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XAY DUNG LUQC PO XAP Xi ON PINH CHO PHUONG TRINH
VI PHAN NGAU NHIEN KHONG OTONOM
VOI HE SO KHUECH TAN LIEN TUC HOLDER

Luong Pic Trong va Kiéu Trung Thiy
Khoa Todn, Truong Dai hoc Suw pham Ha Noi

Tém tit. Bai bao nghién ciiu xdy dung mot luge dd xap xi Euler-Maruyama céi tién cho
phuong trinh vi phan ngiu nhién khong thuin nhat v6i hé sé khuéch tan lién tuc Holder.
Két qua cho thiy ludc dd méi bio toan tinh chit &n dinh mil va tinh duong ctia nghiém diing.
Tir khod: Lién tuc Holder, 6n dinh mid, phuong trinh vi phan ngiu nhién, xip xi
Euler-Maruyama.

1. MGé dau

Trong bai bdo niy ching toi nghién ciiu phép xip xi va tinh 6n dinh ctia nghiém x4p xi cho
cac phuong trinh vi phan ngu nhién (PTVPNN) khong thuan nhét c6 dang

t t
X = x9 +/ b(s, Xs)ds +/ o(s,Xs)dWs, x9€ Rt € [0,400), (1.1)
0 0

voi (Wy)o<t<r 12 mdt chuyén dong Brown tiéu chuin xdc dinh trén mot khong gian xdc suét c6
loc (2, F, (F;)i>0, P) théa man diéu kién thong thudng va b, o 1a cac ham thyc do dugc.
PTVPNN di va dang dudc st dung mot cich rong rii d&€ md phdéng nhiéu qua trinh ngiu
nhién trong thuc t& nhu gid tri tai sn, 13i suit trong todn tai chinh, s6 lugng c4 thé trong Sinh hoc
hay chuyén dong cta vat thé trong Vat li... Trong céc tng dung do, ta thudng phai tinh toan ki
vong c6 dang E[f(X;,0 < t < T)] véi f 1a mot phiém ham tit C[0, T vao R. Trong phan 16n
céc trudng hgp, viéc tim ra mot bi€u thic giai tich d€ tinh E[f(X;,0 < ¢t < T')] la rit kho khén.
Vi vy, ngudi ta thudng tim cach xip xi X bdi dai luong X ¢ thé md phdng dudc trén méy
tinh. Sau d6 ki vong E[f(X};,0 < t < T)] dudc tinh thong qua thudt toan 1dp Monte-Carlo hoac
Monte-Carlo cdi tién. Pdi véi nhiing phuong trinh c6 hé s6 Lipschitz va di tron, ¢ kha nhiéu
phép xip xi véi tdc dd cao da dugc xdy dung nhu phuong phap xip xi Euler-Maruyama, xap xi
Milstein, phuong phap toan tit Kusuoka (xem [1, 2]). Tuy nhién, khi hé sb ctia phuong trinh khong
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Lipschitz hodc khong du tron, cdc phuong phap trén khong 4p dung dudc. Vi du nhu khi hé sb
phuong trinh ting trén tuyén tinh, trong [3], Hutzenthaler va cic cong su da chi ra ring phuong
phép x4p xi Euler-Maruyama khong hi tu theo ca nghia manh va yéu. Lugc dd Euler dang 4n da
dudgc st dung mot cach khd phd bién d€ xap xi nghiém ctia phuong trinh c6 hé sb ting nhanh. Tuy
nhién phép xAp xi nay yéu cau phai giai mot hé phuong trinh dai s6 6 mdi budc xap xi dan dén
thdi gian tinh toan thuong 1a rit 16n. Phuong phap Euler khong ché dugc gidi thiéu gin day bsi
Hutzenthaler va cdc cong su trong [4] d& x4p xi nghiém phuong trinh c6 hé sb ting trén tuyén tinh
va thoa man diéu kién Lipschitz dia phuong. Pay 12 mot phuong phap dang hién, khong doi hoi
phai gidi hé phuong trinh dai s6 trung gian nén c6 thdi gian tinh todn nhanh. Khi hé sb clia phuong
trinh thod man thém diéu kién Lipschitz mot phia, phuong phap Euler khéng ché c6 thé dat dugc
tbc do hoi tu tdi vu 1/2 trong khong gian LP. Gan ddy phuong phap Euler khéng ché dugc phat
trién rat manh mé (xem [3, 5-8]).

Trong nhiéu ing dung, ngudi ta con phai 1am viéc v6i cac phuong trinh véi hé s6 khong
Lipschitz dia phuong. Vi du nhu trong md hinh Cox-Ingesoll-Ross cho lii sut ngan han, hé sb
khuéch tdn ctia phuong trinh chi lién tuc theo nghia Holder. Hefter va Jentzent da chi ra rang véi
cdc phuong trinh nhu vy téc do hoi tu theo nghia manh clia cac luge d6 xap xi c6 thé rét thip
(xem [9]). Mit khéc, trong [10], Gydngy va Rasonyi da chi ra rang néu hé s6 khuéch tan o 1a lién
tuc theo nghia Holder véi cip % + a va hé sb troi b 1a Lipschitz thi luge do Euler-Maruyama hoi
tu véi tc do o trong khong gian L'. Két qua ctia Gyongy va Rasonyi nhan dudc rat nhiéu su chi
y va lién tuc dugc mé rong trong céc bai bao [7, 11-13].

Bén canh bai todn x4p xi nghiém, bai toan nghién ctiu sy 6n dinh clia nghiém ciing c6 y
nghia quan trong va dugc nghién ciu sau rong. Vi du nhu trong sinh hoc, ngudi ta quan tim dén su
ton tai hay tuyét chiing ctia mot loai nao d6 trong tuong lai. Cac két qua vé tinh 6n dinh ctia nghiém
PTVPNN c6 thé dugc tim thiy trong cac tai liéu kinh dién nhu [14, 15]. Trong nhiéu trudng hop,
ta phdi u6c tinh gid tri clia nghiém &n dinh trong tuong lai xa mic du dai Iuong nay c6 thé rat
nho. Viy nén gan diy c6 kha nhiéu nghién cifu nham xiy dung nghiém x4p xi ciing ¢ tinh chét
on dinh nhu nghiém ding. Trong [16], Saito vA Mitsui nghién ctiu tinh 8n dinh clia nghiém x4p
xi cho phuong trinh vi phan ngiu nhién tuyén tinh. Céc két qua d6 dugc tiép tuc mé rong cho cac
PTVPNN tdng quét hon v6i hé s6 thod man diéu kién Lipschitz va Lipschitz dia phuong trong
cdc bai bao [14, 17-19]. Do xip xi Euler-Maruyama hay Milstein khong giit dudc tinh &n dinh
cta nghiém ding nén ngudi ta da nghién ciu cac phuong phap khac nhu phuong phap 6-Euler
Maruyama 4n hay Euler khong ché (xem [17, 19-22]).

Trong bai bdo nay chiing t6i xdy dung mot 16p cic ludc do6 mdi dudi dang hién d€ xap xi
nghiém PTVPNN khong thuan nhét véi hé sb khuéch tan lién tuc Holder. Cac luge dd nay c6 cling
tdc do hoi tu trong L' v6i luge dd Euler-Maruyama thong thudng (xem [10]). Sau d6, ching toi
chi ra mot luge do cu thé trong 16p mdi d6 ma né bao toan tinh chit 6n dinh mii ctia nghiém diing.
Hon nifa, ta ciing c¢6 thé diéu chinh lugc dd nay dé€ né c6 thé bao toan tinh chit khong Am cia
nghiém ding. Luu y rang do hé s6 khuéch tan chi lién tuc Holder nén khong thé danh gia truc tiép
moment bic hai ciia nghiém nhu cac nghién citu trude day. Do d6, ching t6i phai danh gia moment
bac mdt clia nghiém thong qua phép xAp xi Yamada-Watanabe cho ham y = |z|. Hon nita, d€ danh
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gia chit tc do hoi tu tiém can cda nghiém trong khong gian LP, ching toi da phat trién phép x4p
xi nay cho ham y = |z|P.
2. Lugc do Euler cai tien
2.1. Gia thiét
Ta dua ra mot sb gia thiét cho cac hé sb b va o ctia phuong trinh (1.1).
Al. Ton tai mot hing sb thuc duong Ly sao cho véi moi z,y € R, véi moi t € [0, +00),
R X 2 1
A2. Ton tai cac hang so thuc duong Lo va o € [O; 5] sao cho v6i moi z,y € R, v6i moi
t €[0,400),
[b(t,x) = b(t,y)| < Lol —y| va  |o(t,z) —o(t,y)| < Lafw —y|"/**.

R £ R 1 . . . .
A3. Ton tai cac hang so thuc duong Ls va B € [5, 1] sao cho v6i moi x € R, v6i moi

t €[0,400),
b(t, ) = b(s, )| V |o(t,x) — (s, 2)| < Laft — s|°.

A4. Ton tai hing s6 thuc duong L sao cho v6i moi = € R, véi moi ¢ € [0, +00),
b(t,2)2 Vot 0)]? < L(1+ [2]2).
Duséi céc diéu kién A2-A4, phuong trinh (1.1) c6 nghiém duy nhét theo nghia manh (xem [23]).
2.2. Ludc do Euler cai tién

V6i mdi h > 0, xét cac ham do dugc by, o, : [0, +00) x R — R thoa mén: V6i mdi T' > 0,
ton tai cac hang s6 My, Moy va M sao cho véi moi z € R, ta c6

Cl. supg<i<r |bn(t, 2)|* V supgeicp lon(t, 2)* < Mi(1 + |z]?);
C2. supg<;<r |b(t, ) — bu(t,z)|? < Ma(1 + |z|?)h?;
C3. supg<i<r |o(t, z) — on(t,)|> < M3(1 + |z|*)h.

Khi d6, ta x4p xi X bdi qua trinh X" dugc xac dinh béi

t t
Xth = Zo +/ bh(nh(3)>X£Lh(s))d5 +/ Uh("?h(s)>X£Lh(s))dWSa t €10, +00), 2.1
0 0

trong d6 1, (t) = kh néu t € [kh, (k + 1)h) v6i k = 0,1,. ...
Diéu nay tuong duong véi

Xth = X:]Zh(t) —i—bh(nh(t), Xr];h(t)) (t — nh(t)) —i—Uh(?]h(t), Xr];h(t)) (Wt — th(t)) , te€ [0, +OO).
(2.2)
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3. Su hoi tu
Su hdi tu ctia luge d6 Euler-Maruyama cdi tién theo chuin L' va chuin L!'-sup dugdc phat
bi€u trong dinh 1i sau.

Pinh li 3.1. Gid st cdc gid thiét A2 - A4 va cdc diéu kién CI - C3 duoc théa mén. Khi dé, ton tai
hang s6 C = C(xq, Lo, L3, L, T, My, My, M3) khong phu thuéc h sao cho

) 1
Ch® neu 0 < o < 3
supTEHXth,\T — Xinrl] < C ) (3.1
0<t< - - 5 —
<t< log(1/h) néu o ,
vOi moi thoi diém dung 7. Hon niia,
) 1
Ch2e? neu 0 < o < 3’
E [ sup | X7 —Xt\] < C ) (3.2)
0<t<T _— ou o = 0.
og(1/h)

Ludc dé Euler-Maruyama cdi tién (2.1) hdi tu theo chuin L' va chuin Ll-sup cung tbc do
v6i lude dd Euler-Maruyama thong thudng khi 4p dung cho PTVPNN véi hé s6 lién tuc Holder
(xem [10]). Sau day, ta s€ trinh bay chiing minh cia Dinh 1i 3.1.

3.1. Udc lugng mé-men
BG dé 3.1. Gid sit gid thiét A4 va diéu kién CI dugc théa man.

(i) Véi méi p > 0, ton tai mét hdang sé duong C1 = C1(p, xo, T, L) sao cho

E | sup |X;?

0<t<T

<. (3.3)

(ii) Véi méi p > 2, tén tai cdc hang sé duong Co = Cy(p,xo,T,L, M) va C3 =
Cs(p,xo,T, L, My) sao cho

E [ sup | XPPP| < Oy (3.4)
0<t<T
va
sup E [|Xth - X,’;h(t)v’} < C3hP/2, (3.5)

0<t<T

Chiing minh. Vi danh gid (3.3) 1a mot két qua quen thudc nén ching tdi bd qua chiing minh. Danh
gid (3.4) cling dudc suy ra tif cic két qua co ban két hop véi diéu kién C1. D€ chiing minh (3.5), ta
viét
h o P ~1 h P h P
xt = xh | =277 ([entm (), X )R]+ |on (), XD ) Wi = W )] )
<27 MU X ) PP+ [We = W, ).

Diéu nay cling v6i (3.4) suy ra diéu phai chiing minh. O
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3.2. Phép Xép xi Yamada-Watanabe

O phan nay, ching t6i trinh bay mot cai tién ciia ki thuét xap xi Yamada va Watanabe (xem
[10, 24]). Pu tién, chd ¥ ring v6i mbi p > 1,6 > 1 vae > 0, ton tai mot hing s6 duong K (p, §)
va mot ham lién tuc ¥s-(p,.) : R™* — R* sao cho

(1) ff/(; Vse(p, 2)dz = pgp—I’

(i) 0 < sc(p,2) < K(p. )22 V61 2 € | =] s hsc(p.2) = 0v6i 2 € (0,5 )i va e (p,2) =
p(p —1)2P72 véi 2 € (e, +0).

Ta s& x4p xi ham = ~ |z|P bing ham ¢;. dudc xéc dinh bdi

lz|  ry
Pse(p, ) 12/0 /0¢5e(p7Z)dzdy, z eR.

Ta dé dang kiém tra dudc ¢s. c cic tinh chét sau: v6i mdi x € R thi

X

3 0
T1. @bgg(pux) = m%g (p7 |‘TD’ trong do ¢,5€(pax) = %¢5€(p7$);

T2. p|x‘pilﬂ(s;+oo)(x) < |¢i¥s(pa$)| < pgpil]l[ e () +p‘x|pilﬂ(€;+oo)(m);

™

T3. ¢s5:(p, ) — pel < |z|P < &P + ¢s-(p, x);

G5 (v, |z]) _ poP

T4. <2,
|z|p

=
TS 67 (p, o) = o) (2]) < K(p,0)[aP Tz g (2]) + p(p — DIal’ T o) (@), trong do

82
¢g5(pa .1‘) = quﬁs(pv .1‘)

N 2 . Y oy
Trong trudng hgp p = 1, ta ¢6 thé chon K (1,6) = Toed’ Hon nira, dé don gian, ta sé ki hiéu
og
¢55(l‘) = ¢6s(1ax)~

3.3. Chung minh Pinh li 3.1

O phan nay, céc hing sb sé déu dugc ki hiéu chung 1 C, chiing déu doc lap véi h nhung cé
thé phu thudc vao xg, Lo, L3, L, T, My, My, M3 va a.
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Pit Y* = X; — X]'. St dung tinh chét T3 va cong thic Itd, ta c6
Y] < e+ 5 (Y)")
t
S RCCOIES SEATAEE

+¢g%ysh) |:0'(57Xs) — Jh(nh(s),X:;h(s))r} ds

t
b [ bV [ols,X2) = onlin(5): X, )] V.
0
Do dé6, v6i moi thdi diém diing 7, ta c6
YA | <ed JIEAT)+ ot AT) + J3(tAT), (3.6)

trong do
t
Ji (t) = /O @bgs(}/;h) |:b(57Xs) - bh(nh(s)vX:;h(s))] ds,
t
Tolt) = 5 | o402 [0, X0) = anlomn (). X0, )]s
t
It) = [0k [, X0 = onlan(9). X, )] W

Dau tién, ta chd y ring, néu 0 < s < t A 7 thi theo tinh chit T2 va cic gia thiét A2, A3, ta c6

Ghe (V) [bls, X) = b(ma(s), X )] |
b(s, X) = b, X2)| + [b(s, X2) = b(s, XD )
o [bls XD () = b (5), X )| + [0 (5), X 1)) = bl (5), X )|

< Lo|X, — X0+ Lo| XD = XD |+ Lals = ()| + [bCmu(5), XE, ) = buma(s), XE, )]

<

M (s

Do d6, tir diéu kién C2 va B& dé 3.1, ta suy ra
tAT tAT
E[Oiligtul(s AT)|] < LoE [/0 \Ysh|ds] + LoE [/0 |Xh — Xf;h(s)\ds}
tAT tAT
+ L3h’E [/O ds} + MyhE [/O (1+ \Xgh(s)\)ds]
tAT t
< LoE [/0 \YS’;MS] + LyE [/0 |xh — Xf;h(s)\ds}
t
+ MyhE [/0 (1+ |Xf7‘h(s)|)ds} + L3Th?

t
< ILE [ / ‘Yshm_|d8:| +CVh. (3.7)
0
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Tiép theo, v6i 0 < s < t A T, tli cic gia thiét A2 va A3, ta suy ra

o5, X2) — onCm(s), X0 )]
§4[U(S,XS)—U(S,Xg)r-i-Zl[U(S,Xg) o(s, X (S))}2

4 X" xn ) 44 X" xn )
+4[o(s, XE ) = olm(), X0, )]+ 4o lm(s), XL () = onlm(s), XL )

<ALV U AL XD - X I ALR]s — (s)| %
2
+ 4o (m(s), Xh (o) = onlm(s), XL ()] - (3.8)

Tt tinh chit T5, diéu kién C3 va BS dé 3.1, ta cé

E[ ‘J ( A )” < L2 201T+ % t/\T ‘Xh |1+2ad M3h(5 n LZhQﬁT
B VNS : K o
4 L% Msho
S logé {L2 2aT 4227 2 |: ‘Xh nh 9 |1+2ad :| 3 + L§h2ﬁT}
4C h1/2+0‘5 5
<3 {52“ + +h (— + 1) . (3.9)
ogd € €

Két hop danh gid nay vé6i cdc danh gid (3.6), (3.7), ta suy ra

4C pl/2tes b
E[|Yj;7|} <5+L2/ [\ SAT|}ds+Cf+ g6{52a+7+h<—+1>}.

9

Ap dung bét déng thiic Gronwall, ta thu dudc

4 1/24a
E||Y || < s+0f+ S i R el2t, (3.10)
log & € €

Mt khéc, st dung bét dang thiic Burkholder-Davis-Gundy, ta c6

{/OTAT o(s, Xs) — Uh(nh(s)’Xgh@))fds}m]

1/2 T
[ s ofe[ [ -,

T 1/2
+CvVh {E U (1% 0t +1) dsﬂ +ChP,
0

trong d6 ta st dung (3.8) cho ddnh gia cudi cung. Ti BS dé 3.1,

1/2
{/ | /\T‘lJrQOfd }

E || sup J3(tAT)

0<t<T

<CE

<CE

1+2« 1/2
ds} }

E || sup J3(tAT) + Cpli+2e)/4, (3.11)

0<t<T

< CE
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Néu o = 0, bang cdch chone = h/4va§ = h=1/* trong (3.10), ta 6 supg< ;<7 E[|Y/%,[] < 102

Bl

Két hop diéu nay véi (3.6), (3.7), (3.9), va (3.11), ta suy ra E [supy<,<p |[V/"|] < \/1071
<t< og 1

Néu a € (0, 3], theo ddnh gid (3.11), bat ding thic Young va bt ding thic Holder,
E [

Ta két hgp véi cic danh gia (3.6), (3.7), (3.9) thi thu dugc

T 1/24«a
hl/2+as 5
<25—|—2L2/ IE|Y;LAT|ds+L g2 4 +h(=-+1
0 log 6 € €

sup J3(tAT)

T 1/2
<CE (sup Y / \n&7|ds> L o)
o<t<T 0<t<T 0

T 2
+c/ (EHYZ}\TH) ® ds + CrO+2/,
0

oo, .
0<t<T

T 2
+ c/ (EHYS’;TH) ds + ChAF2e)/4, (3.12)
0

Chon § = 2, = V/h trong (3.10), ta c6 E [|Y}2 . |] < Ch®. Diéu nay cing v6i (3.12) dén dén

E | sup |V} < Ch2”.

0<t<T

4. Tinh 6n dinh mii trong khong gian L?

Trong [22], cic tic gia da chi ra tinh 6n dinh md cta nghiém ding X; va xdp xi
Euler-Maruyama theo chudn L2 khi hé s6 khuyéch tin o lién tuc Lipschitz dia phuong. O day,
chiing t5i sé trinh bay tinh &n dinh mii ctia X; va X} khi o lién tuc Holder. Luu y ring diém khé
khin cét yéu & day 1a khi = gin 0, hé sé khuéch tan o(t, 2) 6 bac la 2|2+ va 16n hon rét nhidu
50 v6i || 1a bac ctia hé s6 khuéch tan khi né lién tuc Holder. D€ khic phuc khé khin nay, ta sé sit
dung ham ¢;. dé ddnh gid |zP.

Ki hiéu 7 Ia tap céc thdi diém diing hitu han. Pinh Ii sau trinh bay tinh 6n dinh mi cla
nghiém ding Xj.

Pinh li 4.1. Gid sit A1 va A2 dugc théa man, va b(t,0) = o(t,0) = 0 vdi moi t € [0, +00).
(i) (Xy)¢>0 6n dinh mi trong L, nghia la

supE [|X-[e417] < [l
TET

Hon niia, véi méi q € (0, 1),

9 _ q
E [sup (|Xt|qeL1qt)} < w. 4.1)
t>0 l1—gq

10



Xady dung lugc do xdp xi 6n dinh cho phuong trinh vi phdn ngdu nhién khong 6téném vdi hé sé khuéch tdn...

(ii) Vi méip > 1, ta cé

p(p — 1)(1 = 200) L3|ao|*
sup E [| X, |Pe"] < |zglP + ,
B IR  fl o —0L —w)

trong dé X = (p — 1+ 2a) A 1 va k la mét hing sé duong théa méan k < ALy va 0 < k <
oLy~ Lip(p = )(p — 1 +2a — )
' 2(p— A) '

Tiép theo, d€ xiy dung nghiém xAp xi Euler-Maruyama cai tién Xf mot mit hoi tu dén

(4.2)

nghiém diing X; nhu da trinh by & Pinh li 3.1, mit khéc cling 6n dinh mii dudi cing cic gia thiét
nhu Dinh 1i 4.1, ta xét cac hé s6 by, va o}, dudc xdc dinh nhu sau:

_ bt )
11— 2L

o(t,x)
1+ hl2e2lt(|o(t, x)| + 1)

b (t, ) vaop(t,z) = 4.3)

. Ly
Neuh € |0, —
éu ( 2132
kién C1-C3. Cu thé, ta ¢

> va céc gia thiét A1, A2 va A4 dudc thod man thi by, va oy, thod man cic diéu

sup [ba(t,2)2V sup |on(t, @) < 4L+ [a]),

0<t<T 0<¢<T
AL3L?
sup [b(t, ) — by (t,2)|* < —5—(1 + |z[*)h?,
0<t<T L{
sup |o(t,z) — op(t,z)> < (4L + 2)%e* T (1 + |z|*)h.
0<t<T

Dinh i 4.2. Gid sit cdc gid thiét Al va A2 dugc théa man, b(t,0) = o(t,0) = 0 vdi méi t €

[0,+00)va 0 < h < 2LT12 A i Gid su by, va oy, duoc xdc dinh béi (4.3). Khi do, ton tai mot hang
2

s6 duong C = C(zq, L1, L2) sao cho

E||1X] e < % (4.4)
Ddc biét, véi moi € > 0, ta co
Jim E [|X{Z|Qe<2L1*f)t} ~0. 4.5)
—+00

4.1. Chiung minh Pinh li 4.1

Bé dé 4.1 ([25]). Cho &€ = (&)i>0 la mot qud trinh ngdu nhién duong, tuong thich va lién tuc
phdi; A la mét qud trinh lién tuc, tang théa man

El¢-|Fo] < E[A-|Fo]  h.cc.,

vdi moi thoi diém ditng bi chin . Khi do, véi moi X € (0,1),

2 () | = (532 ()

11
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Trd lai v6i chitng minh Dinh 1i 4.1. Ap dung cong thitc Itd cho e ¢;. (p, ) véi k > 0 va
p > 1, vatinh chit T3, ta thu dudc

| X [Pt < ePet + dse (p, Xy) €

t
< ePeft 4 peP + |zolP +/ " P (p, Xs)o (s, Xs)dW
0

t
+/ e [cbiss(p,Xs)b( Xs) + ¢65(p7 5)0 (5, Xs) + K| X [P + rpe”| ds.
0

(4.6)
Theo céc tinh chit T1, T2 va cic gia thiét A1,A2, ta c6
P (p, [ Xs])
¢)ge(p7 Xs)b(sv XS) = @bge (pv XS) b(sv XS)H{\XS\SE} + %Xsb(& XS)H{\XS|>€}
S
< P b(s, Xo) |l x, <e) — PL | X PIg x, 5e)
< pLoePly x,|<c) — PLa| X P (1 — T x, <e})
<p(L1 + Lo)e? — pLy| Xs|P. 4.7)
Tir diéu kién A2 va tinh chit T5 thi
¢3-(p, X5)0* (s, Xs) = 5. (p, | Xs))o? (5, X5)
< K (p, 6)L3X, P12 (X, ) + L3n(p — 1) X, 20 o) (X, )
< K(p, 6)L3e 12 + Lip(p — 1)| X, [P~ 12 (4.8)
Két hop (4.6), (4.7), va (4.8), ta c6
t
| X;[Pe"t < ePe™ + peP + |zofP +/ e Pls (Xs)o (s, Xs)dWs
0
¢ 1
- / es [p(l)l + Lo)e? = pLa| X[ + S K (p, 5)L§ap—1+2a] ds
0
t -1 L2
+/ e’ [pi(p 5 ) 2| X, |pit2e +/€‘X5‘p+/€p€p] ds
0
t
< ePet 4 peP + |zg|P + / e Pls (Xs)o (s, Xs)dWs
0
1 2_p—1+2a e —1
+ |p(L1 + La)e? + §K(p, §)L3eP + kpel -
t -1 L2
+ / ene [(m —pLy)| X+ %\Xﬁma] ds. 4.9)
0

Phan (i): Xét p = 1. Tachon K (1,0) = va k = L1, thi véi mdi N > 0, > 0, va thdi diém

2
log§’
12
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dung httu han 7, ta c6

22 el1i(TAN) _ 1
E[| X anle M) < e [eLl(TAN)] + &+ |zo| + [(2L1 + La)e + 12 5 } E L
og 1

< (L1N+1)+‘ |+ |(2L1 + L) +L§52a elIN _ 1
s €e\e i) 1 2)€ logé L1 .

Piu tién, cho § 1 oo, va sau d6 cho ¢ | 0, ta c6 E[|X an|eXTA] < |zo]. Vi

h.c. . N 2 21X
| X pn|eft(TAN) 228 X _el17 khi N — 0o nén theo B dé Fatou, ta thu dudc

E [|X-]e"7] < |20l (4.10)
Diéu nay cing véi BS dé 4.1 suy ra (4.1).
Phén (ii): Xétp > 1. Vi0 < A < 1 A (p — 1 + 2a) nén sit dung bit diing thic Young, ta c¢6

_ 1- 2« —14+2a—X
| X, [PmiH2e < 7/\‘Xs|)\ + pp_—/\\Xs\p-

Tt (4.9),
t
| X; [Pt < ePef™ + peP + |z P +/ e @ (Xs)o(s, Xs)dWs
0

+ [p(Ll + Lo + r)eP + §K(p, §)L3eP~ 1t O‘] <7>

K
¢ —1)(p—1+2a—\)L3
+/0 o <H_pL1+p(p )(Z(p_A)a ) 2)\Xs|pds
t 2
nsp(p - 1)(1 - 2a)L2 A
—I—/ e X |"ds
0 2(1’—/\) | S|

¢
< ePet 4 pel + |ag|P +/ e 95 (Xs)o (s, Xs)dW
0

p 1 2_p—1+2a e —1
+ |p(L1 + L2 + k)P + §K(pa d)Lae T

K
t 2
wsP(@—1)(1 —=20)L5
X, 411
+/oe TPV @i
Lip(p—1)(p—1+2a— )

trong do ta st dung danh gia x < pL; — .V6imdéi N > 0, € > 0,

-1
] 2(p—A)
va thdi diém dung 7 hitu han,

E ‘XT/\N‘peﬁ(T/\N)} < ePe™ 4 peP + ||
1 2 p142a| (€N —1
+|p(L1+ Lo + K)eP + S K (p, 0) Lae? —

+ /ON p(p _21(;.}1;\)2&)11%1[3 [6“8|Xs\)‘] ds.

13
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Choe | 0,tacd

Nop(p—1)(1 - 20)L3
2(p—A)

Tit (4.10) va bét dang thiic Holder, ta c6 E [e%%| X|*] < |wo[*e" 13, Vik < ALy nén

E |:|XTAN|peI€(T/\N)] < |x0‘p+/ E |:€KS|XS‘)\] ds.
0

Noplp —1)(1 — 2a) L2 -
E[‘XT/\NV?eK(T/\N)} < ‘Jjo‘p_i_/o p(p 2();_/\) ) 2|x0‘)\e(/{ )\L1)sd8

plp — 1)(1 — 20) L3ja |}
2(p = M(AL1 = k)

Cho N 1 oo va dp dung BG dé Fatou, ta thu dudc (4.2).

< |zol” +

4.2. Ching minh Dinh li 4.2
T (2.2) ta 06 thé viet E [| X, ,[2] thanh

E [\Xﬁh\Q] +2hE [X,thh(k;h, Xﬁh)} +R2E [|bh(k;h, X,Qh)\?] +RE [\oh(k:h, X,Qh)\?] .

Theo céc gia thiét A1, A2 va dénh gid |oy, (kh, X}, )| < h=1/2e 201k 3 ¢6

2L L3h?
E [1Xfinl?] < |1- s VR [IXBP] et @)
1-L3Ly h (1 - L3L7'R)
2L1h L3h? L 1
Vil— ! 2 <1—2L1hkhih < —= A ——, nén tit (4.12) ta suy ra

L= L3Lh - (1-I3L;'h)? 205" 2L,

k—1
E [|X£h|2} < (1= 2Lih)Flagl? + Y e 1m0 o h),
=0
St dung danh gid e > x + 1,tacd

k—1
E [|X1?h|2] < 672L1kh‘m0|2 n 2674L1(k717i)h72L1ih‘
i=0
Khi d6, sau vai danh gia don gian, ta thu dugc
‘m0|2 4 62 672L1kh
214 h

E ||IXf 2] < (4.13)

Hon niia, tu (2.2), ta cé
E[IxF2] <3 {R[IXE 2] + 228 [jon (ma(t), XB ) ) 12] + B [l m2), X0 ) 2] }
St dung lai céc danh gia |by (t, z)| < 2Lo|x| va oy (t, )| < h~1/2e=211 ta thu duge
E[IXPP] <301 +4L3R3E [|XD 2] + 3¢~ 4bm @,

Diéu nay két hop véi (4.13) dan dén (4.4), trong khi (4.5) 1a mot hé qua truc tiép ctia (4.4). Do do,
ta c6 diéu phai chiing minh.

14
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5. Ludc do xap xi khong am

Trong mot s6 md hinh, nghiém ding X; khong am. Déi v6i nhitng md hinh nay, ta ciing c6
thé xay dung mot nghiém xAp xi khong am, 6n dinh, va hdi tu t6i nghiém ding vé6i cung tdc do
nhu X[*. That vay, ta sé chi ra ring X} = | X[| chinh la nghiém xAp xi thda man céc yéu td trén.

Corollary 5.1. Gid sit X; > 0 hdu chdc chdn véi méi t > 0. Xét lugc do (2.1) vdi by, va oy, xdc
dinh béi (4.3)va 0 < h < zLTlg A 5. Dat XP = | X},
(i) Gid sit cdc gid thiét A2-A4 duoc théa mdn, thi ton tai mot hdang sé duong
C(xo, Lo, L3, L, T') sao cho

. 1
. Ch* néu < o < 3
SulDTE[IXIfZ - Xyl < C ) 0
0<t< - - Sua = 0.
<t< Tog(1/h) néu o
va
2 2 Z 1
X Ch=® neu < a < 3
E | sup |Xth_Xt|] < C .
0<t<T ——— neua=20
log(1/h)

(ii) Gid si cdc gid thiét AI va A2 duogc théa man. Gid sit b(t,0) = o(t,0) = 0 vdi moi t > 0.
Khi do, véi méi € > 0, ta déu co
limsup E [|Xf|2e(2L1—€)t} —0.
t—+o00

Chuing minh. Phan (i) suy ra tit Dinh 1i 3.1 va chi y sau | X' — X,| = || X]'| — | X:| < | X} - X4.
Phan (ii) suy ra truc tiép tit Dinh 1i 4.2. O
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ABSTRACT

On stable numerical approximation for non autonomous
stochastic differential equations with Holder continuous diffusion coefficient

Luong Duc Trong and Kieu Trung Thuy
Fuculty of Mathematics, Hanoi National University of Education

This paper discusses a numerical approximation for time depedent stochastic differential
equation with Holder continuous diffusion coefficient. We introduce a new approximation scheme
and study its convergence in L'-norm. An important feature of the new scheme is that it preserves
the exponential stability as well as the non-negativity of the exact solution.

Keywords: Euler-Maruyama approximation.; Exponential stable; Holder continuous;
Stochastic differential equation.
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