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Abstract. Concerning the local parametric estimation method, a novel method of
life expectancy estimation, the article uses the bootstrap method to evaluate this
method in extensive experiments with real-world datasets. The obtained results
show that the local parameter method provides the narrower confidence intervals
in comparison to the Chiang method. This provides the statistical tests to get higher
performance in the detection of life expectancy estimate differences.
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1. Introduction
Life expectancy (LE) is the most remarkable summary index of the mortality

experience of populations and is a key demographic indicator used to assess the
population health. This indicator is used to make international comparisons between
countries health [1]. This is also a good measure to examine geographic and
socio-demographic inequalities in mortality [2]. The confidence intervals (CI’s) of LE
estimates can be compared to detect statistically significant differences.

The LE estimate method proposed by Chiang [3-4] is widely applicable
(e.g., [2, 5, 6]). Using current life table creation based on survival theory, the Chiang
method provides abridged life tables that aggregate deaths and population data into age
groups under 1, 1-4, 5-9,... 80-84, 85 and over. Then Chiang provided a detailed
assessment of the statistical properties of the LE estimate [4]. He derived the analytic
equation for the variance of LE and its CI.

However, as it has been shown in the works [7-9], there are biases in Chiang’s
current life tables related to the estimates of age specific mortality rates and the
conditional probabilities of dying in age intervals. Moreover, the ratio of the death
amount and population number in 5-year age intervals usually provides a biased estimate
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of age-specific mortality rates [7, 10-11]. These impact the accuracy of the Chiang LE
estimate and yield a larger variance of the estimate, which makes related hypothesis tests
to be less powerful.

The new method, called the ”Local parametric method” (LP method), is based
on the theoretical background of the survival process with local parametric Weibull
distributions. The recent work [12] showed that this method can be applied to abridged
datasets, showing certain advantages over the Chiang method. To further develop the
above results, the main objective of this article is to use the bootstrap method to compare
the life expectancy estimation results and provide confidence intervals for the Chiang
method and LP method.

The rest of the article is organized as follows. Section 2 shows the theoretical
analysis of the LP method. In Section 3, we experiment with the CI Bootstrap calculations
for LE estimates on a longitudinal survival dataset of FilaBavi [13] using the Chiang
method and the LP method. The conclusion is drawn in Section 4 with some discussions
on the obtained results.

2. Life expectancy estimate by local parameter method
In [12], the LP method is based on the Weibull distribution with local

parametrization in 19 age bands of [0; 1), [1; 5), [5; 10), ..., [80; 85), and [85;∞). For
j = 1, 2, ..., 19 let [xj, xj + oj) denote the j-th age band with length oj . We set o1 = 1;
o2 = 4; oj = 5 for all j = 3, 4, ..., 18; and o19 = ∞. Typically, data in population
studies are comprised of follow-up reports over a certain calendar year, from January 1
to December 31 of the year. This article study, instead, uses abridged survival data that
is somewhat different from conventionally reported abridged data. Specifically, instead
of the midyear day (July 1), the last day (December 31) of the current observation year
is used to determine the age of any person in the studied population. Let Y be a random
variable that denotes the individual age counted on the last day (December 31) of the
current observation year. Then Y is used to classify the age groups [0; 1), [1; 5), [5; 10),
..., [80; 85), and [85;∞) in abridged data. Then, except for the final age band, which
is an open ended interval, all the early age bands are of the form [xj;xj + oj), for all
j = 1, 2, ..., 19. Let’s recall that the random variable T indicates the time from birth to
death of an individual. Then we can split T into the sum of random variables, each is
defined on one of the age intervals [xj;xj + oj), j = 1, 2, ..., 19, by

T = T · 1[x1;x2)(Y ) + T · 1[x2;x3)(Y ) + . . .+ T · 1[x18;x19)(Y ) + T · 1[x19;∞)(Y ). (2.1)

where 1A(x) the indicator function of set A.
For j = 1, 2, · · · , 19, we model the random variable T · 1[xj ;xj+oj)(Y ) to have local
Weibull distribution by formulas

T · 1[x1;x2)(Y ) = T1 · 1[x2;x3)(Y ), T · 1[xj ;xj+oj)(Y ) = (xj − 1 + Tj) · 1[xj ;xj+oj)(Y ).
(2.2)
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for j = 1, 2, · · · , 19, with the random variable Tj is supposed to have the Weibull
density function

fj(t) = kjλj(λjt)
kj−1e−(λjt)

kj
for 0 ≤ t < ∞ , λj > 0 . (2.3)

The argument of [12] provides the estimation of the local scale parameters λ̂j , j =
1, 2, ..., 19 as follows:

λ̂1 =

{−1 +
√

1 + 4 · k1
2k1+1

· death1

n1

2k1
2k1+1

}1/k1

. (4)

λ̂2 ≈
{4(k2 + 1)(death2 + d1;2)

n2 · [(k2 + 1)5k2 − 1]

}1/k2
, (5)

where

d1;2 ≈ n1 ×
(
1− λ̂k1

1

k1 + 1
+

λ̂2k1
1

2(2k1 + 1)
− e−λ̂

k1
1
)
.

For the scale parameter λj , j = 3, 4, ..., 18,

λ̂j ≈
{oj(kj + 1)(deathj + dj−1;2)

nj · [(kj + 1)(oj + 1)kj − 1]

}1/kj
, (6)

with

d2;2 ≈
n2

4
×
(−5k2+1 + 4k2+1

k2 + 1
+ 5k2

)
λ̂k1
2

and

dj;2 ≈
nj

oj
×

(−(oj + 1)kj+1 + o
kj+1
j

kj + 1
+ (oj + 1)kj

)
λ
kj
j .

For the open-ended age group [85;+∞), with d19 = death19+d18;2, the estimation
of the scale parameter λ19 is given as

λ̂19 = − ln
(
1− d19

n19

)
= ln

( n19

n19 − d19

)
. (7)

As mentioned in [12], the shape parameter kj of the random variable Wj influences
the mortality rate in [xj, xj+oj), j = 1, 2, . . . , 19. The mortality rate in this model, which
can be interpreted as kjλj(λjt)

(kj−1), decreases over time in the first year of life, but stays
constant with time for the medium age groups. This mortality rate increases over time in
the last age groups. In the LP method, the value of kj must be pre-determined and used
consistently for any dataset. Specifically, following our suggestion in [12], we propose
the set of parameters for kj as follows:
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{ki} = {0.1; 0.2; 0.9; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 2; 2; 2; 1}

where k1 = 0.1; k2 = 0.2; k3 = 0.9; kj = 1 for the medium age groups with j =
4, . . . , 15; kj = 2 for the three older age groups with j = 16, 17, 18; and k19 = 1.

Using the parameters λ̂1, λ̂2, ..., λ̂19 estimated by (4)-(7) and sequence of shape
parameters’values kj , the argument of [12] provides a method to get life expectancy
estimation.

In 1979, Brad Efron [14] invented a revolutionary new statistical procedure
called the bootstrap method. This is a computer-intensive procedure that substitutes
fast computation for theoretical math. The main benefit of the bootstrap is that it
allows statisticians to set confidence intervals on parameters without having to make
unreasonable assumptions. Specifically, it creates n resamples (with replacement) from
a single set of observations, and calculates the statistic of interest for each of these
resamples. Then, bootstrap percentile CI of θ̂ (an estimator of θ) can be obtained as
follows:

• n random bootstrap samples are generated,

• a parameter estimate is calculated from each bootstrap sample,

• all n bootstrap parameter estimates are ordered from the lowest to highest,

• and the CI is constructed as follows

[θ̂lowerlimit, θ̂upperlimit] = [θ̂j, θ̂k]

where θ̂j denotes the j-th quantile (lower limit), and θ̂k denotes the k-th quantile
(upper limit). For example, a 95% percentile bootstrap CI with 1,000 bootstrap
samples is the interval between the 25-th quantile value and the 975-th quantile
value of the 1000 bootstrap parameter estimates.

To evaluate the accuracy of life expectancy between the LP method and the Chiang
method, in this article, we use the bootstrap method to calculate the CI for life expectancy
estimation. The results are shown in the following.

3. Using bootstrap method for evaluating life expectancy
estimation
In this section, a real survival dataset of FilaBavi [13] is used to compare the

effectiveness of the LP method for life expectancy estimate and the traditional Chiang
method. The 95% boostrap confidence intervals of the Chiang life expectancy estimate
and the LP life expectancy estimate are computed to compare the performance of the two
estimate methods.
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Table 1. Population and death numbers in annual abridged data sets
Year F-Pop F-Death M-Pop M-Death Total Pop Total Death
2000 25821 115 23974 126 49795 241
2001 25680 124 23888 134 49568 258
2002 25610 108 23734 147 49344 255
2003 24428 111 23584 130 49012 241
2004 25410 118 23673 149 49083 267
2005 25455 130 23691 166 49146 296
2006 25535 131 23895 154 49430 285
2007 25688 123 24025 148 49713 271
2008 25848 143 24114 169 49962 312
2009 25927 140 24264 174 50191 314
2010 26185 145 24638 177 50824 322
2011 26198 162 24772 180 50970 342
2012 26315 149 25029 196 51344 345
2013 26327 132 25155 163 51482 295
2014 26776 142 25545 172 52323 314

The dataset of FilaBavi includes the first interviews in 1999, March, and the last
interviews in 2015, October. That means there are 15 years (2000 to 2014) of complete
observation recorded in this dataset. Extracting from the dataset, this study uses the data
file that has been reorganized by splitting into 15 one-year observation semi-cohort data
files, each of them related to one specific year among the 2000 to 2014 years. Each
dataset of the 15 one-year data files is used to produce the respective abridged data file.
For the abridged dataset of each year, we draw 500 bootstrap samples of size 20000,
these samples are used to calculate life expectancy estimates of the Chiang method and
of the LP method. Consequently, we get 500 values of life expectancy estimation for
each year, then we obtain 95% CI of the Chiang life expectancy estimate and of the
LP life expectancy estimate. A brief description of these abridged datasets is given in
Table 1. The ”F-Pop” and ”F-Death” columns in this table represent the pairs of female
population and female death numbers in each year, respectively. The columns ”M-Pop”
and ”M-Death” contain the pairs of male population and male death numbers, whilst the
columns ”Total Pop” and ”Total Death” show the total numbers of annual population and
deaths.

To check the distribution of life expectancy local parametric estimation. We draw
the histogram of these estimations for each year (e.g., Figure.1). These results showed that
the distribution of life expectancy estimations by the LP method has a normal distribution.

Tables 2 and 3 represent the sample mean of 500 values of life expectancy
estimation (columns ”LE”) together with their 95% bootsrap confidence intervals
(columns ”95% CI of Ch”, ”95% CI of LP”) calculated from the above mentioned
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Table 2. Bootstrap confidence interval by the Chiang method and the LP method for male
Year Mean of Ch. Est 95% CI of Ch Mean of LP 95% CI of LP
2000 73.19 70.91;75.47 72.89 71.35;74.43
2001 72.11 69.81;74.40 71.82 70.31;73.32
2002 71.68 69.53;73.84 71.57 70.22;72.92
2003 73.09 70.80;75.38 72.76 71.30;74.22
2004 71.87 69.54;74.20 71.47 69.91;73.03
2005 70.62 68.24;73.01 70.22 68.63;71.82
2006 72.11 69.81;74.42 71.85 70.37;73.34
2007 73.22 70.81;75.62 72.74 71.09;74.39
2008 71.63 69.40;73.85 71.32 69.90;72.75
2009 71.57 69.38;73.76 71.23 69.81;72.65
2010 71.96 69.67;74.24 71.52 69.98;73.07
2011 72.15 69.94;74.35 71.74 70.26;73.23
2012 71.51 69.43;73.59 71.35 70.07;72.64
2013 74.27 72.08;76.46 73.88 72.44;75.32
2014 74.60 72.70;76.51 74.48 73.29;75.67

FilaBavi dataset, applying the Chiang method and the LP method for males and females.

Table 3. Bootstrap confidence interval by the Chiang method and the LP method for female
Year Mean of Ch. Est 95% CI of Ch Mean of LP 95% CI of LP
2000 81.03 78.80;83.27 80.27 78.90;81.65
2001 81.19 79.16;83.23 80.52 79.29;81.74
2002 82.91 80.56;85.27 82.01 80.54;83.47
2003 82.59 80.51;84.66 81.71 80.48;82.95
2004 83.33 81.29;85.38 82.52 81.23;83.82
2005 82.84 80.89;84.78 82.11 80.95;83.27
2006 83.17 80.90;85.45 82.29 80.88;83.70
2007 84.67 82.68;86.65 83.93 82.80;85.06
2008 83.27 81.29;85.24 82.78 81.66;83.91
2009 83.78 81.89;85.66 83.20 82.14;84.26
2010 83.93 82.01;85.85 83.36 82.25;84.47
2011 82.77 80.98;84.55 82.18 81.18;83.19
2012 84.23 82.53;85.94 83.62 82.66;84.58
2013 85.31 83.37;87.25 84.54 83.40;85.68
2014 86.21 84.62;87.80 85.56 84.62;86.50
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Figure 1. Histogram of life expectancy estimation by LP method for male (top)
and female (bottom) in Year 2000
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Comparing the figures in Table 2, Table 3 we observe that in most cases, the Chiang
method gives over-estimated than the LP method. This is appropriate with the results
shown in [12]. Additionally, the LP method always provides the narrower confidence
intervals of LE estimates than the Chiang method does. In detail, for the male population,
the width of LP confidence intervals is equal to around 70% of that derived from the
Chiang method. Simultaneously, for the female population, the ratios of the width of LP
confidence intervals to the corresponding width yielded from the Chiang method are equal
to about 65%. The comparison results point out the advantages of the LP life expectancy
estimate method over the Chiang estimate method when showing its higher effectiveness
in the statistical tests to detect the differences of life expectancy estimates.

4. Conclusions
Life expectancy as a summary index of population health is widely used by

epidemiologists, ecologists, economists, and policy makers, to examine the geographic
and socio-demographic inequalities in health and to make international comparisons
between countries’ living standards. The statistical tests of LE estimates’ comparisons
are usually based on the estimates’ confidence intervals. Up to now, the Chiang method
has been the most popularly used tool to get LE estimates. However, many works like
[7, 9-11] have shown that there are biases in the Chiang life expectancy estimate. In
more detail, Scherbov and Ediev [15] have proved that the Chiang method provides an
overestimate of life expectancy. The bias makes the estimate variance to be larger, which
makes the attached confidence intervals to be wider.

The experiments presented in Section 3 based on real data demonstrate the
advantages of this LE estimate method over the Chiang method. Especially, the narrower
confidence intervals of the new method estimate presented in the calculation results
confirm the higher precision level of the respective LE estimates. Simultaneously, these
narrower confidence intervals allow statistical tests to have a higher power in the detection
of significant differences in LE estimate. These facts also expose the higher effectiveness
of the LE estimate done by the LP method.

However, some theoretical details should be clarified to strengthen the advantages
of the local parametric estimation method. An open problem is to determine the formula
for the variance of the life expectancy estimated by the local parametric estimation
method. This problem should be put for further investigation. Although the need for
improvement, the proposed local parametric method of life expectancy estimation can be
applied instead of the ordinary method of Chiang, because of the mentioned advantages
of the new method.
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due to Prof. Dr. Nguyen Thi Kim Chuc, the main coordinator of FilaBavi, and to
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