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Tém tat: Trong bai bdo cédo nay, ching toi da tién hanh nghien ciu céc
tinh chat phi co dién bac thap va bac cao, dé 13 nén tong va nén hiéu hai
mode, tinh chat phan két chiim hai mode, tinh dan rdi va su vi pham béat
ding thitc Cauchy — Schwarz ctia trang thai thém hai va b6t mot photon
lén hai mode két hop. Qua qua trinh khao sat, chiing toi chi ra dugce trang
thai them hai va b6t mot photon lén hai mode két hgp c6 tinh chat nén
tong va nén hieu hai mode va thé hién tinh chat phan két chiim bac thap va
bac cao. Ngoai ra, trang thai nay hoan toan vi pham bat dang thitc Cauchy
- Schwarz va thé hién tinh chat dan rdi theo hai tieu chuan dan r6i Hillery
- Zubairy va tiéu chuan dan réi Hyulchul Nha - Jeawan Kim.

T khéa: Nén tong hai mode, nén hiéu hai mode, phan két chiim, sy vi

pham bat dang thitc Cauchy - Schwarz, tinh dan réi.

1 GIOI THIEU

Nghién citu cac trang thai phi ¢d dién cé ¥ nghia rat quan trong trong viec tang do
chinh xac ctia cac phép do va lam co s dé nghién citu va ap dung vao mot sé linh
viic quan trong ciia vat 1y nhu vat 1y chat ran, quang luong ti, thong tin lugng ti
va may tinh lugng tit. Vao nam 1991, Agarwal va Tara da dé xuat y tudng ban dau
ve trang thai két hop them photon [1] va ciing da chiing minh dugc trang thai nay 1a
mot trang thai phi ¢6 dién. Tt dé dén nay, c6 rat nhiéu trang thai phi ¢d dién méi
dugc dé xuat bang viec them photon vao cac ho trang thai két hop. C6 thé noi, viec
thém photon hodc bét photon vao mot trang thai vat 1y la mot phuong phap quan

trong dé tao ra cac trang thai phi c6 dién méi va cho nhiéu tinh chat vat Iy khac la.
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Bang cach thém hai va b6t mot photon lén trang thai két hop hai mode, ching toi
dua ra trang thai méi goi la trang thai thém hai va bt mot photon lén hai mode
két hop nhu sau:

() = Nag (™ +0) [a),|8), (1)

1
I
ti sinh do6i véi mode a va toan tit hity doi v6i mode b. Viéc nghién ctu tinh chét

1a he s6 chuan héa, a' va b 1an lugt 1a toan

trong d6 Nyg =

phi c6 dién ciia mot s6 trang thai them photon [8] va bét photon [2] da duge mot
s6 tac gia dé xuat nghién citu. Tuy nhién, viec nghién ctu céc tinh chat phi ¢6 dién
clia trang thai théem va b6t photon lén hai mode két hgp van chua duge nghién ctiu
nhiéu. Vi vay, trong bai béo nay chiing tién hanh nghién ctu cac tinh chat phi co

dién ciia trang thai them hai va b6t mot photon lén hai mode két hop.

9 TINH CHAT NEN CUA TRANG THAI THEM HAI VA BOT MOT PHOTON
LEN HAI MODE KET HOP

2.1 Nén téng hai mode
Qu4 trinh nén téng hai mode duge Hillery [3] dua ra vao nam 1989. Mot trang
thai duoc goi 1 nén téng néu trung binh trong trang thai dé théa man bat ding
thitc
~ o A\ 2 1 R
<V@>—<V¢> —Z(na~|—nb—|—1) <0, (2)
trong do V, = (W&UST + e—%é) fy = ata, Ay = bth. D thuan tien cho viec khao

sat ta dit S 1a tham s6 nén tong c6 dang
- N2 o1
S=<V¢>—<V¢> — 7 (fa + i +1). (3)

Mot trang thai goi 14 nén téng hai mode khi S < 0. Vi a v § 1a céc s6 phiic nén ta
dat a = rqexp(iv,), B = rpexpiey) va ¢ = ¢, — @p. Thay cac gia tri nay vao cong
thic (3) ta duge

1 _
S =1 [2 +472 +7rh + 17 + 21 rpcos (20, + 4,01,)} ' {(7“3 + 872 + 12)
X 2121y cos (20, — 2¢p) +16° (ry 4+ 4rs +2) 2 cos (20, — 3p)

+ 7“27“22 cos (byy) + 7“27“5’ (rb2 cos (4¢p) + 7’22 cos (2¢, + 5901,))
+ (2r7 + 1) 1y + (20 + 1775 + 33r2 + 11) 1} + 75 + 9y + 1877
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+6+ [(2r2 +5r2) 1 + (1 +3r2) 1) 2 cos (204 + ¥0)

— ([P +9ry +18r2 + 6+ (ra + 52+ 3) ry] + [(r2+3)r2m,

4r2rf] 2 cos (20 + @)} - 1 [2+ 42 + 740 4 2,

cos (2, + @3)] 2 {2rarycos (2y) (rh + 612 +6) + (r2 + 2) 27,7}

X €08 (200 — ) + 172 [122.008 (200 + 3iw) + 2008 (200)] . (4)

D6 thi hinh (1) khao sat sy phu thudc clia tham s6 nén S vao r véi cac dieu kién 1a

0 2 4 6 8 10
Fp
Hinh 1: Do thi khdo sdt nén tong cia trang thdi thém hai va bot mot photon lén hai
mode két hgp (duong mau zanh) va trang thdi hai mode két hgp thém hai photon
(duong mau do).

T P . v A
To = 2Ty, Pg = ©p VA pp = 5 Két qua cho thay rang, trang thai thém hai va b6t mot
photon thé hién nén tong manh hon trang thai hai mode két hgp thém hai photon.

2.2 Nén hiéu hai mode

Nén hiéu hai mode cing duge Hillery [3] dua ra vao ndm 1989. Mot trang théi

dugde goi 1a nén hieu néu thoéa man bat dang thiic
N ~ 2 1 . .
(W2) = (W) = 7 (a =) < 0. (5)
Dé thuan tien cho viec khao sat tinh chat nén, ta dit tham sbé nén hieu D c6 dang

D= (W2) = (1, ~ % — ). (6)

trong d6 W, = e?ab’ + e~*alb, n, = ala, i, = b'b. Hoan toan tuong tu phan nén

tong, ta dit o = ryexp (ip,), B = ryexp (ipy) VA @ = @, — pp, dong thai thay vao
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(6) ta duge

|Na5| {2cos (4pa, — 4pp) (rS + 8rs +1202) 1y + (20 + 177
+33r2 +10) 1§ + (217 + 1) Ty + 2 (ra + 2r7) 13 cos (204 + ¢b)
+ 704+ 8 + 14r2 + 4+ 2 (ry + 4r2 +2) r) cos (20, — 5s)

+ 2 [(2r +572) 1} cos (2¢, + pp) + Tar; cos (60, — 3p)

+r2ry cos (4o, — 4pp)] } — 1|Na,3|4 {2 (r; 4+ 6r2 +6) romy,

X €08 (g — o) + 2 (7“2 + 2) rar,f cos (3¢pp) + 27’5 [7"2

X €8 (4pa — ©p) + Tars €08 (200 — 2¢)]}

— l|Na5|2 {rd 4+ 8r) + 14r2 + 44 [(r; 4 2r7) rp cos (2¢q + 1))

(r + 4r? —1—2)7“,)—27’ 73 cos (204 + @b) + 7 ?"b—rb}

Do thi hinh (2) khdo sat nén hiéu ctia trang thai theo bién do r, va pha dao dong

-1000¢
-2000;
-3000;
—-4000;

-5000; | | | |
0.0 0.5 1.0 1.5 2.0

rp

Hinh 2: Do thi khdo sdt tham so6 nén hiéu D cia trang thdi thém hai va bét mot
photon lén hai mode két hop (duong mau zanh) va trang thdi hai mode két hop them
hai photon (duong mau do).

R T
wp vOi dieu kién khao sat 1a r, = 21y, 0 < 1, < 2,0, = 200, Va o = 3 Két qua cho
thiy trang thai thém hai v b6t mot photon lén hai mode két hgp nén hiéu manh
hon trang thai hai mode két hgp thém hai photon.



16 NGUYEN MINH NHAN va cs.

3 SU VI PHAM BAT DANG THUC CAUCHY-SCHWARZ VA TINH PHAN KET
CHUM CUA TRANG THAI THEM HAI VA BOT MOT PHOTON LEN HAI
MODE KET HOP

3.1 Sy vi pham bat dang thiic Cauchy - Schwarz
Bét déng thiic Cauchy — Schwaz cho trudng hop hai mode 1a

N i T

<aw§w§a>

Sy vi pham bat dang thiic xay ra khi I < 0. D6i v6i trang thai them hai va bét mot

(7)

photon lén hai mode két hgp ta thu dudgce két qua sau:
I ={[rd+12r8 +38r% + 3212 + 4 + 2r5r cos (20, + )
4812y cos (204 + ©p) + 4121y cos (204 + ©p) + Tﬁrzﬂ
1
X [(ra +4r7 +2) ry 4 2r2ry cos (204 + @6) +13] 2 { (v

8t 1402 4 4) 12+ 2 (r2 + 2) 12 cos (20 + ) +r2rE} T (8)

Do thi hinh (3) khdo sat sy vi pham bat dang thic Cauchy - Schwarz ciia trang

0.3¢
0.2
0.1

- 0.0 —
-0.1¢
-0.2}

—-0.3%: . . . J
0.0 0.5 1.0 1.5 2.0

Fp

Hinh 3: Do thi khdo sdt su vi pham bat dang thic Cauchy - Schwarz cia trang thdi
thém hai va bét mot photon lén hai mode két hop (duong mau xanh) va trang thdi
hai mode két hop thém hai photon (duong mau do).

thai them hai va b6t mot photon lén hai mode két hop (dudng mau xanh) va trang
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thai hai mode két hgp thém hai photon (dudng mau dd) theo 7, va ¢ vé6i diéu kien
khao sat 1a r, = 21, 0 <1, < 2 va @ = g D6 thi cho thiy réng, trong cting mot
diéu kién khio sat ca hai trang thai déu vi pham bat dang thitc Cauchy-Schwarz.
Tuy nhién, sy vi pham bat dang thitc Cauchy-Schwarz & trang thai thém hai va bét
mot photon lén hai mode két hop 1a manh hon trang thai hai mode két hgp thém
hai photon.

3.2 Tinh phan két chiim

Tinh phan két chum duge Ching Tsung Lee [6] dua ra vao nam 1990. Diéu kién
dé ton tai tinh phan két chiim 1a tham s6 phan két chim R, théa méan bat déng

thic
< o (141) o I()p 1)>+< ~(p—1) - 1(;[+1)>
-1<0, 9)

<n((ll)nl(;p)> i <n((lp)nl())>

v6i l > p > 0va h, = ala, fy, = bfb. Cong thic (9) duge viét lai mot cach thuan

Rab (l7p> =

tién nhu sau:
<gﬁ(l+1)d(l+1)(}T(p—1)(;(p—1)> . <dT(p—l)@(p—l)g}T(lJrl)[}(Hl)>

<aﬂali>w3p> + <&Tpap13ﬂél>

Rap (1, p) = -1 (10)

Néu tham s6 R(l, p) cang am thi tinh phan két chiim hai mode thé hién cang manh.
Trong trang thai them hai va b6t mot photon lén hai mode két hop, tham sé R(I, p)

c6 dang
Rab(z,p):{[my ) 44 (1+2) o)™ 4 (61 +1)* +6(1+1) +2)
o JaP T 4+ 1o+ P+ 1 PO 5P
a8 4 (o 4 24 1) o + 1+ 1)
x Ja00) 8PP Va2s 4 (jaf Y 4214 1) o)
H4 D) | ) [P 0?5 + [l + dplaf®
+(6(p = 1) +6(p— 1) +2) [a ™ +4(p — 1)*|a"?
(= 1)°(p = 2) [P "] B 4 o050+
+ (JaP™ 420 = 1) o + (p = 1) (p =~ 2) ")

x |BP a8+ (o 4 2(p — 1) a0
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Ho=1) (p=2) ") |5}

X { [|a|2(l+2) F 41+ 1) a4 (612 + 61+ 2) o
+ 4P 4 2= )P o] B+ Jof |80
+ (P + 2100 4 1= 1)l ) |8Prat s

+ (laP'+ 2100 411 = 1) ) [8770%8

+ 1P+ 4 (p+ 1) [aP )+ (652 + 6p + 2) [a]”
+ 4p3|a‘2(p—1) —|—p2(p _ 1)2 |a‘2(p72):| ’B|2l 4 |a’2p|5‘2(l+1)
+ (o +2plaf"™" + p (p = 1) |o""7 ) |8a"25

-1
+ (laP? + 2plaP?™ 4 p(p — D]aPT?) a8} —1 (1)

D6 thi hinh (4) khao sat tinh chat phan két chum trong cing mot dicu kién véi

15
1.0
// |
=

~-1.0 /

00 02 04 06 08 10
Ty

0.0

0.5+
—-0.5¢

Hinh 4: Do thi khdo sdt sy phu thudc cia R(2,2), R(3,3), R(4,4)) vao bién do r, vdi
Ta = T2, 00 = 20 VA Qp = g Céc tham s6 dugc chon theo thit tu tuong ¥ng vdi mau

do, mau zanh lda cay va mau xanh da troi.

truong hop | = p. Két qua cho thay R.p(2,2) < Rap(3,3) < Rap(4,4). Nhu vay
trong truong hop | = p, trang thai thém hai va b6t mot photon lén hai mode két
hop c6 tinh phan két chiim nhung thé hién cang yéu khi I, p cang 16n.
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4  TINH CHAT DAN ROI CUA TRANG THAI THEM HAI VA BOT MOT PHO-
TON LEN HAI MODE KET HOP

3.3. Tinh dan 16i theo tiéu chuan Hillery Zubairy

Tieu chuan dan 1r6i Hillery-Zubairy [4] duge dua ra vao nam 2006 bdi Hillery va
Zubairy. Hai ong da dua ra mot 16p bat ding thic thé hien sy hién dién clia tinh

dan rdi trong cac hé hai mode néu tuan theo bat déng thitc sau:

(e (')~ 6

Xét truong hop m = n = 1, tiéu chuan dan réi Hillery-Zubairy dudc viét lai

<aTaiﬁz§> _ ‘<aiﬂ>

Dé thuan 1oi cho viéc khao sat ching toi dit Ry dud6i dang

Ry = <aTa13T13> _ ‘<aiﬂ>

Mot trang thai bat ky duge goi 1a trang thai dan réi néu Ry < 0, trong d6 Ry cang

2

<0. (12)

2

< 0. (13)

2

am thi mic do dan 16i ciia trang thai cang tang. Doi véi trang thai thém hai va bét

mot photon 1én hai mode két hop ta c6

Rir = [Nagl” { (Jal” + 8Jal” + 14|af* +4) 5
+ 2Re [(a®a + 2a7%) 28] +]al*(8]"}
— | Nog|* {(|cv|4 + 6|a® + 6) af* + (|a|2 +2) o g
+ B + a6} {(Jal" + 6laf* +6) "
+ (la)* +2) af? + a|B8° + a* 325"} . (14)

D6 thi hinh (5) duge khao sat theo bien do r, va pha dao dong ¢, véi dieu kien
khao sat 1a ¢, = 2¢,, 0 < 1, < 10 va @ = g trong cac truong hop r, = 1,7, =
1.5ry, 74 = 2ry. Két qua cho thay trang thai thém hai v b6t mot photon lén hai
mode két hgp hoan toan bi r6i theo tieu chuan dan ré6i Hillery — Zubairy.

3.4. Tinh dan réi theo tiéu chuan Hyunchul Nha
Nam 2007, Hyunchul Nha da dua ra tiéu chuan dan réi méi. Mot trang thai goi 1a
dan 16i khi trung binh trong trang thai dé thod man bat dang thic sau

N N A A R N 2
[1 _ <5ﬁ2b2 +a?ht? — atabht — aaTbTb> n <aTb _ abT> }
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Ry

Fp

Hinh 5: Khdo sdat su phu thudc cia tham s6 Ry vao bién do két hop ry trong cdc
truomg hop rq = ry,7q = 1.513, 74 = 21y. Cdc tham s6 duge chon theo thit tu mau dé,

mau xanh la cay va mau zanh da troi

N N A A R N 2
« [1 n <aT2b2 T a2t + atabbt + aa*zﬂb> _ <aTb n abT> }

NIGE: 1 . .
< [1 + <a*a n bTb>] 416 [5 <eﬁ2b2 _ aQbT2>

7
1 R R R 12
+ 4 <aTb n abT> <aTb _ abT>] . (15)

Dat tham s6 dan r6i Ry dué6i dang
R N A A N N 2
Ry = [1 _ <&T2b2 4 a2t — atabbt — aeﬁb*b> n <aTb _ abT> ]
N N R A N N 2
« [1 i <5ﬂ2b2 + a2+ afabbt + aeﬁb*b> _ <a*b + abT> }

~ 1+ (ata+58)) ~ 16 E (a5 — )

]

+ o athabt) (ath—ai)] (16)

1)

Nhu vay, mot trang thai 1a dan r6i néu tham s6 Ry < 0 va mitc dan r6i cang tang
khi Ry cang am. Trong trang thai thém hai va b6t mot photon lén hai mode két

hop, ta thu duge tham s6 Ry c6 dang

Ry = {1 — |Na5|2 {((|Oé|4 + 8|oz|2 + 12) a*?B? + o B
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+ (Ja* + 4la® +2) 82 + a?8*6%) + {(la]* + 8o
+12) a?8% + 828 + (|a|* + 4|af” +2) 53
+a®878} = {(|al” +8la|* + 14]a* +4) (18] + 1)
+2Re [(%a +2a7%) B (18] + 1)] + o (18* + 18]°)}
—{(lal® + 9]l + 18]a|* +6) |B]* + 2Re [(a*®a + 3a?)
x 28] + (laf* +1) 18"} } + [Nasl" {{(lal" + 6laf* + 6) a*B
+ (la* +2) ap® + a*|8]* + a*8°8"} — {(la[* + 6|al* + 6)
af* + (]oz|2 +2) o + o®|8)? + aﬁ*zﬁ}}Q} {1+ |Nosl°
< {((laf* + 8laf* +12) a?B% + o™ B8 + (|a|* + 4|af* + 2)
x 8%+ a?3*B%) + {(Ja|* + 8af® +12) a?B** + 523
+ (lal* + 4laf® +2) 57 + o258} + {(Jal® + 8laf*
+14]a)* +4) (I8 + 1) + 2Re [(a™a + 20%) 5*
< (181 + 1)) + ol (18] +18°) } + { (I’ + 9]l
+18|af* + 6) |8” + 2Re [(a™a + 3a*?) 8*28]
+ (lal* +1) 181"} } = [Nagl {{(Ial" + 6[al* +6) a*8
+ (Jaf* +2) aB® + |8 + o267} + {(|af* + 6]a/”
+6) af* + (Jaf* +2) a8 + |8 + aﬁ*Zﬁ}}Q}
- {1+ |N,sl° {{|oz|6 + 8la|* + 14]af* + 4 + 2Re [(a®a
+2a°?) 57] + |o*|81°} + { (|al* + 4lof” + 2) |8
T 2Re [a'2824] + 811} — 16 {21 [Nagl® {{(jod*
+8lal* +12) 5% + ™58 + (Jaf* + 4lal* + 2) 5°
+a? 5 3%} — {(\044 + 8lal® + 12) o*B* + o' 32
+ (lof* +4jaf +2) 8% + 0?58} } + L Nasl
{{(la* +6|a* +6) a8+ (|Jof* +2) aB® + a*?|8]?
+ a8} + {(lal" + 6|a)* + 6) af” + (o +2) "B
+a®|B" + aB?8}} {{(lal" + 6laf® + 6) a”p
+ (Jaf* +2) aB® + |8 + a826°} = {(|af* + 6]a/”
+6) B + (Ja* +2) a* 872 + o®|8] + a8} )} (17)

Mot cach tuong tu, ta dit o = reexp (iva), B = ryexp (ipy) , 9 = pa — wp, dong
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thoi thay vao (17) va khao sat tham s6 Ry theo bién do r;, pha dao dong (o, vdi
didu kien khao sat 1 re =12, 0 < 13, < 5, @0 = 20 VAL @ = g D6 thi hinh (6) cho

—2000}
—4000}
=
~ —6000
—8000 |
—10000}
0 1 2 3 4 5
rp

Hinh 6: Do thi Khdo sdt su phu thudc cia tham so6 Ry vao bién do két hop 1y, trong
cdc truong hop ro = 14,74 = 1.57p, 74 = 21,. Cdc tham so dudc chon theo thi tu mau

do, mau zanh la cay va mau xanh da troi

thay trang thai them hai va b6t mot photon lén hai mode két hgp bi dan r6i theo
tieu chuan dan réi Hyunchul Nha — Jeawan Kim va tinh dan réi cang giam khi ta

cho bién do r, cang I6n.

5 KET LUAN

Trong bai béo céo nay, ching toi da khao sat tinh chat nén tong, nén hicu hai
mode, sy vi pham bat ding thitc Cauchy - Schwarz, tinh phan két chiim va tinh dan
r6i clia trang thai them hai va b6t mot photon lén hai mode két hop. Qua qué trinh
khéo sat va vé do thi cac tham s6 nén nay, ching t6i nhan thay trang thai them hai
va b6t mot photon lén hai mode két hop thé hién tinh chat nén tong hai mode tuong
doi yéu, tuy nhién tinh chat nén hieu hai mode lai thé hién rat manh. Khi so sanh
v6i trang thai thém hai photon lén hai mode két hop, chiing t6i nhan thay trang thai
them hai vi b6t mot photon lén hai mode két hop thé hién tinh chit nén manh hon.
Hon nita, trang thai them hai va b6t mot photon lén hai mode két hop hoan toan vi
pham bat dang thiic Cauchy - Schwarz, thé hién tinh chat phan két chuim bac thap
va bac cao, hoan toan bi dan r6i theo hai tieu chuan dan r6i Hillery - Zubairy va
Hyulchul Nha - Jeawan Kim. Ngoai ra, dya vao két qua khao sat, ching toi nhan
thay viéc thém hai va b6t mot photon vao trang thai két hgp lam cho cac tinh chat

phi ¢6 dién ciia trang thai dé thé hien manh hon la viéc chi them hai photon vao
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trang thai két hop. Tu do6, ching toi rit ra trang thai them hai va b6t mot photon

len hai mode két hop 1a mot trang thai c6 tinh chat phi ¢6 dién kha manh.
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Title: THE NONCLASSICAL PROPERTIES OF THE TWO-PHOTON-ADDED AND
ONE-PHOTON-SUBTRACTED TWO-MODE COHERENT STATE

Abstract: In this paper, we study the nonclassical properties of the two-photon-added
and one-photon-subtracted two-mode coherent state. First, we apply the two-mode sum
and difference squeezing conditions and detected that the state is both sum squeezing
and difference squeezing. Then, we examine the antibunching and the violation of the
Cauchy-Schwarz inequality that may arise in the state. The results show that the state
is antibunching in the first order and also in higher-order, and completely violates the
Cauchy-Schwarz inequality. Finally, we examine the Hillery—Zubairy and the Nha-Kim
entanglement criteria and the obtained results show that the two-photon-added and sub-
tracted two-mode coherent state is completely entangled.

Keywords: Sum squeezing, difference squeezing, antibunching, violation Cauchy-Schwarz
inequality, entanglement.



