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Abstract. The analytic expressions of the Helmholtz free energy, the Gibbs
thermodynamic potential the mean nearest neighbor distance between two atoms,
the crystal parameters for bce, fcc and hcp phases of defective and perfect
substitutional alloys AB with interstitial atoms C and structural phase transition
temperatures of these alloys at zero pressure and under pressure are derived by the
statistical moment method. The structural phase transition temperatures of the main
metal A, the substitutional alloy AB and the interstitial alloy AC are special cases
of ones of the substitutional alloy AB with interstitial atoms C.
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1. Introduction

Structural phase transitions of crystals in general and metals and interstitial alloys
in particular are specially interested by many theoretical and experimental researchers
[1-7]. In [8], the body centered cubic (bcc) - face centered cubic (fcc) phase transition
temperature determined in solid nitrogen and carbon monoxide on the basis of the self-
consistent field approximation. In [9], this phase transition temperature in solid nitrogen
is calculated by the statistical moment method (SMM). The -/ («, 8 =bcc, fcc,
hexagonal close packed (hcp)) phase transition temperature for rare-earth metals and
substitutional alloys is also derived from the SMM [10].

In this paper, we build the theory of «—f «, 8 =Dbcc, fcc, hep) structural phase
transition for defective and perfect substitutional alloys AB with interstitial atoms C at
zero pressure and under pressure by the SMM [11-13].
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2. Content

In the case of perfect interstitial alloy AC with bcc structure (where the main atom
A; stays in body center, the main atom A, stays in peaks and the interstitial atom C
stays in face centers of cubic unit cell), the cohesive energy and the alloy’s parameters
for atoms C, A; and A; in the approximation of three coordination spheres are
determined by [11-13].
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where ¢,. is the interaction potential between the atom A and the atom C, n, is the

number of atoms on the ith coordination sphere with the radius r(i=12,3),

bce bce bec bce

r e =Tac + Yoa (T) s the nearest neighbor distance between the interstitial atom

bee

C and the metallic atom A at temperature T, r,c is the nearest neighbor distance
between the interstitial atom C and the metallic atom A at OK and is determined from
bce bce

the minimum condition of the cohesive energy u,, Yo, (T) is the displacement of the

atom A; (the atom A stays in the bcc unit cell) from equilibrium position
at temperature T.

pia =0" e (r)/or"(M=1234,a,8=X,y.z,a= 8 and u,, is the displacement

bce bce

of the ith atom in the direction S.1,~ ~ " is the nearest neighbor distance between

bee bee bce bce

the atom A and atoms in crystalline lattice. 1)~ =ro, + Yoc (T), fops, is the nearest
neighbor distance between atom A, and atoms in crystalline lattice at OK and is
determined from the minimum condition of the cohesive energy uSZ,ygfzc(T)is the

displacement of the atom C at temperature T. In Egs. (3) and (4), ulS, k2, 2%, y 2 are

the coressponding quantities in clean bcc metal A in the approximation of two
coordination sphere [11-13].

The equation of state for bcc interstitial alloy AC at temperature T and pressure P is
written in the form

ubt:c bce 4 I,bcc 3
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At OK and pressure P, this equation has the form
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If we know the interaction potential ¢,,, Equation (6) permits us to determine the

nearest neighbour distance r*(P,0)(X = A,A,,A,,C)at pressure P and temperature
OK. When we know r2°(P,0) we can determine the parameters
k2*(P,0), 75 (P,0), 75% (P,0), 72 (P,0) at pressure P and OK for each case of X. Then,
the displacement y < (P,T) of atom X from the equilibrium position at temperature T

and pressure P is calculated as in [11]. From that, we can calculate the nearest

bce

neighbour distance ;" (P,T) at temperature T and pressure P as follows:
hs" (P.T) =1g"(P,0) + v * (P, T), 13" (P,T) = r* (P,0) + v, (P, T),
o (PT) = g (P, T), i (P, T) = 1 (PLO) + yg* (P, T). (7)

The mean nearest neighbour distance between two atoms in bcc interstitial alloy
AC has the form

e (P, T) =r5*(P,0) + y*°(P,T),
2 (P,0) = (1— . e (P,0) + Co 172 (P,0), 12 (P,0) = /3r (P,0),
YO (P, T) = (1 —7c. )y2™ (P, T) + c. Yo« (P, T) + 2¢, YRl (P, T)+4c. yar (P, T), (8)

where r’X°(P,T)is the mean nearest neighbor distance between atoms A in the

interstitial alloy AC at pressure P and temperature T, r°*(P,0) is the mean nearest
neighbor distance between atoms A in the interstitial alloy AC at pressure P and

bce

temperature OK, r,,”(P,0) is the nearest neighbor distance between atoms A in the

deformed clean metal A at pressure P and temperature OK, r,>*(P,0)is the nearest
neighbor distance between atoms A in the zone containing the interstitial atom C at
pressure P and temperature OK and cc is the concentration of interstitial atoms C.

In the case of fcc interstitial alloy AC (where the main atom A; stay in face centers,
the main atom A; stay in peaks and the interstitial atom C stays in body center of cubic
unit cell), the corresponding formulas are as follows [11-13]:

fcc _ Z(DAC (r) 3¢Ac(rfcc)+4§0Ac( fcc\/_)+12(pAC( fcc\/_) (9)
kfcc :_Z[ @ACJ /(é)( fcc)+%¢%( fcc)+§¢(A2C) (rlfcc\/g)_i_ g;/fc (P/(x2c)<r1fcc\/§)+
eq 1

fcc
1

+4¢(2)( fcc\/g) :;/_ ¢gé( fcc\/g)yécc :4(]/1fccc+7/2f(c:c)

4
e =4ZZ[8£§5 J = ) zq);@(r;°°)—4(rll 7o (6 b+ 2 o2 3)+

60



Study on structural phase transitions in defective and perfect substitutional alloys AB

+ 227}/11 (pﬁ\sc) (rlfcc \/5)— 27(rffcc )2 (p/(fc) (rlch \/§)+ 812.\15 )3 (Dgé (rlfcc ﬁ)"‘%(ﬁ,@ (rlfcc \/g)_i_

L Y P S B I

125r," " 25(r, = ) 125(r, )
. 6 o* 1 - 3 - 3 o
Va0 =4—82( auf;ffﬂ ] e o2 (1, )- A=Y P2(r, )+ s, o (= )+
o) o2 b gy ol 2 )——16252 o lim2)-

4 . 2615 . 3 . 35 .
e P B o o2 B) - T 20 £)+125(r1m)3 os2 6} (10)
UgE = Uk + o (0 ) ke =4l + i)

CC cC 1 82¢ cC cC
ui’B eq I,:rfcc

ip .
AL

1 o'e 1
fc _ f AC 4 @ (.t
71/(;; = Vi +4—82{ u’ J } =Vin +§¢AC (rlAciC)’
€ dr=r,

’cC cC 6 64 CcC 1 CcC 1 CcC 1 'cC 11
e g | e ok poren) 49

fce fce fce fec fce fec
Uga, =Uoa +Psc (rlA2 )v?’A2 = 4(7/1A2 +72a, )’

fcc fcc 1 82(0 fcc 1 (2) fcc 23 ) fcc
kA1 =Ky +§Z ?izzc i} =K, +E¢AC (rlAQ )+ GFlLCQC Pac (rlAQ ),

r=r1f/icz
1 o'p 1 2
fcc _  fcc AC _ . fecc 4) [, fecc 3) fce
V1A, = V1A +4_8 i KWJEJ ) =Y1a +a¢AC (rlAz )+@¢AC (rlAz )_

2 2
- W P2 )+ m o (e ),

61



Nguyen Quang Hoc, Dinh Quang Vinh, Le Hong Viet, Ta Dinh Van and Pham Thanh Phong

6 o'p 1 4
fcc fcc -~ AC — fee (4) r fcc + 3) fce +
Von, =7oa t 482 [—Iﬁ lq =Von t 81(/’Ac(1A2 ) 27',1;% (/’Ac( )

du2 du?
14 @ (1)~ 14 (1)(12;;) (12)

W¢AC 27( o )3 Pac I

fce fcc fee 3
Pvfcc — 1fcc(é Z - + @(fccCthX fcc 2klfcc Zk — }Vfcc — \/5(2 ) ’ (13)
rl
1 au fcc h a)fcc ak fce
PV fcc — rfcc 0 + 0 , 14
1 (6 ar fce 4k fcc ar fcc ( )

e (P.T)=rg"(P.O)+y," (P, T), i (P,T) =1, (P0) + y,." (P,T),
L (P T) =g (P T),a (P.T) = (P,0) + yg° (P,T). (15)
na (P,T)=r(P,0)+y™(P,T),
0 (P.0) = (1= o )i (P.0) + 1™ (P.0), 1\ (P,0) = V2r,& (P.0),
y (P, T)=(1-15c. )y (P, T) +Ccye (P, T) +6c. Y, (P, T) +8c.y, (P, T),  (16)

The mean nearest neighbor distance between two atoms A in the perfect bcc
substitutional alloy AB with interstitial atom C at pressure P and temperature T is
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The Helmholtz free energy of perfect bce substitutional alloy AB with interstitial

atom C before deformation with the condition c. <<cg; <<c, has the form
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is the Helmholtz free energy, Y,® is an atom X in clean metals A, B or

C

where >°
interstitial alloy AC, S*“is the configuration entropy of bcc interstitial alloy AC and
SPe*8 s the configuration entropy of bcc alloy ABC.

In the case of fcc interstitial alloy AC, the corresponding formulas are as follows:
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For perfect hcp mterstltlal alloy AC and perfect hcp substitutional alloy AB with
interstitial atoms C, we have the same formulas as for perfect fcc interstitial alloy AC
and perfect fcc substitutional alloy AB with interstitial atoms C. The numerical
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calculations of the cohesive energy u, and the alloy parameters Kk, y,,7,,» of fcc alloy
and ones of the hcp alloys are different.

When the phase equilibrium happens between the o phase and the  phase of perfect
substitutional alloy AB with interstitial atoms C at zero pressure,

Wpac = '////ch T asc :Tch ETAQBZ:'B1 (21)
where we call T, as the o-p phase transition temperature of substitutional alloy AB

with interstitial atoms C. According to the thermodynamic relation, w =E —TS.

Therefore, the o-f phase transition temperature of substitutional alloy AB with
interstitial atoms Cat zero pressure can be determined by the following formular
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where kg, is the Boltzmann constant.

When the phase equilibrium happens between the o phase and the B phase of
perfect substitutional alloy AB with interstitial atoms C at preesure P,
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Gac :GA'BBC T asc :Tfsc ET/fgcﬂ’ Pac = PA%C =P, (24)
where G is the Gibbs thermodynamic potential. According to the thermodynamic
relation, G =y + PV =U —TS + PV.Therefore, the a-f phase transition temperature of

substitutional alloy AB with interstitial atoms C at pressure P can be determined by the
following formular:

Tt | ABsme +PAV,ge | _|Es -EL+Ple -va) 25)
‘ ASABC ‘ ‘ SZB - SfB
For example, when o = bcce, = fcc, we also have Eq. (23) and
cc cC 4 abcc ’ CcC cC \/E afcc ’
VAbBC = NViBC =N ( ABC) ’VAfBC = NV/ch =N ( ABC) . (26)

33 2

The Helmholtz free energy of defective (or real) substitutional alloy AB with
interstitial atoms C has the form

‘//ARBC =Wpsc t ngvf (ABC) _TScABC*’
g, (ABC) =¢,0, (A)+¢.0, (C)+¢, 0, (A)+C, 0, (A,)+C:9, (B),

U
9/ () =1, (Y i )+ (By —Lhwy, By =1+ W‘” Ny =y P Ny =y, (27)

X

where . IS the Helmholtz free energy of perfect substitutional alloy AB with
interstitial atoms C, g, (ABC) is the Gibbs thermodynamic potential change of
substitutional alloy AB with interstitial atoms C when one vacancy is formulated,
g, (X) isthe Gibbs thermodynamic potential change of an atom X when one vacancy is
formulated, S/*°" is the configurational entropy of alloy atoms and vacancies, N is the
total numeber of atoms in alloy, n; is the number of atoms on the first coordination
sphere, % is the Helmholtz free energy of an atom X on the first coordination sphere
with vacancy as centre, c,=1-cz—7c.,C, =2C.,C, =4c. for bcc alloy and
¢, =1-cz —15¢c,c, =6c.,c, =8¢ for fcc alloy.

The concentration of equilibrium atom is determined from the minimum condition
of the Helmholtz free energy

Cs9, (B) ca0, (C) |
n :nAe __ “BYIv e _ “BYv ,
= xp{ 2. M v
" = exp G0 (A)+Ca 0, (A)+C, 0, (A) | 28)
v Ko, T |

Approximately, the mean nearest neighbor distance between two atoms in defective
alloy is equal to one in perfect alloy.

The a- phase transition temperature of defective substitutional alloy AB with
interstitial atoms C at zero pressure and at pressure P is determined by
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AE R E Ra
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R Ra RS
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31)

When the concentration of interstitial atoms C is equal to zero, the theory of
structural phase transition of substitutional alloy AB with interstitial atoms C becomes
that of substitutional alloy AB. When the concentration of substitutional atoms B is
equal to zero, the theory of structural phase transition of substitutional alloy AB with
interstitial atoms C becomes that of interstitial alloy AC. When the concentrations of
substitutional and interstitial atoms are equal to zero, the theory of structural phase
transition of substitutional alloy AB with interstitial atoms C becomes that of main metal A.

3. Conclusions

The analytic expressions of the alloy parameters, the mean nearest neighbour
distance between two atoms, the Helmholtz free energy, the Gibbs thermodynamic
potential, the energy and entropy for bcc, fcc and hep phases of substitutional alloy AB
with interstitial atoms C and the structural phase transition temperatures of these alloys
at zero pressure and under pressure are derived by the statistical moment method. The
structural phase transition temperature of substitutional alloy AB, interstitial alloy AC
and main metal A are special cases of that of substitutional alloy AB with interstitial
atoms C. In next paper, we will carry out numertical calculations for some real

ternary ABC.
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