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_ TiNH TAN S0 RIENG CUA HE DAM
BANG PHUONG PHAP PHAN TU HUU HAN

Trinh Tw Luc *, Tran Ngoc Thing **

Tém tit: Phuong phap phan tir hiru han (PTHH) 12 mot phuong phép quan trong
va khong thé thiéu dugc ddi véi nguoi ki su diung dé phan tich va thiét ké két cu.
Trong cac cong trinh xay dyng, viéc xac dinh dugc cac tan s6 dao dong riéng cua hé
két cau 1a nhiém vu quan trong. Vi vay, bai bao s€ trinh bay viéc st dung phuong

phap PTHH véi viéc xac dinh dugc cac tan s6 dao dong riéng ctua hé dam.

Tir khéa: Phan tir hitu han, dao dong riéng, dam.

Abstract: Finite element method (FEM) is now an important and frequently
indispensable method of engineering analysis and design. However, the determination

of natural frequencies of structures is always important. Therefore, this paper aims the
usage of FEM to calculate natural frequencies of beam.
Keywords: Finite Element Method; natural frequencies; beam.

1. Pit van dé

Trong cac cong trinh xay dung, viéc
xac dinh duoc cac tan sd dao dong riéng
ctia hé két cau 1a nhiém vu quan trong
trong co hoc cong trinh ndi chung va
trong bai toan dong luc hoc noi riéng.
Tan s6 dao dong riéng 1a dic trung cho
mdi két cAu cu thé. Vi hé tuyén tinh, tin
sO dao dong riéng va chu ky dao dong
khong phu thudc vao cac diéu kién ban
dau ma chi phu thude vao céc chi tiéu co
1y cua vat liéu, hinh dang kich thudc tiét
dién va hinh thirc lién két. Chinh vi vy,
khi do dugc cac tan s6 dao dong riéng co
thé danh gia duoc ban chét d6i tugng. Do
chinh 1a nd1 dung ctia phuong phap danh
gia chat luong cong trinh qua dao dong,
mot phuong phap dang dugc dung phd
bién hién nay.

....................................................................

Mic du van dé tinh toan dao dong
riéng ctia dim 1a rat quan trong va di dugc
tinh toan boi cac phuong phap giai tich,
cho két qua tinh chinh xac nhu phuong
phap luc, phuong phap chuyén vi, tuy
nhién v6i nhitng hé phuc tap c6 nhiéu
phan tir, c6 do clng phan tir thay doi,
khdi lwong tinh toan rat 1on, kho khan vé
mat toan hoc 13 hién hiru. Dé giai quyét
van dé nay, tinh toan dao dong riéng cua
dam bing mot trong cac phuong phap
sO - d6 1a phuong phap phan tir hiru han
(PTHH) 14 hudng giai quyét rat hiéu qua
va dugc sir dung rong rai. Trong phuong
phéap PTHH véi bai toan dao dong riéng
cua két cu, cac dir liéu dau vao nhu so
dd tinh, khéi luong két cau déu dugc sd
hoa nén viéc nhap dir liéu dau vao rat
dé dang. Trong qué trinh gidi bai toan,
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phuong phap PTHH dua do cing vé ma
tran do ctirng, dua khéi lugng két cau vé
ma tran khéi lugng. Viée tinh tan sé dao
dong riéng con lai la giai phuong trinh
tan s6 dudi dang ma tran.

2. Xay dung bai toan

2.1. Phwong phap PTHH trong bai
todn tinh tin so dao dong riéng

Phuong phdp PTHH 1a phuong
phép sé dugc ap dung rat hiéu qua dé
giai cac bai toan két cau trén may tinh.
Bai toan dong luc hoc cong trinh ciing
khong 1a ngoai 16. O day ching ta s&
tim hiéu cach ap dung phwong phéap
PTHH (mé hinh chuyén vi) véi bai
toan dao dong hé thanh, cach xay dung
ma tran d§ cung ddi véi phﬁn tir thanh

det ([K] - 0* [M])=0

Trong do:

o, - tan s6 dao dong riéng cua hé két
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chiu udn, xady dung ma tran khdi lugng
céc phéan tir thanh, tim tan s6 dao dong
riéng. Trong phuong phap PTHH (md
hinh chuyén vi), thanh phan chuyén vi
dugc xem la dai lugng can tim. Chuyén
vi duoc lay xap xi trong dang mot ham
don gian goi 1a ham x4p xi (hay con goi
1a ham chuyén vi). Ap dung phuong
phap PTHH phan tich dao dong duogc
trién khai theo cac buéc sau:

Buée 1: Roi rac hod mién khdo sat
V thanh céc mién con V, (v6i hé thanh la
cac phan tir thanh). Dt ky hiéu cho cac
phén tu, cac nut va cac bac ty do tuong
g v6i s6 chuyén vi tai cac nut.

Buée 2: Thiét 1ap phuong trinh tan
sb cua hé két cAu:

2.1)

cAu & dang dao dong thu i;

[K] - ma tran d cimg cua toan hé két ciu, trong d6 [K], cua mdi phan tir:

12/ 6/10 -12/8 6/}
6/  4/L -6/ 2/L

K. =Bl 45,0 672 1270 —6/02 (2.2)
6/  2/L -6/0

4/1 |

[M] - ma tran d6 ctng ctia toan hé két cau, trong d6 [M], cua mdi phan tur:

156  22L

mAL | 22L  4r

IM], =750 54 13L
-13L =308

Buée 3: Giai phuong trinh tan sb
(2.1), thu duoc tan s6 dao dong riéng.
Tuy nhién, ta phai dua cc diéu kién bién
vao, béng cach bat cac dinh thuc cua
ma tran [K] va ma tran [M] phai khac

54 -13L

3L -3

156 -22L (2.3)
2oL 4L

0 (det [K] khac 0, det [M] khac 0), tuc
1a phuong trinh khong suy bién. Véi bai
toan két ciu, diéu nay chi dat dugc khi
diéu kién bién duoc thoa mén (két cAu
phai bat bién hinh).
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Bat diu

Nhap théng sb d&u vao

; : chiéu dai, kich thuée
tiét dién, vat ligu

\/

Rai rac hoa két cau, thir tu cac phéan tir,
cac nut, cac bac tu do

v

V

Thiét lap ma trdn do
ctmg [K] hé két cau;
Xir ly diéu kién bién.

Thiét 1ap ma tran khéi
Iwong [M] hé ket cau;
Xr Iy diéu kién bién.

\!

Thiét lap va giai phuong trinh tin sé clia hé

V

Xac dinh tan s6 dao déng riéng

v

Két qua

Hinh 1. So' @6 khoi chwong trinh

2.2. Thiét ldp trinh tw gidi bai todn
tinh tan sé dao dong riéng bang phwong
phap PTHH

Bai toan phan tich dao dong tu do
hé két cau thanh dim bang phuong phap
PTHH duoc tac gia viét chuong trinh tinh
toan ing dung phan mém MATLAB. So
d6 khdi bai toan (Hinh 1)

Trinh ty giai bai toan gdm céc budc sau:

Buée I: Khai bao thong s6 dau vao
vé hinh hoc va vat liéu cho hé nhu: chiéu
dai phﬁn tur; dién tich, m6 men quan
tinh mat cat tiét dién; gia tri m6 dun
dan hoi E;

Bueée 2: Roi rac hoa hé két clu; danh
thur tu phén tir; thr tu cac nut; bac tu do

tai cac nut; 1ap hé toa do chung XY.

Buée 3: Thiét 1ap ma tran d6 clng
toan hé két cdu trong hé toa do chung.
Xt 1y diéu kién bién.

Burde 4: Thiét lap ma tran khéi luong
toan hé két cdu trong h¢ toa do chung.
Xtr Iy diéu kién bién.

Buéce 5: Giai phuong trinh tan sé thu
duoc tan sb dao dong riéng cua hé.

3. Vi du tinh toan

3.1. Bii todn dam hai diu ngam

Xét mot dam c6 tiét dién khong thay
d6i, lién két 2 dau ngam, gia thiét : L =
1 (don vi); E=1; I=1; A =1; dam c6 khbi
luong phan b déu va co khéi luong
riéng p = 1. Goi s6 phan tir 1a n.

Tap chi
Kinh doanh va Céng nghé

$6 51/2025

23



NGHIEN CUU TRAO POl Ky thuat — Céng nghe

3 :

L L |

A A

Hinh 2. DAm 2 ddu ngam
Chia ddm 1am 10 PT (n=10). So d rdi rac thanh cac PT va so d6 chuyén vi nut
nhu hinh 3.
0 © 0 00 © 0 0o @ o

N1 2 3 4 5 6 7 8 9 107V

, /10| L/10 | L/10 | L/10 | L/10 | L/10 | L/10 | L/10 | L/10 | L/10 |
A 7 7 7 7 7 7 7 7 7 7

| L |

A 7

0220 5, o6 08 510 Sz S O 518 O 22=0
T o T T S A
3 03 05 o7 9 11 13 J15 o17 19 g
01=0 i . 3 821=0
Hinh 3. So PT, bac tu do va so' do chuyén vi nut

Chiéu dai PT L_= L/10. S6 chuyén % Code phan tich dao dong rieng
vi nit = 18. Thiét 1ap ma trdn do cing dam 2 dau ngam

va ma tran khéi luong, xay dung phuong % E; modul dan hoi khi kéo - nén
trinh tan sb, giai phwong trinh ta dugc % A; dién tich mit cat tiét dién
cac gia tri tan s6 dao dong riéng, trong % I; momen quan tinh mit ct tiét dién
d6 3 tan s6 dao dong riéng nho nhat trong % L: chiéu dai ddm
bang 1. Viéc ghép ndi va tinh toan céc % rho: khéi lugng don vi cua ddm
ma tran do cing va ma tran khéi luong, % K: ma tran dg cling cua két cau
cling nhu tinh tan s6 dao dong riéng dugc % M: ma tran khéi lugng cuia két cau
thuc hién béng code chuong trinh trong n=10;
MATLAB duogc ghi bén dudi. E=1;
Bang 1. Ba tin sb dao dong riéng diu I=1;
ciia dam 2 diu ngam A=l1;
(cac gia tri cua tan s6 cAn nhan thém ( L=1;
@/CWE/pA ) 1=L/10;
— % rho=1;
LEMSD n =10 k1=PTDam_DoCung(E.L]):
dao dong rieng .
®, 22.374060466593 11:;113
©, 61.688901710648 kd—k1:
o, 121.022720282104 k5=k1:
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k6=k1;

k7=k1;

k8=klI;

k9=kl1;

k10=k1;

k=zeros (22,22);
k=PTDam_TongHop(k,k1,1,2);
k=PTDam_TongHop(k,k2,2,3);
k=PTDam_TongHop(k,k3,3.,4);
k=PTDam_TongHop(k,k4,4,5);
k=PTDam_TongHop(k,k5,5,6);
k=PTDam_TongHop(k,k6,6,7);
k=PTDam_TongHop(k,k7,7,8);
k=PTDam_TongHop(k,k8,8,9);
k=PTDam_TongHop(k,k9,9,10);
k=PTDam_TongHop(k,k10,10,11);
K=[k(3:20,3:20)];
m1=PTDam_KhoiLuong(rho,A,l);
m2=ml;

m3=ml;

m4=ml;

mS5=ml;

mo6=ml;

m7=ml;

m&=ml;

m9=ml;

ml0=ml;

m=zeros(22,22);

m=PTDam TongHop Kluong(m,m1,1,2);
m=PTDam_TongHop Kluong(m,m2,2,3);
m=PTDam_TongHop Kluong(m,m3,3,4);
m=PTDam TongHop Kluong(m,m4,4,5);
m=PTDam TongHop Kluong(m,m5,5,6);
m=PTDam_TongHop Kluong(m,m6,6,7);
m=PTDam_TongHop Kluong(m,m7,7,8);
m=PTDam_TongHop Kluong(m,m§,8,9);
m=PTDam_TongHop Kluong(m,m9,9,10);
m=PTDam_TongHop Kluong(m,m10,10,11);
M=[m(3:20,3:20)];

NGHIEN CUU TRAO POI

% Tim inv(K)*M

invk=inv(K);

km=invk*M;

format long;

[ms,ns]=size(M);

% % Tim tri riéng

[evec,ev]=eig(km);

for i=1:ms

ee(i)=1/ev(i,i);

end

Qh=max(ee)+0.001;

QI=0;

for i=1:ms

for j=1:ms

if ee(j) > Ql & ee(j) < Qh

ki=j;

Qh=ee(j);

Else

End

end

QI=Qh;

Qh=max(ee)+0.001;

oml (i)=ee(kl);

omega(i)=sqrt(ee(kl));

for Im=1:ms

pl(Im,i)=evec(lm,kl);

end

end

disp(‘ Tan sb dao dong riéng in rad/
sec’) ;

disp(omega’) ;

3.2. Bai todn dam dau ngam - dau
tw do

Xét mot dam co tiét dién khong
thay d6i, lién két 2 ddu ngam - tu do,
gia thiét: L =1 (don vi); E=1; I=1; A =I;
khéi luong riéng phan bd déu p = 1.
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L Y.

A

Hinh 4. Dam diu ngam - diu tu do

Ta chia ddm lam 10 PT. So d6 r0i rac thanh cac PT va so dd chuyén vi nut nhu

hinh vé 5.

@ & & 0o 6 6 0o 6 O O O
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, L0 L/10 | L/10 | /10 | L/10
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Hinh 5. S6 PT, bic tw do va so' dd chuyén vi niit

Chiéu dai PT = L/10. Sé chuyén vi
nat = 20. Thiét lap ma tran do ctrng va
ma tran khoi luong, xay dung phuong
trinh tan sb, giai phuong trinh ta duoc
3 tan s6 dao dong riéng nho nhat trong
bang 2. Viéc ghép ndi va tinh toan céc
ma tran d§ cing va ma tran khdi luong,
cling nhu tinh tan s6 dao dong riéng dugc
thuc hién bang code chwong trinh trong
MATLAB duogc ghi bén dudi.

Bdng 2. Ba tan sb dao dong riéng diu
ciia dim diu ngam - diu ty do
(cac gia tri cia tan s6 cAn nhin thém

(@/ONE/pA)
Tan so n =10
dao d0ng riéng
o, 3.516018275071
©, 22.035220870122
o, 61.712922975259

% Code phan tich dao dong rieng

dam 2 dau ngam - dau khop

% E; modul dan hdi khi kéo - nén
% A; dién tich mat cat tiét dién

% I; momen quan tinh mat cat tiét dién
% L: chiéu dai dam

% rho: khéi luong don vi cua dam
% K: ma trdn d¢ cung cua két cAu
% M: ma tran khéi lugng cua két cau
n=10;

E=1:1=1;A=1;L=1;1=L/10;

rho=1;

k1=PTDam_DoCung(E,L]);

k2=k1; k3=k1;kd4=k1;k5=k1;

k6=k1; k7=k1;k8=k1;k9=kl1;
k10=kl1;

k=zeros (22,22);
k=PTDam_TongHop(k,k1,1,2);
k=PTDam_TongHop(k,k2,2,3);
k=PTDam_TongHop(k.,k3,3,4);
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k=PTDam_TongHop(k,k4,4,5);
k=PTDam_TongHop(k,k5,5,6);
k=PTDam_TongHop(k,k6,6,7);
k=PTDam_TongHop(k,k7,7,8);
k=PTDam_TongHop(k,k8,8,9);
k=PTDam_TongHop(k,k9,9,10);
k=PTDam_TongHop(k,k10,10,11);
K=[k (3:22,3:22)];
ml=PTDam_KhoiLuong(rho,A,l);
m2=ml;m3=ml;m4=m1l;m5=ml;
m6=ml;m7=ml;m8=m1l;m9=ml;
ml0=ml;

m=zeros (22,22);

m=PTDam_TongHop Kluong(m,ml1,1,2);
m=PTDam_TongHop Kluong(m,m2,2,3);
m=PTDam_TongHop Kluong(m,m3,3.,4);
m=PTDam_TongHop Kluong(m,m4.4,5);
m=PTDam_TongHop Kluong(m,m5,5,6);
m=PTDam_TongHop Kluong(m,m6,6,7);
m=PTDam_TongHop Kluong(m,m7,7,8);
m=PTDam_TongHop Kluong(m,m8,8,9);
m=PTDam_TongHop Kluong(m,m9,9,10);
m=PTDam_TongHop Kluong(m,m10,10,11);
M=[m (3:22,3:22)];

% Tim inv(K)*M

invk=inv(K);

km=invk*M;

format long;

[ms,ns]=size(M);

% % Tim tri riéng
[evec,ev]=eig(km);

for i=1:ms

ee(i)=1/ev(i,i);

end

Qh=max(ee)+0.001;

QI=0;

for i=1:ms
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for j=1:ms

if ee(j) > Ql & ee(j) < Qh

Kl=j;

Qh=ee(j);

Else

End

end

QI=Qh;

Qh=max(ee)+0.001;

oml(i)=ee(kl);

omega(i)=sqrt(ee(kl));

for Im=1:ms

pl(lm,i)=evec(lm,kl);

end

end

disp (* an s6 dao dong riéng in rad/sec’) ;

disp(omega’);

4. Két luan

Qua ndi dung trinh bay trong bai
bdo, ¢6 thé rit ra cac két luan sau day:

- Ap dung phuong phap PTHH dé
xdy dung va giai bai toan dao dong tu
do cua dam co rat nhiéu uvu thé, dic biét
trong qua trinh ap dung phuong phap
PTHH nén sir dung cac phan mém toan
hoc (MATLAB) dé tinh toan.

- Tan s6 dao dong riéng tinh bang
phuong phap PTHH cho két qua nhé hon
két qua thu duoc tir cac phuong phap tinh
chinh xac.

- Khi ting s6 PT trong dam, két qua
cang gan hon dén két qua lam viéc thuc
té ctia dam.

- Qua két qua thu duoc ta thdy tan
s6 dao dong riéng ti 18 nghich v6i binh
phuong chiéu dai dim va phuy thudc vao
lién két tai 2 ddu cua dam.
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