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DANG PIEU TIEM CAN NGHIEM CUA MOQT LOP PHUONG
TRINH KIEU THUY PONG LUC HQC NGAU NHIEN CO TRE

Nguyén Tién DPa’
TOM TAT

Trong bai bdo nay chiing t6i nghién ciru tinh on dinh mii theo ky vong va on dinh mii
hau chdc chdn ciia mét 16p phwong trinh kiéu thiyy dong luc hoc ngau nhién cé tré thoi gian
thong qua mo hinh trieu tuong:

ou dw (t)
P —Au(t) = B(u(1)) = R(2,u(t)) + G(u(t — p(1))) + o (t,u(t - p(t)))T

trén mién bi chan thoa man bat dang thirc Poincar'e.

T khéa: Phuwong trinh vi phdn ngau nhién cé tré, on dinh mii theo ky vong, on dinh
mii hdu chdc chdn, tré thoi gian.

1. DAT VAN BE

Tinh chit 6n dinh ctia dong chay theo thoi gian dd va dang duoc danh gia 1a mot trong
nhitng van dé quan trong va tha vi trong 1y thuyét cia dong luc hoc chat 1ong. Pic biét ching
da va dang nhan dugc rat nhidu sy quan tim nghién ctru cta nhiéu nha toan hoc néi tiéng
trong va ngoai nudc, trong d6 co cac chuyén gia hang dau vé phwong trinh vi phan dao ham
riéng ngau nhién nhu Capinski. M va Gatarek. D. Mot s6 két qua hién nay vé linh vyc nay
d3 dugc mot sb tac gia trinh bay trong cac bai bao [1-3,5,6,8,9]. Mot trong nhitng mé hinh
quen thudc nhét 12 phuong trinh Navier-Stokes hai chiéu ngiu nhién khong nén dugc. Bén
canh d6, mot sé mo hinh quan trong khac ciing duwoc nhidu chuyén gia trong nudc nghién
ctru vé phuong trinh dao ham riéng ngiu nhién, dién hinh 1a PGS. TS. Cung Thé Anh va cac
cong su nghién ctu vé su ton tai cla tap hut toan cuc cling nhu dang di¢u tiém can nghiém
ctia phuong trinh khi tham s thoi gian du 16m.

Tuy nhién hau hét cac két qua ké trén déu xem xét trong truong hop tat dinh va khong
c6 tré cua bién thoi gian. Diéu nay dan dén mot cau hoi kha tu nhién va tha vi la nghiém cua
hé tt dinh s& bi anh huong thé nao néu no chiu tac dong bdi mot nhiéu ngﬁu nhién c6 d6 tré
thoi gian? Dé tra 10 cho cau hoi trén, trong bai bio nay, chiing ta xem xét sy 6n dinh cia
mdt 16p cac phuong trinh vi phan dao ham riéng c6 tré trong co hoc chét 1ong duge biéu
dién béi mot mo hinh triru twong c6 dang:

O — A= B(0) = R(u(0) + Gt = p0) + o= ple))

— D

! Giang vién khoa Khoa hoc Tu nhién, Truong Dai hoc Héng Puiic
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Trong d6 u=u(x,t)=(u,,u,) 1a vecto van toc chua biét, G(u(t — p(1))) la truong ngoai

dw (t)

7 la trudng ngoai luc ngdu nhién véi W(1) 1a
t

luc bén ngoai co tré va o(t,u(t — p(t)))
mdt qué trinh Wiener v6 han chiéu.
2. NOI DUNG

2.1. Mt s6 khong gian nghiém va cac khai ni¢ém lién quan

Gia str (H,

) 1a khong gian Hilbert kha li, 4 1a mot toan tir tuyén tinh khong bi chan

o9

va xéc dinh duong trén H . Ki higu ¥=Dom(A'?). Véi mi veV taco [v|=|4"v

, goi V’
1a khong gian dbi ngiu cia ¥ (twong Gmg véi tich v hudng <,> trén H). Dong thoi ta c6
quanhé V¥ c H=H'cV'. Tagoi (u,v) la ky hiéu tich déi ngdu gitta u €V va velV'.sao
cho <u,v> = (u,v) v6imoi ueV,veH, cudi cung B : V x V' —V’ 1a anh xa théa man céc
diéu kién dudi day:

(C1) B: V'x V' —V’ 1a anh xa lién tuc.

(C2) Véimoi u,v,weV ,taco:

(B(M,V),W) = —(B(M,W),V);
(C3) Tdn tai khong gian Banach noi suy H, sao cho:
VcH cH
2
el <t ]
2
(B <l +C, 1, I, Ve e
Gia su (Q, F,P) 1a mot khong gian xéc suét dﬁy du duogc trang bi mot bo loc ty nhién
F (t>0) thoa min mot sd didu kién thong thuong, ta ki hiéu B,(t) (n=1,2,...) 1a mot day
ddc 1ap cac chuyén dong Brown mot chiéu nhan gia tri thyc. Khi d6 qué trinh Wiener vo han
chiéu dugc biéu dién béi:

WO =S Z, B0, 120

Trong d6 A, >0 (n=1,2,...) 1a diy cac s6 thyc khong dm sao cho Y A, <+o va

n=1

{e,} (n=12,...) lamot co sé tryc giao day du trong khong gian Hilbert thuc kha li K. Goi
0 e L(K,K) 1a toan tir tuyén tinh lién tuc trén K xac dinh boi Qe, =Ae (n=12,.).Qua

trinh ngau nhién nhén gia tri trong K noi trén dugc goi 1a qua trinh O -Wiener. L(K,H) 1a

41


http://www.foxitsoftware.com/shopping

N
N

<

z b 2 A *K—/
TAP CHI KHOA HQC TRUONG PAI HQC HONG DUC - SO 39.2018

khong gian cac toan tir tuyén tinh bi chin tir K vao H. Véi o e L (K, H) ta st dung dinh
o0 2

2 . ;

L2(K0;[—1) =tr(cQo )= {Zl V )Z’n oe, } :

2 \ . \ ’ 5 . . \ , A
2 (k) <+, thi o dugc goi la toan ti Q-Hilbert-Schmidt va ki hi¢u

nghia: ||0

Néu |o||

L'(K°,H) , vé6i K°= Q%K la khong gian cac toan tu Q-Hilbert-Schmidt
c:[0,T1xH — L*(K°,H).

Vé dinh nghia cua tich phan ngiu nhién nhan gia tri trong H ctia mot qué trinh ®(7) dy
doéan dugc va F, - thich nghi nhén gia tri trong L’ (K°’,H) twong tng v&i qua trinh O-Wiener
W(t), c6 thé tham khao trong [8].

Véi viée thiét 1ap nay hé phuong trinh kiéu thiry dong luc hoc hai chiéu ngau nhién c6
tré thoi gian duoc viét nhu sau:

du(t) = [—Au(r) = B(u(t)) = R(t,u(1)) + G(u(t - p(2)))1dt
+o(u(t—p())dw (), 120, 2.1)
u,(0)=pe’(Q,C([-7,01,H)), O¢e[-7,0],
Trong d6 L’(Q,C([-7,0],H)) 1a ki hiéu ctia mdt ho cac quéd trinh ngiu nhién F

(t>0)- do dugc va bi chan hiu chic chin nhan gia tri trong C([—7,0],H) duoc trang bi véi

chuin ||gz)||0 =E05[1}E0]|¢(9) ’; ham p: [0,+0) —[0,7] (r >0) 1a bi chin va do dugc;

G:V—>V'vao: [0,T]xH - L’(K°,H) la cac ham do duoc theo nghia Borel.
Phuong trinh tat dinh twong tng ctia hé (2.1) c¢6 thé viét nhu sau:

gu(t) =—Au(t) - B(u(t)) — R(t,u(?)) + G(u(t — p(1)))
¢ 2.2)

u,(@)=peC(-7,0,H), t=20, 6¢e[-7,0].
Pinh nghia 1 [12]. Mt qud trinh ngdu nhién u(t) (t > —1) dwoc goi la nghiém yéu
ciia hé (2.1) néu u(t) la F -thich nghi;u(t) e L (-t,T; H) L (-7, T;V) hdu chdc chdc véi
moi T > 0;

Phuong trinh sau ddy xdy ra hau chdc chdn nhw mét dong nhdt thire trong V'véi moi
t €[0,400),

u(t) =u(0)+ f;[—Au(S) = B(u(s)) = R(t,u(t)) + G(u(s — p(s)))]ds

+ jo'a(u(s — p(s))dW (s).
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Ki hiéu C*?([0;+00)x H,R") 1a khong gian tat ca cic ham @ nhan gi4 tri trong R
xac dinh trén [0;+00)x H voi cac gia thiét sau day:
®@(t,u) kha vi theo ¢ €[0;+0) va kha vi Fréchet hai lan theo u véi D, (,), D, (1,)
va ® (t,) bichan dia phuong trén H,
d(z,), D,(¢,-) va ®, (t,-) 1a cac ham lién tyc trén H,
Céac toan tir 16p vét Z, tr(®, (1,)Z) 1a lién tuc tir H vao R véi moi Z;
NéuvelV,thi @, (t,v)eV va x —> (D, (t,x),v,) lalién tuc véi mdi v, e V'
|®, ¢,x)||< Cy()A+ (| x ), C,(t)>0, véimoi xeV.
B6 dé 1. (Cong thirc Ito) [7]. Néu qud trinh ngdu nhién u(t) la nghiém yéu cia hé
(2.1), thi ta c6 dang thirc
O(t,u(t)) = D(0.u(0) + | LO(s.u(s))ds + [ (@, (5,u(s)), o(u(s = p(s)dW(s).
Trong do:
LO(t,u(t)) =D, (t,u(t)) + (—Au(t) —Bu(t))-R(@t,u@)+ f(t)
+ Gu(t - p(1)), @, (t,x(2)))

+ %tr(t u()ou(t— p()Qo(u(t - p(1)))).
Pinh nghia 2 [7]. Ta ndi nghiém yéu u(t) cia (2.1) héi tu mii téi u, € H theo binh
phuwrong ky vong néu ton tai a >0va M ,u(0)) >0 sao cho
Blu(t)—u,|" < M,e™,¥1>0.
Bdc biét, néu u,, la nghiém ciia (2.1), thi ta néi u,, la én dinh mii theo binh phirong ky

vong.
Pinh nghia 3 [7]. Ta néi nghiém yéu u(t) cia hé (2.1) héi mii hdu chdc chan téi

A A . . 1 A “ <
u, € H neutontai y >0 sao cho: hmsup—log|u(t) —uw| < —y, hau chdc chan.

1>+
Bdc biét, néu u, la nghiém cua hé (2.1), thi ta néi u, la én dinh mii hau chdc chan.
B6 a8 2 [7]. Gid st y la s6 dwong tity ¥, khi @6 luén ton tai cac s6 A >0, ' >0 va
cdc ham y: [—1;40) = [0;40) sao cho néu A" <y thi bat dang thikc:

t
e + )u".[e”(”” sup y(s+0@)ds >0,
0 ]

()< 0el-7:0 (2.3)

Ae”, te[-r;0],

-t

xay ra. Hon nita, ta c6 y(t)< Ae ™ (t>-1), trong dé e (0,y) sao cho e =1.

VT H
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2.2. Cac két qua chinh

Dé dua ra cac két qua vé tinh 6n dinh mii theo ky vong va 6n dinh mii hau chic cia
nghiém yéu cua hé (2.1), chung ta can dua thém vao mot s gia thict sau:
(H1) Tdn tai ¢, >0 sao cho
IGw)-G)|, <¢lu-v
(H2) Tdn tai s6 duong L >0 théa man:
|R(t,u) — R(t,v)|, < L|u -V

, voimoi u, ve H va G(0)=0.

, voiu, veH

Chang ta nhic lai rang |u|2 <A ||u ? ,Yu € V', hon nlta chung ta ciing st dung khai ni¢m

Jor (1)

Cudi cung chung ta gia st o(t,.): H —> L’ (KO,H) va théa mén cac diéu kién:

2

. =tr(o(t.u)Qo(t.u)")

a) a(t,uw)EO Vit=>0,

(H3) b) ||0'(t,u) - O'(t,v)

H)Scz|u—v, Yu,ve H .

2(x,

Pinh nghia 4. Nghiém dirng yéu ciia bai todn (2.2) la mét phan tir u, €V sao cho
Au, +B(u,,u,)+Ru, =Gu, trong V (2.4)

2.2.1. Suw on dinh mii theo binh phwong ky vong

Pinh Iy 1. Gid sit rang cdc diéu kién (H1), (H2) va (H3) dwoc théa man. Néu

VA 2

thi nghiém yéu u (t) cua (2.1) hoi tu mii theo binh phuong ky vong toi nghiém dieng u,, cua (2.4),

|| —2L - >0 2.5)

nghia la ton tai hang s6 dwong A >0 sao cho: E|u (t) —uoo|2 < E|u(0)—uw|2 e, t>0.

b

Chitng minh.
Tir diéu kién (2.5), ching ta c¢6 thé chon sé thyc dwong a >0 du nhé sao cho
2
a>A 2—£||u ||—2L—M . Khi do, 4ap dung cong thac Ito cho ham
Vi A

e |u(t)-u, [, ta duogc:

e”’E|u (1)-u, = E|u(0)—uw & +J.ae‘”E lu(s)—u, |’ ds
0

—2J.e”SE(Au(s),u(s) -u, )ds

0
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t

—2J.e‘”E(B(u (s)),u(s)—uw)ds —2;!‘6”SE(R(S,L£(s)),u(s)—uw)ds

0

t

+2 j e“B(G(u(s — p(s))),u(s) —u, )ds

-2 j e B{a(u(s — p(s))),u(s) —u, AW (s).

0

Hon nﬁ:a,(B(u(s))—B(uw),u(s)—uw) = (u(s)—uw,uw,u(s)—uw)

Khi @0, ta co:

el

u(t)-u, < E‘M(O)—uw E +.[ae‘”E lu(s)—u, E ds—2je‘”E(A(u —uw),u(s)—uw)ds
0 0

t

—2J.e”“E(R(u)—R(uw),u(s) —uw)ds —2je”SE<B(u (S)—uw,uw,u(s)—uw ))ds

t

+2 j e“B(G(u(s — p(s))— G(u,,),u(s) —u, )ds

-2 j e“E(o(u(s— p(s))) - o(u, ),u(s)—u, dW(s)

0

<E|u(0)-u, [ +||a=24(1-yA"'C||u | -2L- 4" (2¢, +c3)|e” sup Ellu(s+6)—u, | ds.
(s+6)

Oe[-7;0]

Do vay,

2
ges[uzpo Elu(0) - u | e +{a [2—T||u |- 2chquln

x.[oe*”(”“) sup E|u(s+¢9)—uw|2ds,

de[-1;0]

v6i ¢t > 0.R0 rang, ta c6 dugc

E|u(t)-u, [’< sup E‘u uw‘ze’”’, t e[-;0].

de[-1;0]
Chung ta xét hai trudong hop:
. Z 26’1 +6’22 LA A ). , .
Truong hop 1. Néu a =4, 2——||u || 2L ———= |, taco diéu can phdi chung minh.
JA A
\ X 2¢, +6’22 LA 3A
Truong hop 2. Néu a > A, 2— || | 2L -———= |, tu Bode 2,tasuyra
Ja A
Blu(t) —u,| < Me™, 1>0, (2.6)
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trong do, o € (0;a) va

1
2 2¢, +ci
M = E — - Y i B ar |
max ges[uzpo |M I/lw| (a a) X {l: [ \/7 || || —ﬂ‘l J}e }

sup E|u uw|2} > 0.
Oe[-1;0]
Nhu vay, dinh ly da dugc chiing minh hoan toan.
Y tudng chirng minh cua dinh ly sau dugc dua theo [7]. Do vay nd c6 thé dugc bo qua
o day.
2.2.2. On dinh mii hau chdc chan
Pinh Iy 2. Gid sir u_ la nghiém ding duy nhat ciia (2.4) va cdc diéu kién (H1), (H2), (H3)

N —

héi tu mii hau chdc chén ti nghiém dirng u,, ciia (2.4). Nghia la, ton tai hang s6 v >0 sao

2
2¢, +c,

xay ra. Khi d6, néu 2— u,|—2L- >0, thi nghiém yéu bat ky u(t) cia (2.1) ciing
y

) 1 ) . ,
cholimsup—log |u(t)—u, |<—y, hau chac chan.

—>+©

3. KET LUAN

Trong bai bao nay chung t6i di ching minh dugc tinh 6n dinh mii theo binh phuong
ky vong va 6n dinh mil hau chic chin ciia mot 16p cac phuong trinh dao ham riéng ngiu
nhién kiéu thuy dong luc hoc trong co hoc chét 1ong, 16p phwong trinh nay bao gdm nhiéu
phuong trinh quan trong nhu phuong trinh Navier-Stokes c6 dién hai chiéu khéng nén duoc
ngiu nhién, phuong trinh Maxwell biéu thi sy chuyén dong cua chit 1ong trong tir truong
hay con goi 1a hé¢ MHD (magnetohydrodynamic equation), mé hinh 3D Leray- o va mot sb
phuong trinh quan trong khac. Hon nita, trong trudng hop s6 hang R=0, ching ta thu duoc
cac két qua hoan toan twong ty nhu trong [7].
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ASYMPTOTIC BEHAVIOR OF STOCHASTIC TWO-DIMENSIONAL
HYDRODYNAMIC TYPE EQUATIONS WITH DELAYS

Nguyen Tien Da
ABSTRACT

The aim of this paper is to study the exponential behavior and stabilizability of
stochastic 2D hydrodynamic type equation with delay

ou dw (t

a5 —Au— B(u) = R(t,u()) + G(u(t = p(1))) + o (t,u(t - ,O(t)))#
domain satisfying the Poincar'e inequality.

in a bounded

Keywords: The 2D stochastic hydrodynamic type equations, exponential stability in
mean square, almost surely exponential stability, delay.
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