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TOM TAT

Trong ly thuyet vé hang doi, cac hé thong xép hang v6i mot s loai rang budc vé tham s6
dleu khién cta hé thong luén duge quan tim dic biét. Van dé phat sinh v6i hé thong nay 1a cac hé
thong c6 nhiéu rang budc khac nhau thuong dugc yéu cau khi giai quyét nhidu van dé img, dung
trong cac linh vuc, chi dé khac nhau, d6i khi rat xa nhau. Trong bai bao nay, chung t6i dé xuat
mot mo hinh toan hoc ctia hé thong hang doi v6i cach thirc xép hang da kénh mo, kém theo do
thoi gian luu tru tai hang doi 1a hiru han dbi voi cac yéu cau trong hang doi va théa man tinh chat
"thiéu kién nhan" va "kién nhan" d6i véi cac yéu 9au duoc trinh bay. Véi sy trg gitp ctia ham siéu
hinh hoc Kummer, mét cong thirc toan hoc chi tiét cia m6 hinh nay da dugc thyc hién va cac dac
diém xac suat co ban cua cac h¢ thong xép hang da duoc tinh toan.

Tir khoa: hang doi, kién nhan, mo hinh, toan hoc, xdc suat, yéu cau.

AVERAGE NUMBER OF CLIENTS IN THE QUEUING SYSTEMS
WITH LIMITED AVERAGE TIME

ABSTRACT

Queuing systems with some kind of constraint on the system's control parameters have always
been of particular interest in queuing theory. The point in this case is that systems with various
constraints are frequently in demand when a variety of applied problems in different, sometimes very
far from each other subject areas, are solved. In particular, logistics traditionally connected with the
theory of mass service, as well as such innovative areas of modern applications as, for example,
teletraffic theory, telecommunication theory, and many others can be referred to such subject areas. A
mathematical model of an open multi-channel queuing system with a limited average residence time
for claims in a queue containing “impatient” and “patient claims” is presented. With the help of the
Kummer confluent hypergeometric function, a detailed mathematical formalization of the model was
carried out and the basic probability characteristics of queuing systems of this type were computed.

Keywords: mathematics, model, patient, probability, queuing system, requirement.

1. INTRODUCTION

Queuing systems (QS) with some kind of
constraint on the system's control parameters
have always been of particular interest in
queuing theory. The point in this case is that
systems with various constraints are very
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often in demand when a variety of applied
problems in different, sometimes very far
from each other subject areas, are solved. In
particular, logistics traditionally connected
with the theory of mass service, as well as
such innovative areas of modern applications
as, for example, teletraffic theory,
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telecommunication theory, and many others
can be referred to such subject areas.

Among problems with constraints, a class
of problems with constraints imposed on the
average residence time of a claim received by
the system, both waiting for the service to
start in the queue and in the queuing system
as a whole (in the queue and under the service
as well) is specified. In other words, some
claims in the QS of these types are the so-
called “impatient” ones which, after waiting
for some time, may leave either the queue or
the system, including those being at the
service stage (A. Kirpichnikov va cs., 2018;
A. P. Kirpichnikov, 2008, 2011). However,
models of this type are still the least studied
classes among all types of QS.

The primary goal of studying such
systems from the standpoint of mathematics
is as follows. In the course of computation,
even for the most convenient research
Markov-type models, sums of an infinite or
finite number of summands appear, however,
they are not reduced to the sums of
corresponding geometric progressions. Thus,
to solve problems of this kind, one has to
resort to approximate numerical schemes in
which each numerical characteristic of the
problem is computed separately from others
by summing several first terms of the
corresponding finite or infinite series. In this
case, it is impossible, of course, to obtain a
closed analytical solution to the problem,
though it is feasible, rather roughly, to
evaluate the main characteristics of a queuing
system of this type. For a number of applied
problems, this procedure is quite sufficient,
however, as a rule, it is not possible to study
processes occurring in systems of this kind in
more detail. In modern conditions, the
absence of a closed analytical solution within
which all main numerical characteristics of
the system would be computed with the
required accuracy and at the same time
associated with each other, is a significant
gap in queuing theory, understood as an
applied field of research.
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Given the foregoing, a more or less
successful attempt of a new approach was to
studying the queuing systems with
constraints on the average residence time in
the queue or in the system as a whole was
made. The meaning of these works is as
follows. Namely, (A. Kirpichnikov va cs.,
2018) first proposed using a first-order
Mittag-Leffler function (generalization of the
exponential function) applied in the theory of
the function of complex variables and
integral transformations (A. Kirpichnikov va
cs., 2016) for summing series other than
geometric progressions. Some of the results
obtained in these papers were also presented
in (A. P. Kirpichnikov va cs., 2016). It was
noted that this model formalization can also
be carried out using Kummer confluent
hypergeometric function to simplify a
number of intermediate calculations and the
type of final formulas. This idea was later
implemented in the paper (A. Kirpichnikov &
Titovtsev, 2016).

Full mathematical formalization of the
appropriately assigned problem, including
the calculation of the first and second
moments of corresponding numerical
characteristics of the system, was carried out
for the first time in (A. Kirpichnikov va cs.,
2018; A. P. Kirpichnikov, 2017; A.
Kirpichnikov & Titovtsev, 2016). However,
these works propose solutions to the problem
with the constraint on the average time only
in the case when all the demands entering the
queuing system can be called “impatient”
demands (claims). Meanwhile, from the point
of view of possible applications, the
expanded formulation of the problem seems
to be more interesting in a certain way.

2. MATHEMATICAL MODEL OF
“IMPATIENT” AND  “PATIENT”
REQUIREMENTS (CLAIMS) IN
THE QUEUE

From the point of view of practice, it
would be very interesting to consider such a
variant of problem statement in which the so-
called “impatient” claims can leave a queue
only when its length exceeds a predetermined
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fixed numerical value. Let us denote this
value by the letter E in our further
computations. After E claims are left before
the demand in the service queue, the demands
cease to leave the queue, and in any case, wait
for the service to start, i.e., they leave the
category of “impatient” demands and become
“patient” ones.

Let us suppose that we have a
multichannel QS with a homogeneous
infinite simplest flow of claims and a queue
of unlimited length. Let the intensity of the
claims stream be equal to A, and the intensity
of service, i.e., the average number of claims
served by one device per unit of time, be L.
The flow of service will also be considered
the simplest (with the intensity u). Let us
assume now that the time spent by a single
claim in a queue is limited to some random
time ¢ with an average value of ¢ . Thus, each
claim in the queue is impacted by a kind of

%_ . If this flow

is of the simplest nature, then the process

exit flow with the intensity v =

/\/ NG N
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proceeding in the QS will be a Markov
process. In accordance with the foregoing, we
now assume that queued claims cease to leave
the queue when E demands waiting for
service are left before them. Thus, this QS has
claims of two different types at the same time
— both “impatient” and “patient” ones. Fig. 1
presents the graph of such a queuing system.
Let wus carry out the mathematical
formalization of the problem.

As we can see from the graph, we have a
classical scheme of a death and reproduction
process. Applying general expressions for the
probabilities of the limit (stationary) states in
this scheme, we obtain:

A B
P1=7Po> P2 =75P0> P3=35P0> -
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Pm = umPos PmvE = L E ik PO
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Fig. 1. The graph of the queuing system

In accordance with the above, we now
propose that the queuing system under study
has m serving channels with the same service
intensity. As a result, we have the following
formulas for p,. Here, we can describe p, as the
probability in the interval from O to ¢ with k claims
and p,, is the initial probability of the system:

o~
P =77po at k<m;

k
pp=——""—p atm<k<m+E;
m! mk=m

pk

m!(m+ py(m+2p)A[m + (k —m — E)f] Po

P =

atk>m+ E.
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Further, according to the algorithm
proposed in the above works, we divide the
numerator and denominator of the third of

these ratios by B*="=E 1In the notation p = ﬁ

(the reduced intensity of the claims stream, i.e.,
the average number of claims entering the
system in the average service time of one claim).
The general formula is p;, = pkpo Jk=1,2,...
Following the normalization condition,
we have:

1
pp=—"-—"—.
" 4o+ +

Obviously, if p > 1the series in the
denominator of this expression diverges, and
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in this case, the number of queued claims will
increase infinitely. The stationary mode
(stationary state) of the classical QS is thus
established only if p < 1.

The f = ﬁ (the average number of claims

leaving the queue unserved in the average
service time of one claim), we obtain:

o
pi=7qpo atk=m

k
pr=——py) atm<k<m+E;
m! mk=m
pm+E ok—m—E
Pk = Do

m! mE(%+ Di—m—E
atk>m+ E.

Where (a), =a(a+1)(a+2)...(a+k—
1); (a)g=11is the Pochhammer symbol. The

value a = E ==z obV1ously shows what average

number of clalms entering the system during
the average time of one “impatient” claim being
in the queue. The total sum of probabilities of
stationary states of the system is:

pZ 3 pm
Pyt PPy + = P0+3,P0+ +—Po
pm+1 m+2 m+E
tam Pt Pt e o
+ ..
- ()]
e _ +— |1 - (=
1 Ot e i m—p | "\
E k
pm+ a
+ T E Do-
m:m k:0<ﬂ+1)
B k

. . 2
In this relation, e,,(p) = 1 + ﬁ + % 4o

m
% is an incomplete exponential function

(incomplete exponent). Moreover, ey(p) = 1,
it is clear that e, (p) — e’ with m — oo, the
normalization condition for 2™ p, =1

obviously gives in this case:
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m
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m'mE 2(m/ﬂ+ l)k}

= {em_l(p)

m

Wﬁﬁm%@q

m+E
+rz'mEM <1;%+ 1;a>}po =1.

Where M (a; b; z) is the Kummer confluent
hypergeometric function defined by the relation:

YO

= (b) k!

Since (1), = k!. Then for the probability
po of complete system downtime, we have:

M (a; b; z)

p() = {em—l(p)

m

Wﬁﬁm%@q

-1
pm+E m
+ M(l;—+ 15« .
m! mE ( p >}

3. SIMPLIFYING THE FORMULA

The latter expression, in turn, can be
further simplified as follows. Noticing that by
definition:

I'(a+k)
I(a) ~
where I' is a gamma function, let us rewrite

the expression for the Kummer confluent
hypergeometric function as:

(@), =

I'(a+k) z

M(a;bz) = + T(h+k) kI

And the quantity of interest in the way:
ok

M(l;b+1;z) = F(b+1)zm>+—1+k)

Since I'(k + 1) = k!. Further, to simplify
the latter expression, we use the following
chain formulas:
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k
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- ZF(b+k) zz;r(b+k)
1
N0

[ F(b+ k)

Thus, we obtain:
M(1;b+1;2)
F(b +1)
z

k

Z z 1
F(b+k) ro|

As a result, the probability of complete
system downtime will take the following form:

Po = {em_l(p) +(m+!”(lm—p) [1 — (ﬁ)E] +
m+E—1

e (M (155:0) <]} 0

To monitor the correctness of the results
obtained due to these computations, let us
verify the obtained relation in two limiting
cases for which the corresponding solutions
are known. In the first limiting case, when
E — 0 the relation (1) turns into a previously
published dependence (A. Kirpichnikov &
Titovtsev, 2016):

Po(E =0)

Y

It is interesting to note that the same
formula will apparently remain valid for the
general model E # 0, but in the degenerate
case when p = m

Let us regard the second limiting case
when f — 0. This obviously requires the
consideration of how the Kummer confluent
hypergeometric function M (1;%;0{) behaves

when the values of the parameter § are close
to zero. The general formula for the expansion
of the function M (1; % ;) in its K. Maclaurin

series for small values of the parameter f is
obtained in (A. P. Kirpichnikov et al., 2016)
and has the following form:
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M<l;m;a> ~ 1+
p

P [1_ p plm +2p) 2]
m—p (m — p)? (m— p)*
Thus, it is easy to verify that:

limM(l;m;a>
p

and then in the second limiting case when
p — 0, the relation (1) turns into a known
dependence

_ m

m—p’

p-0

m -1
po(B=0) = [ €m— 1(P)+m]

m+l -1

= [entn) + 78]
of the multi-channel QS models with
expectation  (according to  Kendall’s

classification — M/M/m model).
4. SIMULATION AND RESULTS

In this work, we used the general-purpose
simulation system GPSS World based on the
Monte Carlo method (random test method)
and Mathcad as tools for simulation and
visualization. These tools are widely used for
modeling both discrete and continuous
systems like A. A. Markov. Such modeling
systems have specialized tools that
implement additional capabilities for
organizing model experiments on a PC. What
is especially valuable, they provide an
opportunity to consider the time factor in the
models, that is, to build dynamic simulation
models, which is extremely important when
studying systems with queues. In the models
written in GPSS World, it is possible to take
into account a large number of different
factors and at the same time abandon many
restrictions and assumptions. Such software
tools usually contain built-in high-level
programming languages focused on a
specific subject area, which makes it possible
to create model programs for studying
complex systems at the lowest cost, which
fully applies to the GPSS World simulation
system. Finally, the GPSS World system
operates in the Windows operating
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environment and is maximally focused on the
use of modern technologies that provide high
interactivity and visual presentation of
information. All the above advantages led to
the choice in this case in favor of GPSS World.

Here, a request entering the system is
rejected, that is, it leaves the system without

service, if two conditions are met at the time
the transaction enters the system: the number
of occupied places in the queue exceeds the
specified number E and the average waiting
time in the queue exceeds the specified value T'.

Firstly, suppose that we have one channel
for the service, then m = 1 correlatively:
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Fig. 3. Probabilities of system states for the casem =3, E =4
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Fig. 4. Probabilities of system states for the case k =3,m=4,E =5
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Fig. S. Probabilities of system states for the case k =5, m =4, E =5

Following the graphs, in the intermediate
region of states of the system, when m < k <
m+ E, by absolute probability value, the
probabilities of its states are minimal by the
ratio to two other regions of states. Or, in
other words, the probability of leaving from
the queue (impatient) of the service queue
among the “patient” claims is less than the
probability of service, it is the similarity of
being in the queue among the claims that can
exit it without waiting for the service to start

5. CONCLUSION

A mathematical model for an open
multichannel queuing system with a limited
average time of a claim being in the queue for
service is proposed. The main difference
between this model and previous models of
similar systems is the first introduced
assumption that the so-called "impatient"
customers can leave the queue only when the
number of customers in the queue exceeds
some predetermined fixed value.

The main probabilistic characteristics of
the considered QS are calculated, including
the probabilities of stationary states of the
system, the probability of its complete
downtime and the probability of waiting for
the customer to begin service.
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Analytical expressions are obtained for
the first and second moments of the main
discrete and continuous quantities that
characterize systems with queues. These
values include the number of busy service
channels in the serving multichannel device,
the number of claims in the queue awaiting
the start of service, the time spent by one
claim in the queue, as well as the total number
of claims in the system and the total residence
time of claims in the system (as in queue and
under service).
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