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MOT SO UNG DUNG CUA HAM SINH XAC SUAT
Pham Thi Ciic!, Pham Vin Chau?
TOM TAT

Trong bdi bdo nay, ching t6i giGi thiéu mét vai irng dung ciia ham sinh xdc sudt. D6
la sir dung ham sinh xdc sudt dé tinh xdc sudt, ky vong, phwong sai, tim tong ciia cdc bién
ngau nhién déc ldp, khdo sat qud trinh phdn nhanh va tinh xdc sudt tuyét ching ciia mét
ho cd thé.

Tir khoa: Ham sinh xdc suat, bién ngau nhién, phdan phoi xdc suat.

1. PAT VAN BPE

Ham sinh dugc st dung rong rai trong todn hoc va dong vai trd quan trong trong 1y
thuyét xac suat [3-5].

C6 nhiéu loai ham sinh nhu : ham sinh thuong, ham sinh mii, ham sinh xac Suat, ...
Trong bai viét nay, chung t6i s& xem xét ham sinh xac sudt di v6i cac bién ngiu nhién roi
rac nhan céc gia tri 0,1,2,...

Ban than tén goi ‘ham sinh xac suat’ ciing cho chiing ta mot goi ¥ vé vai tro cua né.
Ham sinh xéc suét c6 thé dugc sir dung dé “sinh ra’ tit ca xac suét cia phan phdi. Tuy rang
day khong phai 13 cach hiéu qua dugce dung dé tinh xac suit, su thuc 1a ham sinh xac suat da
duoc chirng minh cho ching ta biét moi diéu vé phan phdi xac suat. Bén canh d6, ham sinh
xéc suit con duge sir dung dé tinh ky vong va phuong sai.

Trong 1y thuyét xac suét, tong ciia cac bién ngiu nhién dong vai tro dic biét quan
trong trong viéc nghién ctru cac qua trinh ngau nhién, béi vi nhidu qué trinh ngiu nhién
duoc tao nén tir téng cua mdét day cac budc lap, ch'fmg han bai toan vé su thua cudc cua
ngudi choi ¢ bac. Song nhin chung, viéc tim ra phan phdi cua tong bang cach sir dung
cong thuc tinh xac suét truyén thong 1a kho khin. Ham sinh xac suat dugc xem 1a mot
cong cu hitu dung dé tinh tong va gi6i han cua cac bién ngau nhién. Uu diém dic biét cua
ham sinh xéc suat 1a cho chiing ta mot phuong phap thuan tién dé dic trung phan phdi tong
X +Y khi Xva Yladdc lap. Ham sinh xac suét chuyén mot téng thanh tich va do do6 ta co
thé tinh toan dé& dang hon.

Ngoai ra, d6i voi mot s6 qua trinh ngau nhién, ham sinh xac suét ciing dong vai tro
dac bi¢t trong viéc chi ra khi nao thi qué trinh s€ dat dén mot trang thai dac bi¢t hoac mot
trang thai cho trudc.

! Giang vién khoa Khoa hoc Ty nhién, Truong Dai hoc Hé‘ng Puirc
2 Gido vién Truong Trung hoc ph(f thong Hau Loc 3, huyén Hau Loc, tinh Thanh Hoa
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2. NOI DUNG
2.1. Ham sinh xéc suét
2.1.1. Pinh nghia va tinh chat

Pinh nghia ([5]). Cho X 1a dai lwong ngiu nhién rdi rac nhan gia tri trong tp hop
cac s6 tu nhién {0;1;2; 3;...} . Ham sinh xéac suét cia X 13 ham sb duogc xac dinh boi

0

G, (x)=p0+p1x+p2x2+ ..... zzpkxk ,

k=0

Trong d6 p, = P{X =k} 1a x4c sudt d¢ bién ngu nhién X nhén gié tri k.

Chuy réng néu X chi nhan mét sb hiru han gia tri thi ta gan cho xac suét béng 0 dbi
v6i nhirng gia tri khong thé xay ra.

Tinh chit. D& thiy G, (x)=E(x").

Cht y ring G, (1)=1 vi vdy chudi hoi tu tuyét ddi véi | x[<1.

Ta cling ¢6 G, (0)= p,.

Ta c6 thé mo rong dinh nghia ham sinh x4c suit cho cac ham cua X. Ham sinh xac
sudt cua bién ngdu nhién roirac ¥ = f(X) 1a:

Gy(x) =G, (0) = E(x' ™) =3 P(X =k)x®

Néu Y 1a ham don gian thi ta ¢6 thé biéu dién G, (x) qua G, (x). Ching han, néu

Y=a+bX thi:
Gy(x)= E(x") = E(x"") = x"E[(x")" ] = x"G, (x")

2.1.2. Ham sinh xdc sudt ciia mét s6 phdn phoi thwong gap

i) Phan phéi hang ([1]): Gia sit X = ¢ 1a bién ngiu nhién hing, nghiala P(X =¢)=1
va P(X =k)=0 v6i k # c.Khi d6 ham sinh x4c suat cta X 1a:

G,(x)=E(x*)=x°

ii) Phan phéi Bernoulli ([2]): Gia st X 1a bién ngu nhién théa min: P(X =1) = p,

P(X=0)=1-p=g, P(X =k)=0 véi k #0,1.Khi d6 ham sinh x4c suit cua X la:
Gy(x)=E(x") =g+ px

iii) Phan phéi hinh hoc v&i tham sé p ([2]): Gia sir X 1a bién ngdu nhién thoa man

P(X =k)=pqg"", k=1,2,..., g =1- p.Khi d6 ham sinh xac suat ctia X la:

: 1
G, (x)=—2 néu|xl<=
1—-gx q
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iv) Phan phdi nhi thire ([2]): Gia sit X =~ B(n, p) 1a phan phdi nhi thire véi hai tham sb
(n,p),nghiala P(X =k)=C!p*(1-p)"™*, k=0,1,2,...,n. Khi d6 ham sinh xac suit ctia X 1a:
Gy(x)=(g+px)", (g=1-p)

v) Phan phéi Poisson ([2]): Giad su X 1a phan phéi Poisson v4i tham s A, nghia la

k -4
P(X =k)=2 : k=0,1,2,...,n. Khi d6 ham sinh x4c sut cta X la:

Gyw)= Y Lt =
= k!

2.1.3. Dinh Iy duy nhat

Pinh Iy 1 ([2]). Néu cdc bién ngau nhién X va Y ¢6 cdc ham sinh xdc sudt lan heot la
G, (x) va G,(x) thi G, (x)=G,(x) voi moi x khi va chi khi P(X =k)=P(Y =k) voi moi
k=0,1,2,... Nghia la, G, (x)=G,(x) khiva chi khi X va Y cé cing phdn phéi xdc sudt.

Churng minh.

Ta chi can chitng minh diéu kién can. Do ban kinh hdi tu cia G, (x) va G,(x) khong

nho hon 1 nén chiing c6 duy nhat mot khai trién chudi lity thira:
Gy(x)=Y P(X =k)x", G,(x) =D P(Y =k)x"
k=0 k=0

Néu G, (x) =G, (x) thi hai chudi lily thira nay c6 cc hé so dong nhat.

Trong thuc hanh, néu ta c¢6 thé chi ra ring hai bién ngau nhién c6 cting ham sinh xac
suat trén mot khoang nao dé chira 0 thi hai bién ngau nhién d6 c6 cung phan phdi xac suat.
bicu do6 c6 nghia Ia ham sinh xé&c suat cho chung ta biét moi di€u vé phan phdi xac suat.

2.2. Mot so &rng dung ctia ham sinh xac suat

2.2.1. Sur dung ham sinh xac suat dé tinh xac suat

Ham sinh x4c suat c6 tén goi nhu vay bdi vi chudi lity thira c6 thé dugc khai trién va
vi phan cta n6 s€ cho chiing ta biét cac xac suat riéng biét. Vi vay, cho trudc mot ham sinh
xéac sut G, (x) = E(x") ta co thé biet dugc tat ca cac xac suat p, = P(X = k) nhu sau:

Tx G, (x)=E(x") =) px* = p,+ px+p,x* + p,x’ +... suyra:

k=0
1 d*

(k)
=P(X =k)=— G 0)=——=

—G,(0)|

2.2.2. Tinh ky vong va phwong sai tir ham sinh xdc sudt

Ciing gidng nhu viéc tinh xac sudt, ta co thé sir dung ham sinh xdc suét dé tinh ky
vong va phuong sai cta phan phdi X.
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Pinh Iy 2. Cho X la bién ngdu nhién roi rac c6 ham sinh xdc sudt la G, (x). Khi do:
i) E(X)=G(1)
i) D(X) =GP () ~[GY (DI +Gy' (1)

Churng minh.

Ta co: Gy (x) =D kpx"".

k=1

Chudi nay héi ty v6i —1 <x<1. V6i x=1 thi vé phai chinh 13 D kp, = E(X) . Néu
ky vong nay ton tai thi dao ham G, (x) s& lién tuc trén khoang dong —1< x <1.Néu kak
phan ky thi G, (x) — o khi x — 1. (Trong truong hgp ndy ta noéi X cé ky vong vé han va
viét G, (1) = E(X) = o). Diéu nay chiing to:

E(X)=) kp, =G, (1)
k=1
Tuong tu, ta co:

E(X(X 1) = Y k(k~1)p, = G, (1)

=1
Tur d6 suy ra phuong sai cia X la:
D(X)=G,()-[G, (D] +G, ()

2.2.3. Tim tong ciia cdc bién ngau nhién doc ldp

2.2.3.1. Tong cua hai bién ngau nhién déc ldp

Tir dinh nghia cta ham sinh x4c suat G, (x)=E(x") dédangsuyra két qua sau.

Pinh ly 3. Gia sir X va Y la hai bién nngu nhién roi rac doc ldp voi nhau va co ham
sinh xdc sudt lan heot la G, (x) va G,(x). Pdt Z=X+Y , khi do :

G, (x) =Gy oy (¥) = Gy (x)Gy (x)

Hé qua 4. Néu X, X,,...X, la cac bién nngu nhién roi rac doc lap voi nhau va co
ham sinh xdc sudt lan lugt la G, (x), ..., Gy (x) thi: G, , (x) =G, (x)..G, (x).

Vi dy 1. Trong mot diy gdm n phép thir doc 1ap Bernoulli, gia sir 1 =1 néu phép thir
thtr i cho két qua thanh cong (v6i xac suat p) va I, =0 néu phép thir thir i cho két qua that
bai (voi x4c sudt g =1-p). Dit X = i[ . 12 56 1an thanh cong trong » phép thir. Tim phan

i1

phoi xac suat cua X?
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Giai.
Vi céc phép thur 1a doc 14p nén céc bién ngﬁu nhién /,,..../, 1a doc lap. Vay
Gy (x)=G, G, .G, (%)

Nhung G, (x) =g+ px, i=1,...,n nén G, (x) =(q+px)" =Y Ci(px)'q"™".
k=0

Khi d6, P(X =k) lahésd ciia x* trong G, (x) vabang C'p*q"™*, k=0,...,n, nghia
1a X 1a bién ngiu nhién c6 phan phbi nhi thirc voi hai tham sb (n, p).

2.2.3.2. Tong ciia mét s6 ngdu nhién cdc bién ngdu nhién déc ldp

Dinhly S. Gia st N,X,,X,,... lacdc bién ngdu nhién roi rac dém dwoc. Néu cdac bién
ngau nhién X, co cung phdn phéi véi ham sinh xdc sudt la G,(x) thi S, =X, +..+ X, co
ham sinh xdc sudt la G (x)=Gy(G,(x)) . Chu y ring ta thra nhin quy wudc
X +.+X,=0v61 N=0).

Churng minh.

Ta cé: G (x)=E(x™)= iE(xS” | N =n)P(N =n)

n=0

=S E( )PV =m) =3 Gy (¥)P(N =)

=) [Gy (xX)]" P(N =n) = Gy (G4 (X))

n=0

Hé qua. i) E(S,)=E(N).E(X)

ii) D(S,)=E(N)D(X)+D(N)EX))

Vi du 2. (Ga Poisson) Mot con ga dé N qua trimg, véi N 1a bién nglu nhién c6 phan
phdi Poisson v6i tham s6 4. M&i qua trimg nd ra ga con voi xac sudt p mot cach doc 1ap
v6i cac qua tring khac. Tim phan phdi xac suat cia s ga con duoc sinh ra Z.

Giai.

Goi X, 1a bién ngau nhién chi sb ga con duogc sinh ra tir qua trimg thir i. Ta co :
Z=X+..+X,, trong d6 X,,...,X, la cac bién ngiu nhién c6 phan phdi Bernoulli véi
tham s6 p. Khi do: G, (x)=¢e"", G,(x)=q+ px.

Vi vay G, (x) = G, (G, (x)) =", nghia la Z 1 bién ngiu nhién c6 phan phdi
Poisson vé6i tham s6 Ap .

Vi du 3. (Bai toan co bat ca) Mot quy ba trudce khi di du lich d¢3 nhd hang x6m cua
minh cho ca vang ¢ cai ao trong vuon nha an. Mac du ngudi hang x6m sang va cho 1
c4 vang dn hang ngay song ngudi nay khong bao gio nhin thdy mot con ca vang nio
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trong sudt 3 tudn. Hoa ra tit ca c4 vang di bi mot con co chén sach trong khi ngudi nay
khong dé y. o ,

Goi N la s0 lan con co ghé tham cai ao trong khi nguoi hang xém vang mat. Gia st
rang N la m¢t bién ngau nhién cd phan phdi hinh hoc véi tham s6 1-6, vi vay
P(N =n)=(1-6)0", v6i n=0,1,2,...Khi con cd ghé thim céi ao, xac sudt p dé no bit
dugc mot con ca vang khong phu thudc vao cac 1an ghé tham khac. (Piéu d6 co nghia la
ta da gid su c6 nhi€u vo han ca vang dé cho co bat!). Tim phan phdi xac suat cia bién ngau
nhién 7 chi tong s6 ca vang bi bat.

Giai.

bat X, =1 néu co bat dugec mot con ca vang trong lan ghé thim va X, =0 néu co
khong bat duge con ca vang nao trong lan ghé tham do. Khi dé 7 = X, + X, +...+ X, (tong
ctia mot sé ngu nhién cac bién ngiu nhién).

Vivay: G,(x) =G, (G, (x))

Bay gio: G, (x)=E(x*)=x"P(X =0)+x".P(X =1)=1-p+ px. Taciing c6 :

Gy () =Dy PN =m) =3 3" (1-0)8" =1~ (30) =~ (y<b)
=0 =0 =0 1-0y 0
1-6 1-6 1-6
1-6G,(x) 1-0(1-p+px) 1-6+60p—Opx

Tiép tuc bién ddi ta duoc:

Suy ra: G, (x) =

1-6 1-60+60p-0p - Op
1-6 1-6+06p 1-6+6p 1-60+6p
(1-0+6p)—-0px (1-0+0p)—0Opx . Op . 1- Op X
1-0+6p 1-0+0p 1-0+6p
Day la ham sinh xac suét ctia phan phéi hinh hoc véi tham sb (1—%] . Vivay

theo tinh duy nhat ctia ham phan phdi xac suit ta két luan rang 7 c6 phan phdi hinh hoc véi
tham s [l—g—pj.

Nhan xét. Bai todn trén day cho théy viéc st dung ham sinh xac suét thuc su rat hiru
ich trong viéc tinh tong clia cac bién ngau nhién ma néu sir dung ham xéc suat thong thuong
s& gap kho khan. That vy, dé tim phan phdi xac suat ciia T = X X, X, (la téng ciia
mot s6 ngu nhién cac bién ngiu nhién) ta can tim biéu thirc P(T =1) véi ¢ bat ky. Dé tim

P(T =1t) ta phai phan hoach cac gia tri khac nhau ctua N:

P(T =t)= iP(T =1|N =n)P(N =n)
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Sau d6 tinh tong theo n. Pbi voi nhitng bai tong quat, ca hai bude nay nhin chung s&
qua khé néu khong c6 may tinh. Str dung ham sinh x4c suét ta khong gip nhitng khé khan
nay, va tham chi néu G, (x) khong c6 dang don gian thi ta van c6 thé biét dugc moi diéu vé
phan phdi cua T.

2.2.4. Sir dung ham sinh xdc sudt dé khdo sdt qud trinh phdn nhanh va tim xdc sudt
tuyét chung

Xét mot ca thé (gia dinh) nao d6 séng trong dung mot don vi thoi gian sau d6 chét
trong qua trinh sinh ra mot ho cac ca thé twong tu. Ta gia st rang :

1) Cac kich thudc cua ho ca thé 1a cac bién ngau nhién doc 14p nhan cac gia tri 0,1,2,... ;

ii) Céc kich thudc ctia ho c4 thé 1 nhitng bién ngiu nhién c6 cung phin phdi xac suit,
s6 ‘con’ trong mot ho ky hiéu 1a C c6 phan phéi : P(C =k) = P, k=0,1,2,...

Su phat trién cua ‘dan s6’ khi thoi gian tiép dién goi 13 qud trinh phdn nhanh. Gia st
X, 14 s6 c4 thé dugc sinh ra ¢ thoi diém # (nghia 1a kich thudc ciia thé hé thir n). Su phat
trién cta dan s6 dugc mo ta boi mot diy cic bién ngiu nhién X, X,,X,,... Gia st rang
X,=1,nghialata bét ddu voi diing mot ca thé.

Ta c6 thé sir dung ham sinh xac suit dé khao sat qua trinh ndy nhu sau. Goi G(x) 1a

ham sinh x4c suit ctua C, theo dinh nghia ham sinh xac suét thi : G(x) = ZP(C = k)x*

k=0

va goi G,(x) 1a ham sinh x4c suat cia X, thi: G, (x) = ZP(Xn =i)x'

i=0

Bay gio, gid st Gy(x)=x, vi P(X,=1)=1; P(X,=i)=0 v6i i #1 va G,(x) = G(x).
Taclngco: X, =C,+C, +..+C

Trong do: C; lakich thude cua ho duoc sinh ra boi thanh vién thirj cua thé hé thir (n-1).
Nhu vay,do X, la tong cia mot s6 ngau nhién cac bién ngau nhién doc 14p va co cung phan
phdi xac sut nén ta co: G,(x)=G, (G(x)) v6i n=2,3,...va diéu nay ciing ding véi n=1.
Lap lai cong thuc nay, ta dugc :

G (x)=G, (G(x) =G, ,(G(G(x))) =...= G(G(G(...(x)...))) = G(G(G(...(x)...)))

v6i n=0,1,2,...,nghiala G, 1a budc lap thir n cua G.

Bay gio, vi G(I)=1néntacé : E(X,)=G,(1) =G, (GO)G'() =G, ,(1)G'(1), nghia
la E(X,)=E(X, )u,trong d6 = E(C) la kich thudc trung binh cta ho ca thé. Do d6 :

E(X,)=pEX, )=’ E(X, ) =..= f"E(X,)= i’
0, u<l
Vivay 1 E(X,) >, u=1
o, u>1
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Thuec ra ta c6 thé chi ra dugc toan bo phan phdi xac suit cia X ., bang cach khai trién

ham sinh dué6i dang chudi lity thira ctia x, song két qua nay kha phirc tap. Tuy nhién, truong

. }’l_ n 71_1
hop dic biét: P(X, =0)=G,(0)= p——L - ~_ 1

U

Trong d6 1 =¢q/ p la kich thudc trung binh cta ho. Tur d6 suy ra sy tuyét chung Ia
chic chan néu u <1 va it chic chin hon néu x>1.

Duéi ddy, ta s& chi ra rang két luan trén day vé sy tuyét chung 1a ding ddi véi tat ca
cac phan phdi cta kich thude ho ca thé.

Xac suit dé qua trinh tuyét chung sau n thé hé 1a e, = P(X, =0). Ta c6 e, <1 va
e <e. (vi X, =0 kéotheo X, 6 =0),nghiala {e } 1a mot day don di¢u bi chan. Vi vay

e =lime, ton tai va duoc goi la xdac suat tuyét chung.

Pinh Iy 6. e la nghiém khong dm nhé nhat cia phiong trinh x = G(x) .
Chutng minh.
Chu ¥ ring: e,=P(X, =0)=G,(0). Taco:
G,(x) =G, (G(x)) = .= G(G..(x)..)) = G(G, , (x))
Cho x=0 thi e, =G,(0)=G(e, ), n=1,2,..., v6i diéu kién bién ¢, =0. Lay gi6i
han khi n — o ta dugc e =G(e).
Bay gid gia sir 77 1a nghiém khong am bat ky cua phuong trinh x = G(x). Do G(x)

1a khong giam trén doan [0;1] (vi né ¢6 cac hé sb khéng 4m) nén
e =Gle)=G(0)<G(m)=n

e, =G(e) <G =n

vabang quinaptacod e, <7y voi n=1,2,...

Vivay: e= 1131 e, <7 . Suy ra e la nghi¢ém khong am nho nhat.

Pinhly 7. e=1 khiva chi khi pu<1.

Churng minh.

Ta c6 thé gia sir rang Do >0 (vi néu nguoc lai thi e=0 va u>1). Bay gio, trén
doan [0;1] thi G(x) 1a :

lién tuc (vi ban kinh hoi tu >1)

khong gidgm (vi G'(x) =Y kp,x"' >0)
k

16i (vi G"(x) =Y k(k-1)px**>0.
k
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Ttir d6 suy ra rang trong doan [0;1] thi dudng thang y = x c6 mot (néu G'(1) < 1) hodc

hai giao diém (néu G'(1) > 1) véi dudng cong y = G(x) .

Vi G'(I)=u nénsuyra e=1 khivachikhi #<I.

Vi du 4. Tim xéc suat tuyét chung khi C ¢6 phan phdi kiéu hinh hoc
Py =qu, k=0,1,2,.; O<p=1l-¢g<l.

Giai.
Ham sinh xéc sudt ciia C 1a: G(x) = —L— | x|< &
I-gx q
va e 14 nghiém khong 4m nho nhat ctia phuong trinh: G(x) = " P _y

1+(2p-1)

Cac nghiém cua phuong trinh nay la
2(1=p)

Vi vay:

néup <L (nghiala g=L>1)thi e=L(=p,
2 p q

néupZ% (nghiala #<1)thi e=1.

3. KET LUAN

Trén day, sau khi gioi thi¢u vé ham sinh xdc suat cung véi mdt so tinh chat va vi

du dién hinh, chung t6i da trinh bay mot s6 ing dung co ban cta ham sinh trong 1y thuyét

xac suat. Ngoai cac ing dung nady, ham sinh xac suat cling c6 thé dugc str dung dé tinh

mo-men, gidi hé thuc dé€ quy hodc xem xét khi nao thi mot qua trinh dat dén mot trang

thai dac biét nao do.

[1]
[2]

[3]

[4]
[5]
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SOME APPLICATIONS OF PROBABILITY
GENERATING FUNCTIONS

Pham Thi Cuc, Pham Van Chau

ABSTRACT

In this paper, we introduce some applications of probability generating functions:
using probability generating functions to calculate probability, expectation, variance, sum
of independent random variables, investigating branching processes and caculating the
extinction probability of a family of organisms.

Keywords: Probability generating function, random variable, probability distribution.
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