNC*(E) S X1 SO E). (2.2)

Lemma 2.1. X, is a Banach space with the norm
defined by

3
lullx, = Nl + > [DF]| s we xi. @3)
i=1



Proof of Lemma 2.1. Let {u,} C X1 be a Cauchy
sequence in X7, it means that

llup — uq”x1 = |lup — uqlly

3
+Z HD[i]up — Dmuq
i=1

) —0asp, ¢g— 0.
X

Then {u,} and {Du,} (i = 1,2,3) are also Cauchy
sequences in X. Since X is complete, there exist u,
v1, Vg, v3 € X such that

l[up — UHX — 0,

HDMUP o (2.4)

— 0, asp—o00, 1 =1,2,3.
X

We shall show that Dy = v;, i = 1,2, 3.
By the fact that |lu, —ull, — 0, and for all
x = (x1,22,23) € Q,

1
up(r) — up(0, 2, x3) = / DWu, (s, 29, 23)ds,
0
(2.5)
we obtain

up(2)—up(0, 2, £3) = u(x)—u(0, 2, x3) in E, Yz € Q
(2.6)
We also have HD[I]up - leX — 0, so

/ D[l]up(s, X9, x3)ds %/ v1(8, T2, x3)ds, Vo € Q
0 0

(2.7)
because of

|

<

Ty xTy
/ D[l]up(s7x2,a:3)ds f/ v1(8, T, x3)ds
0 0

E

/ HD[I]up(s,asg,xg)*U1(873€27$3)HEd‘9
0
gHDmup—le 0.

X

Combining (2.5)-(2.7), it leads to

u(z) — u(0, xa, x3) = / v1(s, x2, x3)ds, Vz € Q.
0

(2.8)
Thus Dty = v, € X.
By the same argument, because

2
D[l]up(z)—D[l]up(xl,O,xg):/ DBy, (1, t, x3)dt,
Jo

Vz € , and HD[Z]up - UQHX — 0, we get

D[l]u($) - D[llu(l‘h 07 1‘3) = foz2 1}2(.%1, t,.’L‘g)dt,
Yz € Q.

Then, DBy = v, € X. It is similar to DBlu,
hence DBy = v3 € X. Therefore, up, — uin Xp. O

Next, we establish a sufficient condition for rela-
tively compact subsets of the Banach space X;. This

)
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condition is proposed and proved by applying the
Ascoli-Arzela theorem [16], so it can be seen as a
general form of Ascoli-Arzela theorem.

Lemma 2.2. Let F C Xy. Then F is relatively
compact in X1 if and only if the following conditions
are satisfied

(i) Vz € Q, F(z) = {u(z) : u e F},

DUF(z) = {DWu(z) :ue F},i=1,2,3,

are relatively compact subsets of E;

(if) Ve > 0,30 > 0:Vz, T € Q,

|z —Z| < § = sup [u(z) — u(T)]
ueF

(2.9)

<e,

*

where

[u(z) = w(@)], = [u(z) — w(@)] g

3
+ HDmu z) — Dy (z H
> [[pHute) - D],
Proof of Lemma 2.2. (a) Let F be relatively com-
pact in X;. We show that (2.9) (i) (ii) hold.

We begin by considering F(z),Vx € Q. To prove
that F(x) is relatively compact in E, let {u,(x)} be a
sequence in F(z), we need to show that {u,(z)} con-
tains a convergent subsequence in E. By F is com-
pact in Xy, {u,} C F contains a convergent subse-
quence {up, } in X;. Then, there exists u € X; such
that

llup, —ullx, — 0ask — oo

Because

[upy (2) = u(@)ll g < llup, —ullx < llup, —ulx, =0,

we have uy, () — u(z) in E. Thus, Yz € Q, F(z) is
relatively compact in E.
By the same argument, by the fact that

- 5], [ -5,
< lup, — u”x1 -0,

DU F(z) is relatively compact in E.

Similarly, D2 F(z), DB F(z) are relatively com-
pact in E. Then, (2.9) (i) holds.

Next, for every ¢ > 0, we consider a collection

of open balls B(u, %) in X; centered at v € F with

. €
radius 3’ as below

€ €
B(mg):{ﬁeXl Hlu—ally, < 5}’ ueF.
It is clear that 7 C J B(u,g). Because F
ueF 3
€
is compact in Xj, the open cover |J B(u,g) of
ueF
F contains a finite subcover and then, there are

,uq € F such that F C (JJ_, B(u;, %)

U, -



By the functions uj, DMuj,---, DBy, j =T1,¢q
are uniformly continuous on €, there exists § > 0
such that for all z,z € Q,

o =&l <8 = [u;(@) — (@) < 5.V = Ta.

Forallu € F, by u € B(uy,, %) for some jo = 1, ¢q,
it implies that, for all z, & € Q, if |x — | < § then

[u(x) — u(@)], < [u(@) =y (2)], + [, () — o (D)),
+ g (2) — u(@)],
<2 u— gy, + [t () — wj (2],
2 ¢

It follows that(2.9) (ii) holds.

(b) Conversely, let (2.9) be correct. We need to
prove that F is relatively compact in Xj.

Let {u,} be a sequence in F, we have to show
that {u,} contains a convergent subsequence.

Put 7o = {u, : p € N}. By (2.9), Fo(z) =
{up(x) : p € N} is a relatively compact subset of E,
for all x € Q and Fy is equicontinuous in X. Apply-
ing the Ascoli-Arzela theorem to Fy, it is relatively
compact in X, so there exists a subsequence {u,, }
of {u,} and u € X such that

lup, —ullx — 0 as k — oo.

Similarly, F; = {DMu,, : k € N} is also rela-
tively compact in X. We obtain the existence of a
subsequence of { DM, }, denoted by the same sym-
bol, and v; € X such that

HDmup,c - le — 0 as k — oo.
b's
Since

1

Up, (T) — up, (0, 2, x3) = / D[I]upk (s, 22, x3)ds,
0

Va € Q, furthermore, ||up, — ||, — 0 and

HD[H“m - UIHX — 0,

we obtain

u(z) — u(0, z2,z3) = / v1(s, 2, x3)ds Ya € Q.
0

i) K (@ ysur, e ua) — Kz, y; o,

(11) HD[HK(%MM’ : ’u4)—D[1]K(1‘7y;1}17“~
(iii) HD[Q]K(:L',y;ul,w- ,Ug) fD[z]K(l',y; vy,
(iv) ||DPIK (2, y;u1, - ,ua) — DPIK (2,501, -

v(x7y) € x Q7 v(11‘17"' 7“4)’ (U17"' 71)4) € E4'

It gives DMy = vy € X.

By the same argument, Fy = {DPlu,, : k € N}
is relatively compact in X, there exists a subse-
quence of {DPlu,, }, denoted by the same symbol,
and vy € X such that

HD[2]U’Pk - ng — 0 as k — oo.
X
For all z € Q, by
T2
D[l]upk (I) - D[l]upk (1131,07 $3) = / Db]upkw (Iht,l‘g)dt,
0
HD[”upk - DU]UHX =0
[0 o
we get

DMy(z)—DMu(21,0,23) = / vo(x1,t, x3)dt Vo € Q,
0

then DPly = v,y € X.

Similarly, by F3 = {DPlu,, : k € N} is rela-
tively compact in X, there exists of a subsequence of
{DBly,, }, denoted by the same symbol, and vz € X
such that

HD[S]uM - U3H —0as k — oo,
X

then DBly = v3. Therefore, u,, — u in X;. O

3 Results and discussion

3.1 The unique existence, stability
and boundedness of the solution

We make the following assumptions.
(A1) g€ Xy
(A2) K € C(2 x Q x E* E) such that
DUK, ... DBIK € C(Q x Q x B4 E),
and there exist nonnegative functions
ko, k1, k2, k3 : @ x 2 — R satisfying

3

Zsup/ ki(z,y)dy <1,
—oreJa

Qy =

and

)l g < ko2, y) Sy i — vill g,

)| < Falzy) iy llu — villg
cva)|| < Kol y) Sy llu — il
)|y < ks y) Xy llws — vill 5 »



Theorem 3.1. Let the assumptions (A1), (Az2) where
hold. Then, we have

(i) Eg. (1.1) has a unique solution u in X;. (Uu)(@)
' (i1) The §olutzo~n u is stable @zth respect to g - / K(z,y;u(y), DMu(y), -, DBlu(y))dy, vz € Q.
in X1, t.e. if u, G are two solutions of Eq. (1.1) Q
corresponding to two functions g, g in X1, and if (3:5)
lg = gllx, = 0 then |u—lly, — 0. By the same argument as above, we get
(iii) The solution u is bounded with the estimate - o _
HUu — UuH < ayllu—ally, -
1 = 1
flullx, < I—a, (”9”X1 +“) ) Tt leads to
where ||U_ﬂ||x1 < ||g—§HX1 + H“_ﬁ”X1 )
so
p= s [ (50,0, )] dy Lo
ze0 Jo lu—allx, < 7= ”g_g”X17
3 .
‘ (i 0.0.... - . _ .
+ Zi:l ;;I;’/Q HD K(z,y;0,0, aO)HE dy. obviously, if [|g — gllx, — 0 then lu —allx, — 0.

(iii) For all 2 € Q, we note that

Proof of Theorem 35.1. N

(i) For every u € X;, we put u(z) = (Uu)(z) = g(z) + (Uu)(z)
) =

T Uu U0)(x Uo x),
(Uu)(z) = g(z) =g(z) + (Uu)(z) = (UO)(z) + (U0)(x)

) hence
/K z,y;u(y), DMu(y), -, DPlu(y))dy, vz € Q. " 1ol ‘U .
[ < + ‘ u—
(3.1) X s
It is clear to see that Uu € Xy, Vu € X;. On Fhe < HgHXl + v HUHX1 +Hf]0”

other hand, for every u, v € Xi, for all x € Q, using X1
(Az,1), we have On the other hand, for all x € Q,
[(Uu)(z) = (Uo) (@) 5 < llu—vlly, Sgg/ﬂ ko(z, y)dy, /K @, y;u(y), DMu(y), - -, DPlu(y))dy,
SO then

1Uw = Uvllx < llu—v|x, sup/ ko(z,y)dy. (3.2) (U0)(x) = / K(2,9;0,0,---,0)dy, Vr € Q,

zeQ JQ Q

Similarly, we also have it implies that

[P ww) = DY) < fu vl sup/kl(x,y)d% |0 < /||K(x,y;0,07-~-,0)||Edy

X zeJa E Q

HDQ] Uu) — (Uv)” < Ju—vlly, sup/ ko (, y)dy, < sup [ [|K(2,5;0,0,-+,0)| pdy,
X zeQ JQ zeQJQ

[pown - D@ < =l sup [ ko, )dy. then
X z€QJQ .

It implies that X zeQ Ja

Similarly, we also have

1Uu = Uvllx, <aullu—2vly, , Yu,ve X1, (3.4)
| - o [P0
with 0 < a,, < 1. Thus, U : X7 — X is a contraction x
map. Applying Banach’s fixed point theorem, there
exists a unique function v € X3 such that v = Uu. It
means that Eq. (1.1) has a unique solution u € Xj.

(ii) This solution is stable with respect to g in Therefore
X;. Indeed, let u, @ be two solutions of Eq. (1.1) ’ 2
corresponding to two functions g, g in X7, then

5 .
_ _ Y o +3 DUK (2,4;0,0,--- ,0)|| .dy = p.
u—a=Uu—Ut =g—§+Uu—Uq, Zl—lfggf“H @y Medy =

< Sup/ HD[L]K(ZL‘,y7O,O7 ’O)HE dy77': 17253'

€N

< Supr ||K(.’I7,’l/,0,07 70)HE d’lj
1 e
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Consequently with the following properties

1 _
lullx, < 7= (lgllx, +4)- go= Y0 s [ Ry <1

and
Theorem 3.1 is proved. [J

() Ky u)ly
< o) (14+ Ly il

3.2 The existence and compactness of B
(i) [[DMEK (2, y;u1,-- - ua)

I

the set of solutions hey) (14 5Ll
§1$7y<+ i=1 uiE)’
V\(/iln;ake téleXfollovvmg assumptions. (iii) HD[Z]K(I, Yiun, ’u4)HE
1 g 15 7 4
N < ho(z,1 <1+ i llug )
(A>) K € C(Q x Q x % E) such that . [ﬁl( /) _ izt Il
DUEK,-.., DK e C(@x @ x ELE), ™" () [|DEK @y, us)l
there exist nonnegative functions < hs(z,y) (1+202, HUzHE>

ho,---,hs : QxQ =R V(z,y) € Q x Q, V(uy,- - ,uq4) € B4

(A3) K, DMK, ... DBIK :QxQx E* - E are completely continuous such that for any bounded sub-
set J of E4, for all € > 0, there exists § > 0 such that
Ve, z € Q, |z —T| <0 = |[|[K(z,y;u1, - ,us) — K(Z,y5u1,- - ,ua)| g
+Y0, | DK (2, ysw, -+ ua) = DK (2, y5u1, -+, ua)|| , <e
Yy € Q, Y(ug, -+ ,uq) € J.

_ Theorem 3.2. Let the assumptions (A1), (Ay), Hence
(A3) hold. Then Eq. (1.1) has a solution in X;. B
Furthermore, the set of solutions of Eq. (1.1) is Tullx <llgllx + (1 +p) SUP/ ho(z,y)dy. (3.9)
compact. reQJa
Proof of Theorem 3.2. Considering the operator Similarly, we get
U : X1 — X, defined as in Subsection 3.1, that is ] ] B
DUquHD H+1+ Su/hl‘,d,
T)e) = g(2) P o+ @t sup | PGy
/K z,y;u(y), DMu(y), -, DPlu(y))dy, Ve € Q. HD[2](U1L)HX < HD[Z]QHX +(1+p) sup/ ha(z,y)dy,
€N JQ
(36) (3] (3] A
For p > 0, we consider a closed ball in X; defined by HD (UU)HX < HD QHX +(1+p) 51618 o hs(z,y)dy.
B, ={u€ X1 |uly, <p} (3.7) (3.10)
Therefore
We will show that there exists p > 0 such that
(i) Uu € B,, for every u € B,. Uvllx, <llgllx, + 1+ p) Ba (3.11)
Furthermore ol 5
.. . . . + B,
(11) U:B, = B, is continuous, ) Choose p > 19X, P , then Uu € B,, for every
(i) F = U(B,) is relatively compact in X;. 1— B,
Proof of (i). Let p > 0. For every u € B, for all u € By
z € Q, we have To prove (ii), let {un,} C B, wy € B,,
lum — uollx, — 0, as m — oo, we have to prove
[(Uu)(@)| that the following convergences are fulfilled
<llglx
s |Utm — Uuollx — O,
+/Qh0(w,y) (1 +lu@lls+> HD[zlu(y)HE> dy HDU](UU"L) _ D[”(U“O)Hx oo,
_ 3.12
Sl + (14 lul,) [ Pty [P, - DR~ o, &1
Q
- (3] _ pBl
<lgllx + @ +p) sup/ ho(z, y)dy. HD (Uttm) = D (U“‘J)Hx - 0
Q
(3.8) Remark that
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[(Uum)(x) = (Uuo)(2)|

< [ K@t t0na) D).+ DB 1) = K suo). DV ua(0), -+ Do)

Consider the following sets

So =A{um(y) :ye, m=0,1,2,---},

S; = {DWu(y) iy eQ, m=0,1,2,---}, i =1,2,3.

(3.14)

We shall prove that Sy, S;, i = 1,2,3, are compact
in E based on the property [lu,, — uollx, — 0.
Indeed, let {um,(y;)}; be a sequence in Sp.

We can assume that limy;, = o
Jj—o0 ”

and

lim

Uy, — U H = 0. We have
j~><x>” m;j 01l x,

[ttm; (95) — w0 (w0)||
< ety (53) — w0 ()| 5 + luo(ys) — wolyo)ll

< [Jttm, —wol x, + Iluo(y;) — uo(yo)ll ; — 0 as j — oo,

(3.15)
thus, lim ., (y;) = uo(yo) in £. This means that
j—oo b

Sp is compact in E.
Similarly S;, i = 1,2, 3, are also compact in E.

(3.13)

For ¢ > 0 given, K is uniformly continuous on
Q x Q xSy x---x 83, there exists § > 0 such that

Y(uy,- -+ yuq), (vi,---,v4) € So X -+ X S,
4
> i = villy <6
i=1
= ”K(xvy;ul:"' 7u4) 7K(x7y;vl7"' 7v4)HE <e¢,
V(z,y) € Q x Q.
We  have  |lum — uof y — 0 and

HDmum — Dm?toHX — 0, therefore, with § > 0
as above, there exists my € N such that, Vm € N, if
m > mg then it gives

3 ) )
- S | Dy, — DY H s.
lttm — uoll x + i H U, Uug . <
It implies that there exists mg € N as above such

that Vm € N, if m > my then the following inequality
is fulfilled, for all (z,y) € Q x Q,

HK(I7y; um(y)7 D[l]um(y)v e 7D[3]um(y)) - K(I,y; uO(y)7D[1]u0(y)7 e 7D[3]u0(y))HE <Eé.

Consequently
|(Uum)(x) — (Uuo)(x)|| g < € Vz € Q, ¥Ym > my.
It means that
Ut — Uugl| x < € Ym > mg, (3.16)

ie., |Utm — Uuglly — 0 as m — oo.
By the same argument, we get
HD[”(Uum) - D“](Uuo)HX -0,
| P2 W um) = DE W) | o,

HD[3](Uum) - D[3](Uu0)HX — 0, as m — oo.
(3.17)
The continuity of U is proved.
To prove (iii), we use Lemma 2.2. The first condition
of Lemma 2.2 holds for U, i.e., the sets

U(B,)(x) = {Uu(z) : u e B,},
DmU(Bp)(x) = {(DYU(Uu)(z):ue B,},
D[Q]U(Bp)(x) = {(DPE(Uu)(z):ue B,},

and DPIU(B,)(z) = {DF(Uu)(z):u € B,},
(3.18)

are relatively compact in E. Indeed, we put
Ry ={u(y) :y€Q, ue B},

_ (3.19)
R, ={DWu(y):y € Q, ueB,}, i=1,23.
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Then Ry, R;, @ =1,2,3, are bounded in E.

By K : Qx Q x E* - E is completely contin-
uous, K (2 x QX Ry X --- X R3) is relatively com-
pact in E. Then, K (2 x Q X Ry X --- X R3) is com-
pact in E. So is conv K (2 x Qx Ry x -+ X R3),
where convK (2 x Q x Ry X -+ x R3) is the convex
closure of K (2 x Q x Ry x --- x Rg).

For every z € €, for all u € B,, it implies from

EK(QXxQXRyx---XxR3), VyeQ,
that
U(B,)(xz) C |QconvK (2 x QX Ry X -+ x Rg)
= convK (2 x QX Ry X -++ X R3),
(3.21)
then the set U(B,)(x) is relatively compact in F.
Similarly,
DUNU(B,)(z) C
DEU(B,)(z) C
DBIU(B,)(z) C

(3.20)

conmvDMEK (Qx Qx Ry x -+ X Rs),
convaK(Q><Q><Ro><-~~><Rg)7

conuDPIK (Q x QO x Ry x -+ x Rs).
(3.22)
Hence, the sets DMU(B,)(z), -, DPIU(B,)(x)
are relatively compact in E.
The second condition of Lemma 2.2 also holds.
Indeed, let € > 0 be given.



By (As), there exists d; > 0 such that Va, z € Q, if |z — &| < 6, then

1K (2 g5 w1, ua) — K(Z, y501,

sua)l g

3 . .
3 PR @ wn) = DIK @ s, )| <

Yy € Q, V(u17~-- ,U4)€R0>< <o X Rs.
It leads to

[(Uu)(2) = (Uu)(2)],

< /Q [K(fv,y;U(y)vD[l]U(y)w~ , DBlu(y)) — K(z,y;u(y), DMu(y), -, DPu(y)) dy<e.

By Lemma 2.2, F = U(B,) is relatively compact
in X1 .

Applying the Schauder’s fixed point theorem, Eq.
(1.1) has a solution in Xj.

It remains to prove that the set S of solutions for
Eq. (1.1) is compact in X7, where

S={ueB,:u=Uu}. (3.24)

By the compactness of the operator U : B, — B,
and S = U(S), we only show that S is closed.

Let {um} C S, u € X1, ||t — ullx, — 0. Then,
by continuity of U, we obtain that

[u = Uullx, < llv—umlx, + llum = Uul

= |ju— umr”Xl + U — UUHX1 -0,
(3.25)
consequently, v = Uu € S. Theorem 3.2 is proved. OJ

3.3 Examples

In this subsection, we shall illustrate the results
obtained as above by the following examples.

Let E = C([0,1];R) be the Banach space of all
continuous functions v : [0,1] — R equipped with
the norm

vl g = sup |v(t)], veE, (3.26)

0<t<1
and let X = C(Q; E) be the space of all continuous
functions from Q = [0, 1]3 into E equipped with the

norm
lullx = sup u@)]lp, v € X. (3.27)

Putting
X, = {ue X :DWy, DBy DBy e X}, (3.28)

Then, Vu € X; and = € Q, u(z) is an element of
FE and we denote by

u(z)(t) = u(z;t), 0 <t <1 (3.29)
Example 1. We give an example to show that

C3BE) S X1 N CYHYE) S Xp. Obviously,
Cg(Q,E) c X, ﬂCQ(Q;E) C X;.
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(3.23)

‘We show that there exists a function v : Q — FE
such that u € X1 N C?(Q; E) and u ¢ C3(Q; E).
Fixed ¢ € E = C([0,1];R). Put

5
u(zy, 2, x3) = T125 9 € E,

w(@)(t) = ulz; t) = 2133 (0)-

Then, we have

DWu(z) = Diu(z)=xjp,

5 3
DPy(z) = Dngu(x)zixgcp7
DPlu(z) = Ds3DyDyu(z) = 0.

It is clear to see that DMy, DRy, DBy € X, so
u € X7. On the other hand, we also have

5 5 3
Dyu(z) = 23, Dau(x) = 53511'22%07 Dsu(z) =0,

Diu(x) = D3u(zx) = 0,
D1D3u(x) = Dngu(:L) = DQDgU(iL’) = D3D2U((L’) = 0,
1 1
Du(z) = i,
Dy Dou(x) = DaDyu(x) = gx2%¢,
it leads to u € C?(Q; E).
However, u ¢ C3(Q; E), since #D3u(z1,0, x3), by
the fact that
15 T
§ ®,
VT2
We now show that there exists v : Q@ — FE such
that v € X7 and v & C?( E).
Fixed ¢ € E = C([0,1];R). Put

D3u(x) = (21,22, x3) € [0,1]x(0,1]x]0, 1].

3
v(zy, 20, 33) =125 P € E,
3
v(z)(t) = v(z;t) = 2123 S(1).

Then, we have

Dly(z) = Dlv(m):zzg @,
DPy(z) = D2Dw(x)=%x§ @,
DPly(z) = DsDyDyv(z) = 0.



Hence DMy, DBy, DBly € X, so v € X;. But Yz, ysun, - yua), (B, 9501, U4) € QXA B4
3 1 ~
4\/—%

therefore AD3v(z1,0,23), then v ¢ C*(Q; E). O
Example 2. We illustrate the result obtained in B o e
Subsection 3.1 by considering Eq. (1.1) with the fol- + k@)l Z |(Y192y3)™" — (15253)"|

D2v z1,T2,23) € |0,1]x(0,1]x]0, 1], o _
fo(e) = = @1 @2,) € OO0, e v o wg) = K@ G- ad)l,

< A4k(z) — k(@) 5

lowing functions K : Qx Q x E* - E, g: Q — E. =1 y
The function K : - _
+ 21 k(@) [0ollx, D llui — il
K:QxQxE'-E i=1

(3.30) ,
(m,y;u1,~~~,u4)r—>K(1’,y;u1,~~~,U4), _ _ i— _ i—
+ 27 [k(@)l|p Y Il | DU 00(5) — DEY60(y)|| -
im1
K(z,yyun, - ua)(t) = k(2 ) K (ysur, o ua) (D),
5o, the continuity of K is proved. Similarly, DK,
DPRIK, DBIK : Q x Q x E* - E are continuous.

V(@ ysur, -, ua), (T, Y381, Ua) € QXQXE*,

where

Ki(y;un, - ua)(t) = (y12y3)* cos (2”“1(t))

Oo(y; t)
= g (t)
+ ) (y1y2y3)* sin (%) K(z,y;un, - yug) — K(a,y; 0, 4
2 D 6o(g0) I g, w) = Ko, i0ls
0<t<1, (m,y;up,--,uy) €N XN x EY < ko(x,y)ZHm — il
i=1
k, Oy : Q — E,
Bast) = et (2] g @y’ + emteeten) 0 <t <,
Oo(x;t) = e~ (xl Ty xy’ + e“*“*“) ,0<t <1, ) .
(3.31) HD[ K (2, y3u1,-+ ,ua) = DU K (2, y; 01, - - ,ﬂ4)HE
Qiy Vi, Vil = 1,4;j = 1,3) are positive constants. 4
The function g : < ki (z,y) Z i — il 5 »
g:Q— F, =t
9 o DOt )~ DK a0
it) = ;1) — 05t .
g(:c, ) O(x/ ) (1+a1)3 ('7” )7 (3 32) 4
0<t<l,zeq. <ka(z,y) Y lui — il g
i=1

The above positive constants ay, as, v1, Y2, V3,
'717 ’727 ’737 with Vs ’VJ € (172)7 (] = 17273) and Qg
(i = 1,4) are big enough, satisfying

HD[?’]K(%y; ur, o ug) = DK (g5, - ’a“)HE

4
- , < ksl y) Y llui = @l
2me (1+ 31 + M2 + T19273 + 4¢€°) i=1

IS B o N SR I )
I+ " 24 (1+a;)? ' in which

1=

We can check to see that the assumptions (A;), 14
(A2) of Theorem 3.1 hold, then we obtain the re- ko(z,y) = 2me||k(2)| 5 [ Y1y2y3) " + Z(ylwa”)ai} ,
sult in this theorem. We also can check to see that, 2 =2
0o € X1 is a unique solution of Eq. (1.1). This solu-
tion is bounded with the estimate as follows k1(z,y) = 2me HD[”k(I)HE (y1y2y3)® Z(ylygyg

HOOHX1 < (1 + 7+ 772 + 72y + 463) .

o ko(z,y) = 2 HD[Z]k H ay
Indeed, it is clear to see that (A;) holds by 6, 2(@,y) = 2me () (U1U2U3 Z(UIW%

k € X;. After implementing detailed calculations,
we see that (As) also holds because of the following ks(z,y) = 2me HD[:%]]C(J;)H
estimates obtained. ’

(yly2y5 Z(ylyzys
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,014),

/ ko(z,y)dy < 2me (1 + 63) D(ozl, e
/ k1 (z,y)dy < 2me (31 + 63) Dl ,ay),
[ Fato.wdy < 2ve (132 + ) Dl -+ ),

,(14)7

/ ]<73(£L'7 y)dy S 2me (’?1’72’3’3 —+ 63) D(al’ e
Q

. 1 1o 1
D(ag, ) = ——5 + = _—,
(o1, 00) = gy 2%2u+am
it leads to
o = E sup | ki(z,y)d
i OzEQ/ l( y)y

< 2me (1491 + 7172 + 19275 + 4€®) D(ay, -

thus a* < 1. Example 2 is finished. [J

Example 3. In order to validate our results in
Subsection 3.2, we consider Eq. (1.1) with the func-
tions K : Qx Qx E* - E, g: Q — E defined as
follows.

The function K :

K:OQxQxE'SE

(@, y5un, - ua) = K, y3u,0 0 ug), (334
where
K(z,yyun, - ua)(t) = hz; ) K (ysu, - ua)(2),
Ky (y; _ a1 ‘ uy(s) :
(s un, o ug)(t) = (y1y2ys) /O D
4 ot wi(s 5
+ ;(yly2y3)af/() <W02y78)) ds,
0<t<1, (z,y;u1, - ,us) €QAx N x B4
h,(o: Q2 — E,
h(z;t) =e" (rzl mgz x;‘”‘ + ezl+zz+z3> ,
(3.35)

. . —t Y1 Y2 73 +xo+tx:
Co(m;t) =e (zl Ty Tg + €712 z*),

0<t<1l,xz e,

@i, V4, V5, © = 1,4; j = 1,3 are positive constants.
The function g :

g:Q— F,

olast) = Glast) = th(ai) Y- rp . (330

0<t<1l,ze.

The above positive constants &;, 7;, ¥;, such that
vis ¥ € (1,2) (j = 1,3) and &; (i = 1,4) are big

7&4)7

enough satisfying the following condition
4(1+m+ ﬁm + ng + 4e3)
(3.37)

(1+(X1 +Z 1+041)3

We also can check to see that the assumptions
(A1), (Ay), (A3) of Theorem 3.2 are correct, then
Eq. (1.1) has a solution in X;. Furthermore, the set
of solutions of Eq. (1.1) is compact. We also can see
that o € X is a solution of Eq. (1.1).

Indeed, (A;) holds by (y, h € X;. Assumption
(Ay) also holds, by the fact that

V(@ ysur, -, ua), (2,450, ) € Q2 x B4,
||K(.%' Yiuy, -, U4) 7K(‘i g;ah’" 764)HE
< (” HU1||E +e3 Z Uz||%) (IIh(z) = h(@)| )
=2
1 1 1 4 1
+ (62 lurllZ +es Ui||%)
i=2
4 — _
<|h 55)||EZ‘ Y1y2y3)™ — (U19293)™ >
i (s) [*
ui(s) |2
+ ||h(Z / — — ds
IA@l ‘ Co(% 5) Co(;8)
+ 17(Z)||
u;(s s u;(s) )é
X _ - = ds
> [ (o) - (it

=R, + Ry + Rs.

E> (Ih(z) - h(@)] )

=2

1 1 1 ! 1
+ ez fwllz+es ) Jluillp

=2

1 1 1
Ry = (62 url|f + e

)

4
x [[1(Z)| Z |(y192y3)* = (15293)%

i=1

1
2

Ry —0,as |z —Z|+ |y —y| = 0.
_ = 1| ua(s) a1 (s)
R = I@le fy || 215" - |28
By applying the following inequalies
Ha‘lq - |b‘q| < ‘(l - b‘q ,Va,b € Rqu € (07 1}3
Va+b < va+ Vb Ya,b>0,

1
2

ds.

1
2

ui(s) 7 u1(s)
Coly; s) Co(7; 8)
uy(s) a(s) ||?
S‘ G| o)

LS

1 _ 3 _ 1 _
< e lur — g +elluallz [16o(@) —
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Hence, Ry — 0 as | — y| + |lu1 — 41| g — O.

Ry = [1(@)ll 5

L u;(s) 5
(emm) ~ (5etetm

By applying the following inequalities

>;

a— [pr" b( <2=|q — b|*, Va,b e R,¥q € (0,

Jlaf®!

5

5

(a+b)™ < am +bw,Ya,b>0,Ym > 1,
u;(s)

(5eem) ~ (oevaim)

1
< 2%e ||lu; — |}

ﬁi(s)
DUy (g3 5)

; 1 ) ) 3
+28ef ag) g | DV 60(5) — DG,
E
R3 —0,as |y —y| + Z?:l lwi — @il gz — 0.
It leads to
HK(QZ',y,’LH,,UA)fK(i'g'EL ﬁ4)HE

<R+ Ry+ R3—0,

as | — & + |5 — y| + iy i — @il 5 — 0, s0 K is

continuous.

Similarly, DMK, DRIK, DBIK : Q2 x E* - E
are continuous.

Assumption (Ay) holds, by the fact that, using
the inequality a? <1+ a, Ya > 0, Vq € (0, 1],

”K(:Cay;ula"' au4)”E

_ 4
<fuCe) (1431 ).
with
ho(e,) = 44(@)] 5

4
( %(ylyﬂld o %Z (Y1y2y3) ) .
i=2
Similarly,
HDMK(%Z/, Upy - 7U4)HE

(HZ \uJ||E>, i=1,2,3,

<

where

ha(z,y) = 4 HDMh(az)HE

4
( *(y1yays)™ + €7 Z(yly2y3)ai> 1=1,2,3.
1=2
Put
eé 4 e%
C(alv 7()54) (1+&1)3 +Zi:2 (1+071)37

ds.

then

/Q ho(z,y)dy < 4(1+€3) C(ag, - ,a);
Aﬁl(m,y)dys4<wl+e3) Clan, - au);
/9712(377?:/)519 <2y +€®) Cla, -, au);

/ hs(z,y)dy <
Q

Hence

B = Zl Oqup/h(xydz

<4 (1 + Y1+ Y1Y2 + 123 + 463) Clay, -

1],

4 (M2 +€*) Clan, -+, au).

7C¥4),

so B < 1.

Assumption (As) also holds, by the following.

(a) K : Q2 x Q x E* - E is compact.

By K € C(Q x Q x E* E), it remains to check
that K : Q x Q x E* — E is compact. Let B be
bounded in Q x Q x E4, since

K (2, ysu1, - ua)ll g

< ho(z,7) (1+Z ‘U”«HE)
_ 4
pote) (14351 lule).

<

sup
(@,y;u1, - ,ua)EB

for all (z,y;u1, - ,us) € B, K(B) is uniformly
bounded in F.
For all ¢, ¢ € [0,1], for all (x,y;uy,- -+ ,us) € B,

L uq)(t) ,ug) (D))
4
1 1 _
<214 ( ualh +eézuuing) -1,

|K(x,y;u1,~~ —K($7y3U17“‘

so K(B) is equicontinuous, it leads to K(B) is rela-
tively compact in E. We verify that K : O>xE* — E
is compact.
(b) By the same argument, we also verify that
DUEK, DRK DBIK : OxQx E* - E are compact.
(¢) Finally, for each bounded subset J of E*, for
all € > 0, there exists 6 > 0 such that

Va,z € Q,lr —Z| < d

d ||K(1"7317U17 7“4)_K(£7y;u17"' au4)HE

3
+ Z HD[Z]K(Z.M% Uz, ',U4) - D[I]K(iayvula '7u4)HE
=1

<e VyeQV(ug,- - ,uq) €

I
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The above property is true, by the fact that

|‘K($79§U17"' 7u4) _K(a_:7y,u17 7u4)||E

3
DK (2, y;u1, - ua) — DVK (3, y: us, - H
+;H (1’7y7u17 ,'LL4) (%%Uh au4) B
1 1 1 ! E
<lerlulz+es > lluillp
=2

x [nh(az) ~ (@)l + i [ERIGE Dmh@)HE}

3
< O | Ih(x) - h@)|l; + ; | pin() - D[’]h(m)HE}
Yy € Q, Y(uy, - ,uq) € J, VYV, T € Q, where we note

that h, DUn, DEL, DBIR . Q — E are uniformly
continuous on 2. Example 3 is finished. [J

4 Conclusion

By using appropriate tools in functional analy-
sis and classical analysis, we have obtained sufficient
conditions which ensure existence and some proper-
ties of solutions for a 3-order nonlinear IDE in three
variables in an arbitrary Banach space. The correct
setting of the problem in appropriate function spaces
and choosing the correct tool for each equation are
the key stages to solve them. The methods and tech-
niques used in this paper can be applied to study
problems for some IDEs in more general forms.
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