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BIEU DIEN MOT SO NGUYEN DUGI DANG x2 + Dy?

Lé Thi Ha
Khoa Todn - Tin, Truong Pai hoc Su pham Ha Noi

Tém tat. Trong bai bdo nay tic gia dua ra didu kién cin d€ mot sb nguyén t6 1¢ hay sb dbi
ctia n6 c6 thé biéu dién dudc dudi dang toan phuong nhi phan 22 + D2, véi cac sb nguyén
D ma —D la sb nguyén td trong khoang [5; 23]. Tu d6 tac gia dua ra diéu kién can va du
dé mot s6 nguyén c6 thé biéu dién dudi dang nay.

Tir khéa: Dang toan phuong, sb nguyén td, ki hiéu Legendre, thing du bac 2.

1. Mo dau
Mot dang toan phucng nhi phan 1a mot da thifc hai bién
q(z,y) = ax® + bry +

véi a, b, c 12 nhiing sb nguyén. Van dé biéu dién cic sd nguyén dudi dang toan phuong nhi phan tit
lau da dugc rat nhidu nha Toan hoc quan tim. Chiing ta c6 thé tim thiy nhiéu két qua d& cap dén
van dé biéu dién mot sé nguyén t6 dudi dang toan phuong nhi phan dic biét

22 4+ Dy?, (1.1

v6i D la mot sb nguyén khac 0 khong ¢6 nhan tif nao la sb chinh phuong khic 1. Véi D = 1,
Fermat da chi ra rang mot sd nguyén t6 p biéu dién dugc duy nhét dudi dang tong hai sd chinh
phuong néu va chi néu né c6 dang 4n + 1. Ngudi ta ciing c6 thé tim thiy trong cic cong trinh ctia
ong cac két qui v6i D = 2, D = 3. Cu thé néu p 1a mot sé nguyén t6 18 thi:

p=2>+2° zycZ+—p=1,3 (mod38),

p=2>+3y° z,y€Z<<=p=3hoicp=1 (mod 3).

Trong [1], Cox da gidi quyét hoan toan van dé biéu dién mot sé nguyén té dusi dang (1.1), nhung
véi D 1a s6 nguyén duong. D€ giai quyét cac trudng hop tdng quat, ong da st dung cac kién thiic
lién quan dén 1y thuyét 16p trudng. Tuy nhién Cox di khong dé cap dén biéu dién mot s6 nguyén
bét ki du6i dang d6. Cuing gidi quyét vin dé vdi nhiéu gid tri nguyén duong D, nhung trong [2],
Hagedorn da c6 cach tiép can so cip bang viéc st dung dinh 1i 16i Minkowski.
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Nim 1966, trong bai bdo cta minh [3], Mordell da st dung dinh 1i Minkowski vé cic
dang tuyén tinh, dong thdi ciing st dung ki hiéu Legendre d€ giai quyét vin d& v6i mot sd
truong hop D 13 sd nguyén am va D 1a sb nguyén duong. Chiing ta ciing c6 thé tim thiy

cic két qua d6 trong [4]. Cu thé, cung xét cic sd nguyén td 1& p thod man (%) = 1, thi
v6i céc gia tri D = —2;—5;—13; 17, p biéu dién dugc dudi dang (1.1); Véi cdc gid tri
D = —3;-6;—7;—11;—14; —15,; —19, thi hodc p hoic —p déu biéu dién dugc duéi dang
x? 4+ Dy?; Riéng v6i D = —10 thi hoic p hodc —p hoic 2p c6 thé biéu dién dugc dusi dang
(1.1). Mordell chi chiing minh chi tiét cho trudng hop D = —19 va ddi vé6i cic gid tri D & trén,

ong ciing khong dua ra diéu kién can va di d&€ mot sd nguyén c6 thé biéu dién dugc dudi dang (1.1).

Trong [5], Clark da st dung B& dé Thue (d6 12 mot két qua vé dong du thiic), ki hiéu
Legendre va luat thuin nghich vé thiing du bac 2 d€ dua ra diéu kién can cho mot sd nguyén td
biéu dién dugc dudi dang toan phuong nhi phan dic biét véi nhiéu gia tri nguyén D. Tir &6 Clark
dua ra diéu kién can va di d&€ mot sé nguyén biéu dién dugc dudi dang d6. Tuy nhién Clark chi
yéu chi giai quyét vin dé vé6i nhitng s6 nguyén duong, con ddi v6i D 1a s6 nguyén am, Clark chi
xét D = —2 va D = —3. Phuong phdp cta Clark khong ap dung dugc cho D = —5.

Trong bai bdo nay, tic gia sé sit dung cic két qua ctia Mordell cling véi céc kién thiic co ban
vé 1y thuyét s6 dé giai quyét vin dé biéu dién mot sd nguyén dudi dang (1.1) véi céc gid tri cu thé
cia D ma —D 1a sb nguyén t trong khoang [5; 23].

2. Noi dung nghién citu
2.1. Co s6 li thuyét
2.1.1. Thang du bac hai

Dinh nghia 2.1. Cho mot s6 nguyén té 1é p va mot s6 nguyén a nguyén té cung nhau véi p. S6
nguyén a duoc goi la mot thing du bdc hai modulo p néu phwong trinh dong dw x*> = a (mod p)
c6 nghiém; a dugc goi la mot bdt thing du bic hai modulo p néu phuong trinh déng du z*> = a
(mod p) vé nghiém.

DPinh nghia 2.2. Cho mét sé nguyén té Ié p va mot sé nguyén a nguyén té ciing nhau vdi p. Ki hiéu
a
Legendre (—) dugc xdc dinh nhu sau:
p
(a) B +1 néu a la mot thing duw bdc hai modulo p
—1 néu a la mot bat thing dw bdc hai modulo p.
Dinh li 2.1. Cho mét s6 nguyén 16 1é p va mot sé nguyén a nguyén té cung nhau voi p. Khi do:

(%) =a"7 (mod p).

Dinh li 2.2. V6i p la mét s6 nguyén 16 1é. Ta co:

oy
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2 P
i) (=) =(-1)"3
)=
Dinh Ii 2.3 (Luat thuan nghich). Cho hai s6 nguyén t6 1é phdn biét p va q. Khi do ta co:

ay _ W p

(@) = (0H )
hay

a\ /Py _ (p—ll(q—l)

(5)(5)—( 1) :

Céc ching minh cia cédc két qua trén c6 thé dudc tim thiy trong [6].
2.1.2. Dang toan phuong nhi phan

Dinh nghia 2.3. Mot dang toan phuong nhi phin q(x,y) = ax? + bxy + cy? duoc goi la nguyén
thity néu (a, b, c) = 1 va duoc goi la bdt ddng hudng (anisotropic) néu tiv q(x,y) = 0 vdi x,y € 7
suyrar =1y = 0.

Dang toan phuong q(x,y) duoc goi la xdc dinh duong néu véi moi x,y € R, q(z,y) > 0
va ddu bang xdy ra khi va chi khi (z,y) = (0,0). Néu ton tai (x1,91), (r2,y2) € R? sao cho
q(z1,y1) > 0,q(z2,y2) < 01thi q(x,y) dugc goi la khong xdc dinh.

Biét thiic ciia q(z,y) dugc xdc dinh bdi A = b — 4ac.

Bing tinh todn truc tiép chiing ta nhan dugc két qua sau:
Ménh dé 2.1. Vi cdc s6 nguyén D, x1, T2, y1, Y2 ta co:
(x1 + Dy?) (a3 + Dy3) = (w122 — Dy1ya)? + D (w192 + w9y1)*.

Nhan xét 2.1. Tir ménh dé trén ta suy ra rdng tdp cdc sé nguyén dugc biéu dién dudi dang (1.1)
la dong vdi phép nhdn.

Pinh li 2.4. Gid sit q(x,y) = ax® + bry + cy? la mot dang toan phuong nguyén thuy bdt ding
) ) A
hudng véi biét thitc A va p la mot so nguyén to 1€ sao cho (—) = —1. Khido
p
i) Néucé x,y € Z saochop|q(z,y)thip|zvap|y.
ii) Voimoi (x,y) € Z2\ {(0,0)}, ordy(q(x,y)) la sé chdn.
O do ki hiéu ordy(n) la $6 mil ciia p trong phdn tich tiéu chudn ciia sé nguyén n.
DE chiing minh Pinh li 2.4 ngudi ta di st dung kién thiic vé Toan Cao cip nhu mién
nguyén, vanh nhan ti hod duy nhét, ideal nguyén td,... Chiing ta c6 thé tham khao chiing minh
dinh 1i trong [5].
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2.2. Bé dé Thue

B& dé Thue 12 mot két qua rat so cip vé dong du thic, nhung lai ¢6 nhiéu ing dung trong
Li thuyét s6, dudc phat biéu bdi nha Toan hoc Axel Thue ngudi Na Uy vao nim 1902.

B6 dé 2.1. (B6'dé Thue)
Cho n la mét sé nguyén duong va c la mot s6 nguyén dwong nguyén té ciing nhau voi n.
Khi dé ton tai cdc s6 nguyén x va y sao cho:

i) 0<lz|,|lyl <+/n.
ii) x = cy (mod n).

Chiing minh: Xem trong [5].
Ap dung B6 d& Thue, Clark da chiing minh mot két qué sau day:

Pinh li 2.5. Cho q(x,y) = az? + bry + cy? € Z[z,y] la mét dang toan phuong bdt ding hudng
voi biét thitc A = b — 4ac. Gid sit n la mét s6 nguyén duong khong la sé chinh phuwong sao cho
(n,2C) = 1 va A la mot binh phuong modulo n. Khi do:

i) Ton tai cdc s6 nguyén k,x,y véi 0 < |z|,|y| < /n, 0 < |k| < |a| + |b| + |c| sao cho
q(x,y) = kn.

ii) Néu q xdc dinh duong thi k > 0.
iii) Néua > 0,b=0,c<0thic <k < a.

iv) Néu ac < 0 thi |k| < max(|a| + |b|, |c| + [b]).
Nhan xét 2.2.

i) Ap dung Dinh 1i 2.5 trén véi truong hop dic biét @ = 1,b = 0, két hop véi Dinh 1i 2.4, Clark
da dua ra diéu kién can va di d€ mot sé nguyén khéc 0 c6 thé biéu dién dudi dang (1.1) dbi
v6i mot sb gid tri D nguyén duong va D = —2; —3. Xem chi tiét trong [5].

ii) Vi viéc st dung Pinh 1i 2.5, Clark khong thé gidi quyét dugc van dé véi D = —5. That
vay, dp dung Dinh 1i 2.5.iii véia = 1,b = 0,¢ = D = —5, van = p la s6 nguyén t6 18
thoa man (g) =1,ticlap = 1,4 (mod 5), ta suy ra ton tai cic s6 nguyén k, z, y sao cho
22 =5y = kpvéi —5 < k < 1 vak # 0. Nhu vy k c6 thé nhan céc gid tri —4, —3, —2, —1.
Vi —4 = 12 — 5.12 nén néu p c6 dang 2 — 5y? thi ta khong loai trit dugc —4p c6 dang nay
(theo Nhan xét 2.1). Mit khac biéu dién mot s6 c6 dang 4A duéi dang 22 — 5y? chua chic
suy ra dugc A ciing c6 dang d6 néu x,y cung 13 18. Nhu vay ta chua thé loai cc trudng hop
k = —4, -3, —2 dé két luan chi c6 trudng hgp k = —1, nhu diéu chiing ta mong mudn.
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2.3. Dinh li Minkowski vé dang tuyén tinh
Pinh li 2.6. (Pinh li Minkowski)

Cho L; = 2?21 a;;r,t = 1,...,n la n dang tuyén tinh véi hé sé thuc va dinh thiic
A = |la;;|| # 0. Gid sit l1,la,...,l, la n so thuc sao cho lily...l,, > |A|. Khi do ton tai
(v1,m2,...,2y) € Z", khdc 0 sao cho |L;| < l; vdi moii = 1,...,n, trong do chi cé mét bdt

ddng thiic xdy ra ddu bdng.
St dung Pinh 1i Minkowski véi n = 2, Mordell da chiing minh dugc dinh 1i sau déy:

Dinh li 2.7. Cho m la mét s6 nguyén duong va a,b la hai sé nguyén sao cho (ab,m) = 1. Néu
t6n tai sé nguyén k sao cho
ak’> +b=0 (mod m),

thi ton tai hai sé nguyén x,y khdc 0 sao cho
az? + by? = km,
Vvdi s6 nguyén k nao do thod man
i) k< 2Vabnéua > 0,b>0,

ii) |k| < +/|ab| néu ab < 0.

Ban doc c6 thé tim thdy chiing minh ctia hai dinh li trén trong [4].
Ap dung Pinh 1i 2.7 v6i a = 1 va m la s6 nguyén t6 18. Gia st c¢6 sb nguyén k sao cho
k*+ D =0 (mod m) tic 1a — D 1a mot thing du bac 2 modulo m. Chiing ta thu dugc hé qua sau:

Heé qua 2.1. Cho p la mét s6 nguyén t6 1é va D la mot sé nguyén, nguyén té ciing nhau véi p thod
man (_7) = 1. Khi dé6 ton tai hai sé nguyén x,y khdc 0 sao cho
2+ Dy2 =kp
vdi s6 nguyén k nao do thod man
i) k< 2vVDnéuD >0,
ii) |k| < /|D|néu D < 0.
2.4. Mot sb két qua

Trudc hét ching ta phat biéu Pinh 1i 2.4 cho dang toan phuong nhi phan dic biét (1.1) va
dua ra cach chiing minh so cip biang cach st dung ki hiéu Legendre va kién thiic vé quan hé chia
hét. RS rang néu D 12 mot sb nguyén khac 0 khong c6 nhan tit 1a s6 chinh phuong khéc 1 thi dang
(1.1) 12 mot dang toan phuong nguyén thuy bit dang huéng.
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Pinh i 2.8. Gid sit q(x,y) = x> + Dy? véi D la mot s6 nguyén khdc 0 khong cé nhdn tir la
s6 chinh phuong nao khdc 1 va p la mét sé nguyén té 1é nguyén té cung nhau véi D sao cho

—-D
(—) =—1.Khids
p
i) Néucé x,y € Z sao chop|q(z,y)thip|xzvip|y.
ii) Voimoi (x,y) € Z2\ {(0,0)}, ordy(q(z,y)) la sé chin.

Chitng minh. Gia st c6 hai s6 z,y € Z d€ p | q(z,vy), tic 1a 22 + Dy? = 0 (mod p). Néup { =
thi (z,p) = 1. Khi d6 (%92) = 1 hay (=2) = 1, mau thudn v6i gid thiét. Vay p | 2. Suy ra
p | (Dy?). Mit khic do (D, p) = 1 nén p | y. Vay i) dudc chiing minh. O

Chiing minh. Gia st ngudc lai ord,(q(z,y)) c6 dang 2k + 1. Theo 7) ta c6 % van c6 dang

q(z,y)

X? + DY?. Mit khac tiép tuc Ii luan nhu trong i), do ——7
p

chiahétchopnénp | X vap|Y.

q(z,y)
ka

dugc ching minh.

Tir d6 suy ra chia hét cho p?. Diéu nay khong xdy ra vi ord,(¢(z,y)) = 2k + 1. Vay i)

O

Bay gid ching ta sé& tim diéu kién can va di d&€ mot s6 nguyén c6 thé biéu dién dudi dang
(1.1) v6i mot sd gid tri D nguyén am. Theo Nhan xét 2.2, trudng hop D = —2; —3 da dugc
Clark giai quyét triét d&. Nhung phuong phdp ma 6ng dua ra khong dp dung dugc cho trudng hop
D = —5 va dudng nhu doi hdi nhiéu tinh todn hon, thim chi khong thu dugc két qui nhu mong
mubn ddi véi cdc gia tri D cang nhé (tic 14 —D cang 16n), vi khi d6 & 14y gid tri trong khoang
cang 16n. Chiing ta sé st dung Hé qua 2.1 dé xét cic gid tri D ma —D 1 cic sb nguyén t6 thudc
khoéng [5; 23]. Ta bit dau véi D = —5.

Dinh Ii 2.9. Cho p la mét s6 nguyén t6 1é va p = +1 (mod 5). Khi dé p cé thé' viét dugc dudi
dang p = x> — 51>

Chitng minh. DE ching minh dinh 1i nay, ta &p dung Hé qua 2.1 v6i D = —5. Vip = +1 (mod 5)
-D ) 5-1p—1 D D
Dy Gy =) -1

nén
( p p

Khi d6 ton tai cic sb nguyén k, x, %y sao cho x2 — 5y = kp, véi |k| < v/5. Hién nhién k # 0. Suy
rak =-=+1,+2.

+ Néu k = +2, tiic 1a tOn tai cdc sd nguyén z, yo khéc 0 sao cho 23 — 5y3 = £2p. Suy ra
2| (#3 — y3). Do d6 x va y cung tinh chdn 1é. Diéu nay dén dén 22 — yZ chia hét cho 4 hay
2p chia hét cho 4. Diéu nay khong thé xay ra vi p 1 s6 nguyén t6 18.

+ Néu k = —1, tic 1a ton tai cac s6 nguyén x1,%; sao cho x2 — 5y? = —p. Mit khdc do
—1 =22 — 5.12 va theo Nhan xét 2.1 ta suy ra p biéu dién dugc dudi dang 22 — 5y%. Nghia
12 trudng hop & = —1 ¢6 thé dan t6i trudng hop k£ = 1.
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O

Nhan xét 2.3. Néu d 12 s6 nguyén t6 1 ¢6 dang 4m + 1 thi phuong trinh Pell 22 — dy? = —1 ¢6
nghiém. Vi thé ching minh dinh i trén (v6i trudng hgp —D = 5) c6 thé dp dung cho s6 nguyén tb
—D bat ki ¢6 dang 4m + 1 trong trudng hop k = —1 va cé trong trudng hop k = +2.

Tuong tu, ching ta ¢6 két qua v6i D = —13 va D = —17 nhu sau:

Dinh i 2.10. Cho p la mot s6 nguyén té 1é va (%) = 1. Khi do p c6 thé viét duoc dudi dang
p =% — 13y%

Chitng minh. Ap dung Hé qua 2.1 véi D = —13. Tacé

()= ()= (5 ()= (B =1

P P 3 13

Khi d6 ton tai cdc sb nguyén k, x,y sao cho z2 — 13y = kp, v6i |k| < +/13. Hién nhién k # 0.
Suyrak =+1,+2, 43.

Theo Nhan xét 2.3, ciac truong hop £ = —1,£2 dudc ching minh hoan toan tuong tu
nhu trong Pinh Ii 2.9. Truong hop & = —3 c6 thé dua dugc vé trudng hop k = 3 vi phuong trinh
—1 = 22 —13y? c6 nghiém. Nhu vy ta chi cin chiing minh truong hop k = 3 c6 thé dua vé truong
hop k = 1 va ngudc lai. That vay, gid st c6 x,y € Z sao cho 22 — 13y? = p. Do 42 — 13.12 = 3
nén theo Nhan xét 2.1 ta c6 A% — 13B? = 3p véi

A=4x+ 13y, B =z + 4y.

Khi d6 3z = 4A — 13B, 3y = —A + 4B. Tit d6 ta ciing suy ra rang, néu c6 hai sd nguyén A, B
sao cho A? — 13B? = 3p thi A2 = B? (mod 3) vatacé thé lay A, B sao cho A = B (mod 3).
Nhu viy ta c6 thé tim dudc x, y thod man z? — 13y2 = p. Viy dinh 1i dudc ching minh. ]

Dinh li 2.11. Cho p la mot s6 nguyén té 1é va (%) = 1. Khi do p c6 thé viét duoc dudi dang
p = —17y%

Chitng minh. Ap dung Hé qua 2.1 v6i D = —17. Ta ¢

(S7)= () = (05 (B = () =1,

Khi d6 ton tai cdc sb nguyén k, x,y sao cho z2 — 17y = kp, v6i |k| < +/17. Hién nhién k # 0.
Suyrak =+1,+2, 43, £4.

+ Néu k = —1 hoic k = 42, chiing minh hoan toan tuong ty nhu trong Dinh Ii 2.9.

+ Néu k = +3, tiic 12 ton tai cic sb nguyén z, y sao cho 22 —17y? = £3p. Suyra 3 | (2% +y?).
T d6 suy ra 3 |  va 3 | y. Din dén 3 | p. Diéu nay khong xdy ra do (%) =1, tdcp # 3.
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+ Néu k = +4, ttic 12 ton tai cac s6 nguyén z, y sao cho 2 —17y% = +4p. Suyra4 | (22 —y?),
tic 1a =,y cing tinh chén 18. Néu z,y cling 1&, ta suy ra p 1a s6 chin (khong thod man gia
thiét). Néu z,y cung chin thi trudng hop nay sé din dén trudng hop & = +1 va dan dén
k=1.

Véy dinh i dugc chiing minh. O

Tiép theo ta dua ra diéu kién cAn va di d€ mot sé nguyén khic 0 biéu dién dugc duéi dang
(1.1) v6i D = —5. Cac truong hgp D = —13, —17 dugc 1ap luén tuong tu.

Pinh li 2.12. Mot s6 nguyén n khdc 0 biéu dién duoc dudi dang x> — 5y? néu va chi néu déi voi
cdc 56 nguyén t6 16 p = +£2 (mod 5), ordy(n) la chdn va orda(n) la chén.

Chiing minh. +) Piéu kién di: Tacé —1 = 22 — 5.1%2 va 5 = 52 — 5.22. Mt khac mot s6 chinh
phuong bao git ciing viét dugc dusi dang 2 — 5y2. Hon nita theo Pinh 1i 2.9, cic sb nguyén t&
p = +1 (mod 5) déu biéu dién dugc duéi dang x> — 5y2. Cudi cung theo Nhan xét 2.1 ta suy ra
diéu kién di dudc chiing minh. O

. . ) 5
+) Diéu kién can: Gié sit n c6 dang z? — 5y*. Néu p = +2 (mod 5) thi (=) = —1. Theo
N p
Dinh Ii 2.8 ta suy ra ord,(n) la s chn.

Taviét n = 22 — 5y% = 524, v6i (A,5) = 1. Suyra5 | x. Dit x = 5X thay vao n ta dugc:
5X2 —y? =5%"1A. Néua > 1thi5|yvadity =5Y. Khidé X2 — 5Y?2 = 522 A. Ci tiép tuc
qud trinh ndy ta thiy néu a chin (tuong ting a 18) thi n c6 dang 2% — 5y khi va chi khi A (tuong
ung — A) c6 dang nay. Nhung do —1 ciling ¢6 dang nay nén theo Nhan xét 2.1 ta suy ra n ¢6 dang
22 — 532 khi va chi khi A ¢6 dang d6 véi moi a. Bay git ta gia sit ords(n) 12 18, tdc 12 ordy(A)
1a 1é, ¢6 dang 2k + 1. Theo chiing minh & trén ta ciing c¢6 ord,(A) 1a chdn véi p = £2 (mod 5).
Do d6 A = 422+ (mod 5) hay A = +2 (mod 5). Mt khic A c6 dang 2 — 5y nén A = +1
(mod 5), mau thufn. Vay diéu gid st 12 sai, tic 12 ords(A) = ordy(n) 1a s6 chén.

Bay gio ta sé& xét cac gid tri D ma — D la s6 nguyén t6 dang 4m + 3 va khong vugt qua 23.
Trudc hét xét D = —23, ta c6 két qua sau:

s A A 3 2 ~ 23 . s LA . . A A
Dinh i 2.13. Cho p la so nguyén 10 le thod man (—) = 1. Khi do ton tai cdc so nguyén x,y sao
p
cho x? — 23y* = (—1)%]7.

Chitng minh. Ap dung Hé qua 2.1 v6i D = —23, khi d6 ton tai cdc sb6 nguyén k,z,y sao cho
2?2 — 23y? = kp, v6i |k| < v/23. Suyra k = +1, 42, +3, +4. Bay gi0 ta s& xét tiing trudng hop.

+ Néu k& = +4, tdc 1a ton tai hai sb nguyén z,y sao cho z? — 23y? = +4p. Suy ra 4 |
(2 —23y?). Ddn dén 4 | (22 +y?). Vi mot s6 chinh phuong chia cho 4 chi ¢6 thé du 0 hoic
1 nén suy ra x, y l1a nhitng s chin. Pit 2 = 2X,y = 2V, ta dugc X? — 23Y? = £p. Nhu
viy trudng hop nay dudc dua vé trudng hop k = +1.

+ Néu k = +3, tiic 12 ton tai hai s nguyén x, 3 sao cho x2 —23y? = +3p. Suyra 3 | (z®+y?).
Vi mot s6 chinh phuong chia cho 3 chi ¢6 thé du 0 hodic 1 nén suy ra = va y déu chia hét
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N - . s (23
cho 3. Tw d6 9 | (2% — 23y?). Diéu nay khong thé xdy ra vi p # 3 (do gié thiét (—) = 1).
p
Vay truong hgp nay khong xay ra.
+ Néu k = £2, tiic 12 ton tai hai s6 nguyén z, y sao cho 22 — 23y? = +2p. Do 2 = 52 — 23.12

nén theo Nhan xét 2.1, truong hop nay dude dua vé trudng hop k = 44 va dua tiép vé trudng
hop k£ = £1.

. o o . .23
Nhu vy ton tai hai s0 nguyén z,y d€ hodc 2 — 23y? = p hodc > — 23y? = —p. Taco (—) =
p

(—1)% (2%) = 1. Néu p c6 dang 4m +1 thi k = 1. Vingudc lai, néu k = —1, tiic 1a 22 —23y? =
—p = —4m — 1, tiic 1a 2% — 23y®> = —1 (mod 4) hay 2> + 32> = —1 (mod 4), diéu nay khong

xay ra. Tuong tf ta cling c6 néu p c6 dang 4m + 3 thi k = —1. Tir d6 dinh 1i dugc chiing minh. [

. : 23 . N 23 X
Ta c6 thé 13y vi du véi p = 7, (7) =1va—7=4%-23.1% Véip = 13, (1—3) =1va
13 = 6% — 23.1%.
Nhan xét 2.4.

+ Trong chiing minh dinh 1i trén ta da biét ring 2 1a s& nguyén biéu dién dugc dusi dang
2 2
x4 — 23y~°.

+ Ta viét mot sd nguyén n dusi dang n = 23%A, véi (23, A) = 1 va gia st n c6 dang 2 —23y2.
Khi d6 bing cach 1ap luan nhu trong chiing minh Pinh 1i 2.12, ta suy ra rang néu a chén thi
n c6 dang x2 — 23y khi va chi khi A c6 dang nay, con néu a 18 thi n c6 dang x? — 23y khi
va chi khi — A ¢6 dang nay.

Pinh li 2.14. Cho n la mét s6 nguyén khdc 0.
a) Néu ordaz(n) la sé chin thi n c6 dang 22 — 23y? néu va chi néu co hai khc?ng dinh sau:

i) Moi s6 nguyén té 1é p thod man (%) = —1, ta ¢6 ordy(n) la chdn.
ii) n la sé nguyén duong khi va chi khi s6 cdc wdc nguyén t6 Ié p ciia n (ké'cd boi) thod
man (2£) = —1, la mot s6 chdn.

b) Néu ordaz(n) la sé 1é thi n c6 dang x? — 23y? néu va chi néu cé hai khc?ng dinh sau:

i) Moi s6 nguyén té 1€ p thod man (%) = —1, ta ¢6 ordy(n) la chan.
ii) n la sé nguyén duong khi va chi khi s6 cdc wdc nguyén t6 1é p ciia n (ké'cd boi) thod

man (2£) = —1, la mot 56 Ié.

Chitng minh. a) Theo Nhan xét 2.4 ta chi cAn tim diéu kién cin va di cho mot s6 nguyén 18 n
nguyén té cuing nhau véi 23 viét dugc dudi dang 22 — 23y2.

Néu n c6 dang 22 — 232, 4p dung Pinh 1i 2.8 ta suy ra i). Ta ciing suy ra rang tich ctia cic
s6 nguyén t6 thoa man diéu kién i) chia cho 4 du 1.
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Dé€ chiing minh 1) ta chi can ké dén cic s6 nguyén t6 18 p thod man (27) =1.Tacé

-1

&)= = (L)
Suy ranéu () = —1 thi (—1)"2" = —1,tiic lap = 3 (mod 4). Khi dé theo Dinh 1i 2.13, ta c6
—p biéu dién dugc dusi dang X% — 23Y2. Tir d6 ta suy ra khing dinh 7).

Gia st ngudgc lai ta c() khang dinh 7) va ii). Nhan thiy rﬁng mot s6 chinh phuong bao gic
cling viét dugc dusi dang 22 —23y? va theo Pinh 1i 2.13, véi moi s6 nguyen t6 p thod man ( > ) 1
thi 4p c6 dang 22 — 23y2. Do d6 4n c6 dang 22 — 23y?. Mit khac tir 22 — 23y? = 22 +y? — 2432,
ta suy ra x2 — 23y? = 0;1;2 (mod 4). Két hop v6i khang dinh 44) ta suy ra n c6 dang 2 — 23y2.

Tuong tu ta chiing minh dugc y b). Vay dinh li dugc chiing minh. O

Cubi cuing ta xét cac trudng hop D = —19; —11; —7.

z A A ? 2 ~ 1 . s LA . - A A
Dinh li 2.15. Cho p la so nguyén 10 lé thod mdn (—) = 1. Khi do ton tai cdc so nguyén x,y sao
p

—1

cho z2 — 19y = (—1)"T .
Chiing minh. Xem [4], trang 168 — 169. O

3 . T b | CaeA 4 .
Dinh li 2.16. Cho p la so nguyén 10 le thod man (—) = 1. Khi do ton tai cdc so nguyén x,y sao
p

—1

cho z2 — 1132 = (-1)"2 p.

Chitng minh. Ap dung Hé qua 2.1 véi D = —11, khi d6 ton tai cdc s6 nguyén k,z,y sao cho
22 — 11y% = kp, v6i |k| < v/11. Suy ra k = +1, £2, +3. Bay gio ta sé xét tiing trudng hop.

+ Néu k = +3, tiic 12 ton tai hai sd nguyén x, y sao cho 22 —11y? = +3p. Suyra 3 | (22 +?).
Ching minh tudng tu nhu trong ching minh Pinh li 2.13 ta ciing suy ra trudng hgp nay
khong thé xdy ra.

+ Néu k = +2, tiic 12 ton tai hai sb nguyén z, y sao cho 22 —11y% = +2p. Do —2 = 32 —11.12
nén theo Nhan xét 2.1 trudng hop nay dugc dua vé trudng hop k = +4 va dua tiép vé trudng
hop k£ = %1 (li luan hoan toan tudng ty nhu trong chiing minh Dinh Ii 2.13).

Nhu vay ton tai hai s6 nguyén z, y dé hoac 22—11y? =p hoac 2?2 —11y? = —p. Ciing tuong tu nhu
trong chitng minh Pinh 1i 2.13 ta suy ra 22 — 11y? = (—1) > p. Vay dinh li dudc ching minh. [J

, ) <ipg ool Caa L .
Dinh li 2.17. Cho p la so nguyén 16 le thod man (—) = 1. Khi do ton tai cdc so nguyén x,y sao
p
p—1

cho x* — Ty? = (—1) 2 p.

Chiing minh. Ap dung Hé qua 2.1 v6i D = —7, khi d6 ton tai cac sb nguyén k,z,y sao cho
22 — Ty? = kp, v6i |k| < /7. Suyrak = +£1,+2. Néu k = +2, tiic 1 ton tai hai sb nguyén z, y
sao cho 22 — 7Ty? = £2p. Do 2 = 32 — 7.1% nén theo Nhan xét 2.1 trudng hop niy ciing dudc
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dua vé trudng hop k = +4 va dua tiép vé trudng hop k = +1 (Ii luan hoan toan tuong ty nhu
trong chiing minh Dinh 1i 2.13). Nhu viy ton tai hai s6 nguyén z, y dé hoic 22 — 7y? = p hoic
22 —Ty? = —p. Cling tuong tu nhu trong chiing minh Pinh 1i 2.13, ta suy ra 2 — 7y? = (—1) 5.
Viy dinh li dudc chiing minh. [l

3. Kétluan

Trong bai bao nay, tac gia da dua ra chiing minh Pinh 1i 2.8 (1a truong hgp déc biét cia
Dinh 1i 2.4) bing phuong phip so cp, dé tiép can vdi nhiéu ddi tugng ban doc. Tir cac két qua
ctia Mordell tic gia dua ra diéu kién can va di d€ mot s6 nguyén c6 thé biéu dién dude duéi dang
2?2 + Dy? v6i mot sb gid tri D ma —D 1a s6 nguyén t trong khoang [5;23]. Tic gid hy vong
phuong phap lap luan dua ra c6 thé 4p dung cho nhiéu sé nguyén am D khic ma —D la mot sb
nguyén to.
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ABSTRACT

Representation of an integer by x? + Dy?

Le Thi Ha
Faculty of Mathematics, Hanoi National University of Education

In this paper we give the necessary conditions for a old prime number or its opposite number
to be of a binary quadratic form x? 4+ Dy? with the intergers D where —D is prime number in
the interval [5;23]. Then we give the necessary and sufficient conditions for an integer to be
represented by this form.

Keywords: Quadratic form, prime number, Legendre symbol, quadratic residue.
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