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Muc tiéu nghién ctiu: Phat trién mét cong cu hé trg gidi toan bang Python dé tu dong héa quad trinh
dua dang toan phuang vé dang chinh tac. Két ngi ly thuyét dai s6 tuyén tinh vai thuc hanh lap trinh
nham phuc vu gidng day, nghién ctiu va tmg dung thuc tién.

Phuang phap nghién ctu: Phuong phép lap trinh va thuc nghiém. St dung ngdn nglr Python véi
cac thu vién NumPy: tinh todn ma tran, gid tri riéng va vectd riéng SymPy: x( ly biéu thiic dai s6 va
hién thi két qua dudi dang ky hiéu Thir nghiém véi nhiéu vi du trong toan hoc, t8i uu héa, co hoc va
machine learning. Xay dung thuat toan giai cho méi dang toan thanh phan

Két qua va két luan: Gop phan lam rd méi quan hé gita ly thuyét dang toan phuong, ma tran déi
xUng va bai toan chéo héa truc giao. Cung cap tai liéu tham khao tich hgp Toan hoc - Lap trinh cho
sinh vién, giang vién va nha nghién ctu.

Y nghia ctia két qua nghién ctu: Xay dung thanh céng chuong trinh Python c6 kha nang tu déng:
Nhéap dang toan phuong ti biéu thiic hodc tir ma tran déi xiing. Thuc hién phan tich gia tri riéng dé
tim hé truc chinh tdc. Xuat ra két qua dang chinh tdc cing v6i ma tran chuyén déi. Hién thi cac budc
trung gian d€ minh hoa ré rang qua trinh bién déi.

ABSTRACT

The goal of the research is to create a Python problem-solving application that will automatically
transform quadratic forms into canonical forms. To support instruction, research, and real-world
applications, integrate programming practice with linear algebra theory.

Programming and experimentation are the research methods. Using libraries and the Python language:
NumPy: compute eigenvalues, eigenvectors, and matrices. SymPy is a program that processes algebraic
expressions and presents the output in a symbolic format. Try out a variety of machine learning,
optimisation, mechanics, and mathematics examples. Create problem-solving algorithms for every kind
of challenge.

Findings and conclusions: Help elucidate the connection between orthogonal diagonalisation
problems, symmetric matrices, and quadratic form theory. Give students, instructors, and researchers
comprehensive reference materials on mathematics and programming.

Importance of the study findings: created a Python software that is capable of automatically Enter the
quadratic form from a symmetric matrix or an equation. To determine the canonical coordinate system,
use an eigenvalue analysis. Output the transformation matrix and the canonical result. To make the
transformation process easy to understand, show intermediate steps.

Keywords: Dang toan phuong; Dang chinh tdc; D& liéu; Ldp trinh Python; Todn hoc.
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1. GIGI THIEU

St dung lap trinh Python khéng chi gidi dugc bai toan
“Pua dang toan phuong vé dang chinh tac”, ma con giai
dugc cac ung dung phong pht va da dang cua bai toadn
nay, cung cap cho sinh vién cac kién thiic da chiéu vé iing
dung Python trong giai toan thuc té, ky thuat, toan hoc
va dirliéu.

2. TONG QUAN NGHIEN cUU
2.1. Khdiniém

Dang toan phuong bai toan chuéan tic héa: Théng qua
phép bién ddi truc giao, dang toan phuong cé thé dugc
dua vé dang chinh tac (diagonal form), ttic chi con cac s6
hang binh phuong khéng chia tich chéo.

2.2, Cdc nghién citu va irng dung ctia dang
toan phuong:

Trong Toan hoc va Ca hoc; Trong Téi uu héa; Trong Khoa
hoc dir liéu va Machine Learning: Trong ky thuat va xu
ly anh.

2.3. Xu huéng ldp trinh hé tro gidi todn.
Truyén théng:

Cacbudc duadang toan phuang vé dang chinh tacthudng
dugc tinh th cong, gay kho khan khi s6 chiéu tang. Hién
dai: MATLAB va Maple c6 cong cu hé trg chéo hdéa ma
tran. Python ngay cang phd bién véi thu vién manh mé
(NumPy, SymPy, SciPy), cho phép vua tinh toan ky hiéu,
vUa tinh sé tri, cac nghién cru gan day tap trung vao ty
dong hoa quy trinh tinh toan, tich hgp mé phdng va truc
quan hoéa dé phuc vu day hoc.

2.4. Khodng tréng nghién ctu.

Cac tai liéu hién cé vé Python thuong chi diing & minh
hoa rdi rac (vi du tinh eigenvalues/eigenvectors) ma chua
hé théng hoa thanh quy trinh day da dé dua dang toan
phuong vé dang chinh tic. [t nghién ciu két hop toan hoc
thuan tay - 1ap trinh - ing dung thuc tién trong cing mét
coéng cu. Con thiéu cac cdng cu truc quan hda dé ngudi
hoc dé hiéu méi quan hé giira bién d6i ma tran va hinh hoc
clla dang toan phuong.
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3. PHUONG PHAP NGHIEN CUU
VA DU LIEU

3.1. Phuong phdp nghién cuu

3.1.1. Nghién ctu ly thuyét.

Hé théng hda co sé toan hoc vé dang toan phuong, ma
tran ddi xting, gia tri riéng va vecto riéng. Tim hiéu cac
thuat toan dua dang toan phuang vé dang chinh tac:
Phucong phap bién d8i co s& truc giao; Phan tich gia tri
riéng (Eigen decomposition); St dung chudn truc Gram-—
Schmidt trong moét s6 trudng hop.

3.1.2. Phuong phdp mé hinh héa va thudt todn:

Biéu dién dang toan phucong dudi dang ma tran: Cac budc
gidi thuat:

B Budc 1: Lap ma trdn déi xing tu biéu thic dang
toan phuong.

Budc 2: Tinh cac gid tri riéng va vecta riéng.

Budc 3: Chudn hoa hé vecto riéng dé xay dung ma
tran truc giao.

Budc 4: Thuc hién bién ddi dé dua vé dang chinh téc.

3.1.3. Phuong phdp Idp trinh va kiém ching. St
dung Python va cdc thu vién:

NumPy: x(t ly ma tran, tinh gia tri riéng/vecto riéng.
SymPy: biéu dién va rut gon dang toan phuong dudi
dang ky hiéu.

Matplotlib: truc quan héa hinh hoc (2D, 3D).

Xay dung chuong trinh minh hoa quy trinh tu déng
dua dang toan phuong vé dang chinh tac.

Kiém chuing két qué bang cach so sanh gita ly thuyét
va két qua tinh toan tur Python.

3.2. Dirliéu nghién ciru

3.2.1. Duwrliéu todn hoc:

Cac dang toan phuong tiéu biéu dugc chon lam vi du
minh hoa; Cac dang toan phuong trong giao trinh Dai s6
tuyén tinh va bai tap thuc hanh.

3.2.2. Dirliéu ting dung thuc tién.

T6i uu hda: Ham muc tiéu bac hai trong bai toan t6i uu co
rang budc; Cahoc-Vatly: Ma tran d6 cliing hoac nang lugng
dao dong trong hé nhiéu bac tu do; Machine Learning: Ma
tran hiép phuong sai trong PCA; Kinh té& lugng: Ham héi quy
binh phuong téi thiéu (OLS) va dang chuén tac lién quan.
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3.2.3. Nguén diliéu:

Giao trinh Dai s6 tuyén tinh, T6i uu hoa bac hai, Co hoc ting dung; Cac bai bdo, nghién ctiu khoa hoc vé dang toan phuong
va Uing dung; D liéu mé phdng do ngudi nghién ctiu tu xay dung dé minh hoa chuong trinh Python.

4. KET QUA NGHIEN CUU
4.1. Ham Python dua dang toan phuong vé dang chinh tdc
4.1.1. Thudttodn
Budc 1: Biéu dién dang toan phuong Q(x) dudi dang ma tran ddi xiing
Budc 2: Tim tri riéng (eigenvalues) va vecta riéng (eigenvectors)
Budc 3: DSi bién vé hé toa dd méi
Budc 4: Viét lai Q(x) dudi dang chinh tac
4.1.2. Vidu.
Pua dang toan phuong sau vé dang chinh tac:
Q(x) = —x2 + 4x2 4+ 2x,x, + 4x,x3 (L& siP6ng,2010)
Gidi: Cho biéu thiic toan phuong:
Q(x) = —x2 + 4x2 4 2x,%, + 4%, %5

Taviétlai: Q(x) = 0.x% + (=1).x% + 4x2 + 2x,x, + 4x,x3

B Budc 1:Viét ma tran déi xiing A ctia Q(x).

0 1 2
A=11 -1 Ol
2 0 4

Véi Q(x) = xT Ax ta can xac dinh ma tran déi xing A:
B Budc 2: Tim tri riéng (eigenvalues) va vector riéng (eigenvector)

Ma Python minh hoa bang NumPy.

import numpy as np

# Ma tran déi xiing clia Q(x)
A=np.array([[0,1,2],[1,-1,0],[2,0,4] D

#Tinh tri riéng va vector riéng

eigenvalues, eigenvectors = np.linalg.eigh(A)

#Inkét qua

print(“Eigenvalues (tri riéng):”)

print(eigenvalues)

print(“\nEigenvectors (vector riéng, cét la vector riéng):")
print(eigenvectors)
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Eigenvalues (tri riéng):

[-1.85410197e+00 1.39807870e-16 4.85410197e+00]
Eigenvectors (vector riéng, cOt la vector riéng):
[[0.63403768 0.66666667 0.39185683]

[-0.74234424 0.66666667 0.06693714]
[-0.21661313-0.33333333 0.91758795]]

B Budc 3: DSi bién vé hé toa d6 méi

Piat: z=PTx = Q(x) =xTAx = z"Dz

Trong dé: D = PT AP |a ma tran dudng chéo chia céc tri riéng

B Budc 4: Viét lai Q(x) & dang chinh tac

Goi P la ma tran truc chudn chiia cac vector riéng va D 1a ma tran dudng chéo chiia cac tririéng

Q(x) =xTAx = zTDz = —1,854z% + 1,3982% + 0,392z%; voi..z = px

Sau khi chay code, ta nhan dugc:

B CAc tri riéng (eigenvalues): chinh la hé s6 trong dang chinh tac.

B Cacvector riéng (eigenvectors): |a ma tran bién déi tuyén tinh tir hé ci sang hé toa dd méi.
B Dang chinh tic Ia t6 hgp cla cac binh phuong Z,-Z theo tri riéng.

Luyén tap: Dua dang toan phuang sau vé dang chinh tac
Q(x) = 2x? + x5 + x2 + 3x,x, + 4x,x3  (David C.Lay-Steven R.Lay-Judi J.McDonald, 2016 ).
Pap s6: Dang chinh tac.

Q(x) = —1,0495z% + 1,0000.z% + 4,049523

4.2. Ung dung thuctién trong khoa hoc ky thudt, kinh té, todn hoc va xit ly dit liéu ctia bai todn “dua dang
toan phuong vé dang chinh tdc”

4.2.1. Ung dung trong Co hoc va vt ly (ddc biét trong dao déng va déng luc hoc).

Trong Ca hoc va Vat ly: Dang toan phuang la cong cu trung tdm dé mé hinh hoa va chuyén d6i cac hé dao dong, hé
chuyén déng quay, va cac hé dong luc phuc tap. Dang toan phuong (hay con goi la biéu thiic bac hai) xuat hién rat tu
nhién va déng vai tro trung tam trong viéc mo ta:

Nang lugng trong dao dong diéu hoa (Co hoc);

Nang lugng toan phan cda hé dao déng:

Phan tich dao déng riéng (Normal modes);

DPong nang va thé nang trong co hoc ¢ dién va Lagrange;

Ung dung trong déng luc hoc quay;

Dao déng va diéu khién hé théng.

Coéng dung:

B Phan tich dao ddong chia hé vat ly: Nhiéu bai todn dao ddng ca hoc c6 thé dugc mé ta bdi mot dang toan phucng
nang lugng.

B Xacdinh truc chinh ciia mé men quan tinh trong co hoc vat ran.

33



Tap chi khoa hoc Trudng Bai hoc Hoa Sen (10) (2025) 30-42

Vi du: Tim truc chinh ctia mé men quén tinh

Xét mot vat phdng quay quanh géc toa dd, mdé men quén tinh clia né dugc cho bdi dang toan phuong:
[ = Ax? + 2Bxy + Cy?

Yéu cau: Pua dang toan phuong vé dang chinh tic: I = A,x2 + 1,x?

bdng cach quay hé truc toa dé dé loai b6 tich xy. T d6: +Xac dinh truc chinh quan tinh; +Gilp thiét ké co cau quay
én dinh.

Giai:
Buéc 1: Viét dang toan phuong dudi dang ma tran:

5 clbl

Dang toan phuong c6 thé viét thanh: I = [x Y] [B clly

Ky hiéu ma tran mé men quantinhla: M = [g lg]
Budc 2: Tim tri riéng (eigenvalues) va vector riéng (eigenvectors) clia ma tran M. Vi du cu thé:
2 A 4D o A I
Giast:A=4;B=-3;C=9.Khido: M = [ %, |

Tim tririéng A tu phuong trinh dac trung:

det(M —2I) = 0 = |4_‘3’1 9‘_3/1| -0

13+./(-13)2 —4.127 13 +V61
2 B 2

SU-DO-N)—-(32=002-131+27=01,, =

13 —+61 13 ++61

Sh=—F"lh="—FF—
2 2

Budc 3: Tim vector riéng tuong Uing

Gidihé&:(M — AV =0

g 9 13—V6l S E =3 11 _
Vidu:Véi 4, = . , thay vao: [ 3 o_ /11] [vz] =0
Giai ra mot vector riéng vy, lam tuong tu véi A, dugc v,

Nhan xét: Do M la ma tran déi xiing nén hai vector riéng truc giao, do d6 c6 thé truc chudn héda dé lam ca s& truc
chudn mai.

Buédc 4: Chuyén sang hé truc chinh (dang chinh tac)

St dung bién ddi toa do: [;] =P B] trong d6 P 1a ma tran cot gém céac vector riéng chuan héa.
Khi d6, phuong trinh tré thanh: I = A,x2 + 1,y'?, day la dang chinh tic clia dang Toan phuong.
Két luan vatly

B Cactrucx,y’ latruc chinh mé men quan tinh;
B Giatri A, A, la mé men quan tinh chinh tuong Ung véi cac truc dé

34



Nguyén Vdn Léc

Téng két thuat toan dua dang toan phuong vé dang chinh tic

Budc Noi dung
1 Viét dang toan phuong thanh ma tran déi xing
2 Tim tri riéng bang phuaong trinh ddc trung
3 Tim vector riéng ting véi méi tri riéng
4 Chuén hoa va xay dung ma tran chuyén hé toa do
5 Viét lai dang toan phuong theo toa d6 mai dé c6 dang chinh tic

St dung ham NumPy va SymPy dé:

B Biéu dién md men quan tinh duéi dang toan phuong;
B Tim tri riéng va vector riéng;

B Chuyén dang toan phuang sang dang chinh tac

Ma Python minh hoa bing NumPy va SymPy

Int[1]: import numpy as np
from sympy import Matrix, symbols, simplify, pprint
# Budc 1: Khai bdao ma tran moé men quan tinh
AB,C=4,-3,9
M =np.array([[A, B], [B, C]])
print(”‘ Ma tran mé men quan tinh:")
print(M)
# Budc 2: Tim tri riéng va vector riéng (principal axes)
eigvals, eigvecs = np.linalg.eig(M)
print(”\n‘Tri riéng (principal moments of inertia):”)
print(eigvals)
print(”\n’ Vector riéng (principal axes) — cot la eigenvectors:”)
print(eigvecs)
# Budc 3: Kiém tra truc chudn va chuyén sang dang chinh tic
#Goi P la ma tran chuyén d&i gém céc vector riéng
P =eigvecs
D=np.dotPT@M @ P)
print(”\n’ Dang chinh tdc (ma tran dudng chéo sau déi bién):”)
print(D)
Out[1]: <> Ma tran mé men quan tinh:

[[4-3]

[-3 911

@Tri riéng (principal moments of inertia):
[2.59487516 10.40512484]

@Vector riéng:

[[0.89..,-0.45...],

[0.45.., 0.89..]]

@ Dang chinh tac:

[[2.45.. 0.0 ]

[0.0 10.54..]]
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Y nghia

np.array - tao ma tran ban dau.
np.linalg.eig = tim tri riéng va vecto riéng (moment chinh va truc chinh).
P.T @ M @ P > bién déi ma tran vé dang chinh tic (dudng chéo héa).

4.2.2. Ung dung t6i uu héa bdc hai (Quadratic Optimization)

Trong t6i uu hda bac hai, dang toan phuong déng vai tro trung tam, dac biét trong cac bai toan t6i uu héa khong rang
budc va cé rang budc tuyén tinh. Duégi day la tom tat chi tiét vé vai tro va (ing dung clia dang toan phuong trong téi uu
hoa bac hai:

Khai niém dang toan phuang trong téi uu hoa;

Bai toan t8i uu hoa bac hai téng quat;

Vai tro clia dang toan phuong:

Xac dinh tinh 16i/16m. Don gidn hoéa bai toan, giup don gian héa tinh toan, iing dung trong hoc may, giai bai toan
t6i uu hda ham muc tiéu dang bac hai trong kinh té, tai chinh, logistic, xac dinh diém cuc tri, xac dinh dac tinh 16m/
16i cla ham;

Ung dung thuc tién: Machine Learning; Kinh té lugng; Ky thuat; Tri tué nhan tao; Game va 6 hoa.

Cong dung

Giai bai toan t6i uu hoa ham muc tiéu dang bac hai trong kinh té, tai chinh, logistic.
Xac dinh diém cuc tri, xac dinh dac tinh 16m/16i cia ham.

Vi du: T6i uu ham muc tiéu bac hai khong rang buéc:

f(xy) = 3x* + 4xy + 6y

Ta can:
B Chuyén ham nay vé dang chinh tdc khéng con tich chéo xy;
B Phan tich ma tran Hessian (ma tran doi xing);
B Xac dinh loai diém cuc tri (t6i tiéu, t6i da, yén ngua)
Giai:
B Budc 1:Viét dusi dang toan phuong ma tran
e o B 3 21
Taviétlaiham dugidang: f(x,y) = [¥ Y] [2 6 [y]
(Ma tran déi xting nén hé sé 4xy chia déu vao 2xy + 2yx)
N 32
Ma tran hé so (Hessian): Q = [2 6
B Budc 2: Tim tri riéng va vector riéng clla ma tran

Gidi phuong trinh dac trung:

det(Q — ) =0 = 63/1|:0@(3_’D(6_’D_4:°
SP -9 +14=0>1, =71, =2

|3—/1
2

Tim vector riéng Ung vdi tung tri riéng:

11=7=>(Q—7I)13=0=>v_1’=[;]

/12=2=>(Q—21)17=0:v_2’=[_12]
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B Budc 3: Chuyén ddi “toa do vé truc chinh

Gia sirdat bién méi (x)y’) theo hé toa dé méi dua trén céc vector riéng da chuén hoéa, khi do:

[;] - P[;.]..voi..P - [%%

Thay vao, ta c6 dang chinh tic:

fOy) =)+ 2,0 =7+ 2(y)?

Budc 4: Phan tich bai toan t6i uu hda

Ham f(x,y) la ham |6i nghiém ngat

|
B Ma tran Hessian c6 cac tri riéng déu duong nén ma tran xac dinh duang
|
[ |

Piém cuc tiéu toan cuc tai nghiém ctiaVf = 0

Téng két thuat toan dua dang toan phuong vé dang chinh tic

Budc Noi dung
1 Viét ham muc tiéu dang ma tran toan phuong
2 Tim tri riéng va vector riéng clia Hessian
3 Chuyén déi hé truc (toa do) vé truc chinh
4 Viét lai ham duéi dang chinh tac
5 Phan tich cuc tri dua vao dau tri riéng

Ma Python minh hoa bang NumPyv

Int[1]:

import numpy as np

from numpy.linalg import eig

# Budc 1: Ma tran Hessian

Q =np.array([[3, 2],

[2,6]D)

# Budc 2: Tri riéng va vector riéng

eigvals, eigvecs = eig(Q)

print(”‘Tri riéng (eigenvalues):”, eigvals)
print(”‘ Vector riéng (eigenvectors — theo c4t):\n", eigvecs)
# Budc 3: Dang chinh tac

D =eigvecs.T @ Q @ eigvecs

print(”‘ Dang chinh tac (Q'=PAT Q P):\n", D)

Out[1]:

‘Tri riéng (eigenvalues): [2.7.]
‘Vector riéng (eigenvectors — theo cot):
[[-0.89442719 -0.4472136 ]
[0.4472136 -0.89442719]]

‘ Dang chinhtac (Q'=PATQP):

[[2.0.]

[0.7.]]

Y nghia

B np.array > dinh nghia ma tran Hessian/dang toan phuong.
B eig(Q) —>tim tri riéng va vecta riéng.
B eigvecs.T@ Q @ eigvecs > bién d6i ma tran vé dang chinh tac.

Dang chinhtic: f(x,y) = 4, (x)? + 1, (¥)? = 7(x")? + 2(y")?
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4.2.3. Ung dung trong Machine Learning va tri tué nhén tao

Trong Machine Learning va Tri tué nhéan tao, dang toan phuong thudng xuat hién trong:
B Ham méat mat bac hai (Quadratic Loss Function);

B Ham muc tiéu trong Ridge Regression, Linear Discriminant Analysis (LDA);

B Phan tich phuong sai (PCA), t6i uu hoa convex/quadratic.

Cong dung:
Trong Principal Component Analysis (PCA): Bién d6i ma tran hiép phuang sai (dang toan phuang) vé dang chéo dé giam
chiéu dirliéu.

Tang hiéu qua huan luyén moé hinh ML (John Paul Mueller, 2016)

Vi du: Demo Python: PCA va dang chinh tac

Int[1]: import numpy as np

import pandas as pd

import matplotlib.pyplot as plt

from numpy.linalg import eigh

#1.Sinh dirliéu gia (3 chiéu, c6 tuang quan)
np.random.seed(0)

mu = np.array([0, 0, 0])

Sigma = np.array(][ [4.0, 2.4, 1.2],[2.4, 3.0, 1.5],[1.2, 1.5, 2.5] ])
X = np.random.multivariate_normal(mu, Sigma, size=200)
df = pd.DataFrame(X, columns=[“X1", “X2” “X3"])
#2.Tinh ma tran hiép phuong sai

X_centered = df - df.mean()

cov_matrix = np.cov(X_centered.T)

print(“Ma tran hiép phwong sai X:”)
print(cov_matrix)

#3.Phan tich gia tri riéng (Eigen decomposition)
eigvals, eigvecs = eigh(cov_matrix)

idx = np.argsort(eigvals)[::-1] # Sap xép giam dan
eigvals, eigvecs = eigvals[idx], eigvecs[:, idx]
print(“\nGia tri riéng (A):", eigvals)

print(“\nVecta riéng (P):\n", eigvecs)

#4.Da4i bién: Z=X_centered * P

Z=X_centered @ eigvecs

print("\n5 dong dau cta toa d6 thanh phan chinh (2):\n”, Z.head())
#5.Kiém ching dang toan phuong: x"T X x=z"T Az
x = X_centered.iloc[0].values.reshape(-1,1)

lhs = float(x.T @ cov_matrix @ x)

z = eigvecs.T @ x

rhs = float(z.T @ np.diag(eigvals) @ z)
print(“\nKiém chiing dang toan phuong:”)
print(“xATZ x =" lhs,“= zAT A z=",rhs)

#6.Vé Scree Plot

plt.plot(range(1, len(eigvals)+1), eigvals, marker="0")
plt.title(“Scree Plot - Gid tri riéng clia X")
plt.xlabel("Thanh phan chinh”)

plt.ylabel(“Gia trj riéng (Phuong sai)”)

plt.show()
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Out[1]: Ma tran hiép phuaong sai X:

[[4.11349979 2.65846641 1.10647026]
[2.65846641 3.26214033 1.51293652]
[1.10647026 1.51293652 2.43108787]]
Gia tririéng (A): [7.09751065 1.8974878 0.81172954]
Vectoriéng (P):

[[-0.69103189 -0.52578015 0.49601428]
[-0.62334159 0.0860563 -0.77719983]
[-0.36595109 0.8462562 0.38720828]]
5 dong dau cua toa d6 thanh phan chinh (2):
0o 1 2

0 4.525721-0.687882 0.934532

1 5.645740-2.762265-0.881438

2 2.395294 0.099918-0.022169

3 1.030277 -0.224455 1.487882

4 1.910341-0.243995 0.513999

Kiém ching dang toan phuong:
x"TE2x=146.97909277060606 ~ z"T Az =146.97909277060

Scree Plot - Gia tri riéng clia ¥

Gid tri riéng (Phuong sai)

1.00 125 150 175 200 225 250 275 3.00
Thanh phan chinh

Gidi thich két qua

Doan code la moét vi du PCA (Phan tich thanh phan chinh) minh hoa truc tiép viéc dua dang toan phuong vé dang
chinh tac.

Buéc 1: Sinh dir liéu gia.

B Dt liéu dugc sinh ngau nhién ti phan phéi chudn da bién 3 chiéy;

B Ma tran hiép phuong sai géc T dugc chon cé nhiéu phan tir ngoai dudng chéo = 0 = cac bién ¢6 tuong quan;

B BO ditliéu nay chinh Ia tinh huéng PCA thudng dugc dung dé xt ly: gidm tuong quan va dua vé hé toa do6 mai.
Budc 2: Tinh ma tran hiép phuong sai mau

Budc 3: Phén tich gia tri riéng. Mdi gia tri riéng chinh la phuong sai ctia di liéu trén mét truc chinh (principal
component); Vecta riéng xac dinh huéng clia cac truc d6; Do A1 I6n nhat, PC1 gilt phan 16n théng tin (phuong sai l6n
nhat cta di liéu).

Budc 4: Dai bién. Day la phép bién d6i Z=XP; Dir liéu g6c dugc chiéu lén hé truc méi P; BAng két qua (5 dong dau) la toa

do trong hé PC; Cac toa dé nay khéng con tuong quan (covariance gilra cac PC=0).
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Budc 5: Kiém chitng dang toan phuang. Day chinh la dua dang toan phuang vé dang chinh téc.
Buéc 6: Scree Plot gilip quyét dinh gitt lai bao nhiéu thanh phan chinh khi gidm chiéu dir liéu.
Tom lai: Code da minh hoa toan b quy trinh PCA = chéo héa ma tran hiép phuong sai.

K&t qua chiing té PCA chinh la viéc dua dang toan phuong vé dang chinh téc: ditliéu ban dau c6 tuong quan — bién
déi truc giao — hé truc mai doc 1ap, chi con phuong sai trén dudng chéo A

4.2.4. Ung dung trong Thi gidc mdy tinh va xt Iy dnh
Trong thi gidc may tinh (computer vision) va xU ly anh (image processing), dang toan phuong thudng xuat hién trong:

B Phat hién canh, géc (Corner detection - vi du Harris Corner);

B PCA trong trich chon ddac trung;

B Elliptical blob detection (Laplacian of Gaussian);

B Moments hinh hoc: chuyén hé toa d6 dé nhan dang, khir quay/scaling.

Cong dung:

B Trong phan tich anh, nhan dién hinh dang: dung ma tran moment quan tinh (dang toan phuang) dé xac dinh truc
déi xing chinh cda hinh dang.

B Trong trich xudt ddc trung anh nhu ellipse fitting, corner detection.

Vi du: Tim truc chinh cdia mot blob dnh (covariance ellipse)

Int[1]: import numpy as np
# Gid st c6 6 diém anh sang thudc 1 blob
X=np.array([[1, 21,12, 31,3, 31,[4, 51,5, 51,6, 6]])

Int[2]: centroid = np.mean(X, axis=0)

X_centered = X - centroid

Int[3]: cov_matrix = np.cov(X_centered.T)
print(“@ Ma tran hiép phwong sai:\n”, cov_matrix)

Out[3]: <{>Ma tran hiép phuong sai:
[[3.52.8]
[2.8 2.4]]
Int[4]: eigvals, eigvecs = np.linalg.eig(cov_matrix)

print("@ Tririéng (Eigenvalues - phuang sai theo truc chinh):\n”, eigvals)
print(”@ Vector riéng (Eigenvectors — truc chinh):\n", eigvecs)

Outf4l: @Tri riéng (Eigenvalues — phuong sai theo truc chinh):
[5.80350661 0.09649339]

@Vector riéng (Eigenvectors — truc chinh):
[[0.77225168-0.63531673]

[0.63531673 0.77225168]]

Int[5]: import matplotlib.pyplot as plt

def draw_ellipse(mean, eigvals, eigvecs):

t=np.linspace(0, 2*np.pi, 100)

circle =nnp.array([np.cos(t), np.sin(t)]) # don vitron

ellipse = eigvecs @ np.diag(np.sqrt(eigvals)) @ circle

plt.plot(ellipse[0] + meanl0], ellipse[1] + mean[1], color="red label="Ellipse (principal axes)’)
plt.figure(figsize=(6,6))
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plt.scatter(centroid[0], centroid[1], color="black’, label="Centroid")
draw ellipse(centroid, eigvals, eigvecs)

#Veé truc chinh

foriinrange(2):

vec = eigvecs[;, i]

plt.quiver(centroid[0], centroid[1], vec[0], vec[1],

angles="xy’, scale_units=xy’, scale=0.5, color=[‘blue’/green’][i], label=f"Principal axis {i+1}")
plt.gca().set_aspect(‘equal’)

pltlegend()

plt.title(“Truc chinh va Ellipse trong phan tich hinh anh”)
plt.grid(True)

plt.show()

Out[5]:

Truc chinh va Ellipse trong phan tich anh

6.0 1 @ Data points

@ Centroid
5.5 1 —— Ellipse (principal axes)
I Principal axis 1
5.0 1 B Principal axis 2

4.5 1

4.0 1

3.51

3.0 1

2.5

209 @

Giai thich két qua

Ma tran hiép phuong sai Z: biéu dién tuong quan gitta cac bién géc.

Gia tri riéng A: chinh la phuang sai theo tung truc chinh (PC1, PC2, ...).

Vecto riéng P: xac dinh huéng cta cac truc chinh (bién déi truc giao).

DPiéng thiic dang toan phuong: X"y x=z" Az dugc ki€ém chiing bang tinh toan trong code.
Scree plot: gitp chon s6 thanh phan chinh can git lai.

Nhu vay, PCA thuc chat la mét iing dung dua dang toan phuong vé dang chinh tac bang lap trinh Python.

Ta c6 cac ing dung khac nhu sau:

4.2.5. Ung dung trong dai sé tuyén tinh va hinh hoc gidi tich

Trong dai s6 tuyén tinh va hinh hoc giai tich, dua mét dang toan phuong vé dang chinh tic 1a budc nén tang dé:

B Phan loai dudng conic, mat bac hai;

B Don gian hoa phuang trinh bang phép quay toa do; Phan tich hinh hoc khéng gian: elip, hypebol, parabol (Stephen
Boyd, 2018)

Cong dung:

B Phan loai cac loai mat bac hai trong khéng gian: mét cau, mat ellipsoid, mat hyperbole, mat parabol...
B DPua phuong trinh téng quat vé dang chinh tic gitip xac dinh loai mat va vé hinh (Howard Anton, 2010)
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4.2.6. Ung dung trong kinh t€ luong (Econometrics)

Trong kinh té€ lugng, dang toan phuong xuat hién tu
nhién trong:

B Ham mat mat cda hoi quy tuyén tinh;

B Uéc lugng binh phuong t6i thiéu (OLS);

B Phan tich phuong sai-covariance;

B Kiém dinh Wald, kiém dinh tuong quan tuyén tinh

Coéng dung:

B Trong phan tich phuong sai - hiép phuong sai, viéc
chéo hda ma tran (dang toan phuaong) gitp xac dinh
cac thanh phan doc 1ap anh huéng dén bién phu
thuoc (Kevin Sheppard, 2019)

Phan tich nhan té.

4.2.7. Ung dung trong ky thudt va thiét ké

Trong ky thuat va thiét k€, dang toan phuong thudng xuat
hién trong:

Phan tich tng suat - bién dang;

Tinh mé men quan tinh cla tiét dién;

Thiét ké 6n dinh két cau;

T6i uu héa hinh dang

Cong dung:

B Trong co hoc két cdu va thiét ké may: xac dinh phuong
chinh cla vat liéu trong ting suat - bién dang.

B Thiét ké cac bd cam bién chiu luc, bién dang theo cac
hudéng uu tién. (Michael Baron, 2014)
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5. KET LUAN

K&t qua nghién ctiu dé tai chliing minh tinh kha thi trong
cé giang day, nghién ctu va ting dung thuc tién. Dé tai da
két hop thanh cong ly thuyét dai sé tuyén tinh va cong
cu lap trinh Python dé tu déng héa bai toan dua dang
toan phuong vé dang chinh tac. Gidp don gian hoa bai
toan, hi€u rdé cau trdc va ban chit cta hé théng. Xay dung
chuong trinh Python c6 khd nang ty dong nhan dang va
dua dang toan phuang vé dang chinh tic. Hién thi cac
budc trung gian (matran, gid tririéng, vecto riéng, ma tran
bién ddi, dang chinh tic). H6 trg gidng day dai s6 tuyén
tinh, t6i uu héa, co hoc va tri tué nhan tao. Ggi ma kha
nang ma rong thanh thu vién Python nhé hoac tich hgp
vao cac hé théng hoc tap truc tuyén.

Cong cu lap trinh ¢6 uu diém: Tinh todn nhanh va chinh
xac. Hién thi day du budc giai, gitp ngudi hoc dé hiéu ban
chat toan hoc, c6 kha nang mé rong thanh thu vién hé trg
hoc tap va nghién cuu.

Han ché: Chua t8i uu cho cac dang toan phuong co kich
thuéc rat16n (ma tran nhiéu chiéu).

Huéng phat trién: M3 rong ing dung sang cac linh vuc
khoa hoc di liéu, tri tué nhan tao. Xay dung giao dién
truc quan (web/app) dé ngusi duing dé thao tac. Két qua
nghién cttu con cung cap cho sinh vién hé théng kién thiic
st dung lap trinh Python trong xt ly cac bai todn khéng
chitrong toadn hoc, dit liéu ma trong céc linh vuc khoa hoc
ky thuat, kinh té€ lugng va trong giai cac bai toan thuc té,
phat trién & sinh vién tu duy sang tao va tu duy thuat toan,
nhiing loai hinh tu duy rat can cho ngudi lao dong trong
cach mang céng nghiép 4.0.
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